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Quaternion representation

= A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A
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= Arotationofangle e around an axis f defined in frame A

AP = (rx Iy rz)

m normalized four-dimensional vector

80=(01 92 O3 Ga) = (Cos[Z] -r«Sin[$] -rySin[g] -r;Sin[Z$])

= the quaternion paramentrization obeys

Q12+ 2% +q3? +qa? =1

= hypercomplex numbers {i,j,k}

a+bi+cj+dk
2=j2=k2 -1
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= A quaternion conjugate

8" =89 =(01 -0z -0z -0a)

m A quaternion product ®
¢q = kaesq

m Hamilton rule

a®b= (a1 a az a4 )® (b1 b by bs)

bis by bz ba
-b, by -bs b3
-bs bs b1 -by
-bs -bsz by by

=(ar a2 az az).

aib;-axby-azbz-as by
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3-a3b2+a4b1

Euler axis
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= Angle

m Vector's Elements

e
q1=Cos[E]
g2 =eXSin[§]

_ e
Js3 =eyS|n[—2-]

e
Ja =eZSin[E]

m A three dimensional vector
Bu = pqetuerq”

‘v=3qe°velq’
* * *
‘v=0qe°velq’ = e (398 verq’) 8dq

» The orientationf§ » The rotation matrix

By = 4R. A

Cy = ER.By

Cy = BR.By = BR. (§R.%v)

ER =ER.}R

ER = ER.Y¥R

ER=ER.YR.AR =5R.¥R = ER.4R

8R =R, [¥] Ry[©] Ry [4]

Cos[y] -Sin[y] O Cos[e] O Sln[e] 0
= [Sin[z[r] Cos[¥] 0 [0 ] [0 Cos[¢] -Sin[¢]
0 0 1 -Sin[e] O Cos[e] 0 Sin[¢] Cos[¢]

Sin[¢] Cos[e] Sin[y] Sin[e] Sin[¢] + Cos[¢y] Cos[¢] Sin[y] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

[Cos[w] Cos[e] Cos[¥] Sin[e] Sin[¢] -Sin[y] Cos[¢] Cos[¥] Sin[e] Cos[¢] +Sin[y¥] Sin[¢] ]

m Axis/Angle - Rotation Matrix 4R

R{¥, rl =Rz[a] -Ry[B]-Rz[¥]-Ry[-B]-Rz[-a]
Cos[a] -Sin[a] O Cos[f] 0 Sin[a] Cos[y] -Sin[y] O Cos[-3] 0 Sin[-3] Cos[-a] -Sin[-a] O
Sin[a] Cos|a] 0|.|0 10 .| Sin[y] Cos[y] 0|.]0 1 0 .| Sin[-a] Cos[-a] 0
0 0 1 -Sin[3] 0 Cos[pA] 0 0 1 -Sin[-B8] 0 Cos[-8] 0 0 1

ry? (1-Cos[y]) +Cos[y] rxry (1-Cos[y]) -rzSin[y] rxrz (1-Cos[y]) +rySin[y]
AR = | Iy ry (1-Cos[y]) +r,Sin[y] ry? (1-Cos[y]) +Cos[y] ryrz (1-Cos[y]) - rxSin[y]
ryrz (1L-Cos[y]) -rySin[y] ryr; (1-Cos[y]) + rxSin[y] r;2 (1 -Cos[y]) +Cos[y]

Cos[X] =+ 1*C°25[“ Sin[X] == 1‘C°25[”

2097-1+203 2 (0203+0104) 2 (0204 - 01 J3)
=|2(0203-09102) 209i-1+205 2 (93 Qa+0102)
2(0204+0103) 2(d30a-0102) 20i-1+207

80= (01 G2 03 da) = (Cos[5] -rxSin[Z] -rySin[Z] -r;Sin[Z])

m Euler Angle

¢ around Rz, © around yg, ¥ around 2z

¢ = ArcTan[fRss, 4R32] = ArcTan[2q? -1+203, 2 (43 G4 - 01 J2) ]

© = -ArcSin[ARa1] = -ArcTan[\/ 1-8R% , @Rgl] = -ArcSin[2 (g2 g4 + g1 93) 1
¥ = ArcTan[gRi1, §Ra1] = ArcTan[29f - 1+203, 2 (G2 03 - 1 Ga) ]

Roll = atan2 (R32, R33)
Pitch = -asin (Raz)
Yaw = atan2 (R21, Ri1)

m Jacobian matrix and determinant

fF:R">R", (mxnmatrix)
x eR", F[Xx] e R"
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Orientation

= Inner Product Space

R.y=|RX]||Y|Cos[e]
Cos[e]=—x-y___
IR11YI

= Representation of orientation

F

A

Y
O0=U1 81 +U2 82 + U3 T3
a2 +b? + c? = Cos[a]? + Cos[B]? +Cos[¥]° =1
V= {Vx, Vy, Vz}- {8, éy, éZ]'=Vxéx"'Vyéy‘*‘Vzéz
[ V[ =4/VE+VE+V2
a = Cos[a] = V.8, ) (Vx Bx + Vy By +V; B7) .8 ) Vy ) Vi
(A «/v§+v)2,+v§ \/v§+v§+v§ A
b = Cos[B] = v.8y ) (Vx Bx + Vy By +V; B;) .8y ) Vy W
| V| VE + Vg + V3 Vg + Vg + V2 V]
C - Cos[y] = V.8, ) (VxBx +Vy By +V; 8;) .8, ) Vz ) Vz
|| VZ +VZ + V2 VZ + Vg + V2 19|
v
0= L S . S LI
| V| A [V A

= Cos[a] 8 + Cos[B] 8y +Cos[¥] &;
=aex+bd,+cg,

V=|V|U= |V|Cos[a]l8+ |V |COS[B] B +|V]|COS[¥] 8 =VxBx+VyBy +V; &

m Rotation Matrix: Direction Cosine Matrix

HEA (A} 7} 20 L VIFCR oW E JARATAE (B B2 & A3 I AFPH LR
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Ra-Rg Ra-95 Ra-2B Cos[a] Cos[90° + a]
BR=|9a-R8 9a-95 9a-28 | = [COS[90°—a] Cos[a]
25 -Rp ZA-yB 2p-2B COS[QOO] COS[90°]
Cos[¢] -Sin[y] O
Ry[¥] = | Sin[¥] Cos[¥] 0
0 0 1
Cos[e] 0 Sin[e]
Ry[6]1 =10 1 0
-Sin[e] 0 Cos]e]
1 0 0
Re[¢]1 = | O Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]
m 3 HPE A4 (R = gR™* = §R)
#FEA (B} ol 3 AxA (A} 2 3APEH : ER
H¥A (A} ol 3 AEA (B} o AP : 4R
Axx Ayx Azy
RKp = AXy];YA= AYy];2A=[AZy];
Ax, Ay, Az,
Bxx Byx Bzx
Rg = BXy];YB= [BYy];ZB— [BZy]
Bxz By, Bz,
RKa-Rs Rp-¥5 Ra-28 rai rip ri
BR=1{92-Re 9r-95 Ia-28 | = [er raz rzs]
2p-R8 2pA-9Yg 2a-28 31 I3z I33
Ra-Rg Ra-9s Ra-2B Rg-Rp Re-9a Re-2a
BR=|9a-Rs 9n-95 Pa-28 |=RR=|9:-%a 95-9a ¥5-24
27n-R8 2p-Y5 2a-28 25.Rn 28-Yp 2B-2a
Ap = BR_BP
{BP _aRAP = AP = gR.BP = BR_GR."P =8R.ER = I

ER = éR_l = éRT

m P = ¢R .°P

(B} AFAANES (A} BZEAANELE WS

Rp-Ra Ra-Ya RKa-2a Apx
AP=ARAP = 94-Ra Ia-Fa Ia-2a |-| 7Py
2p-Ra 27-9p 2A-2a Ap;

RKa - (Bpx Re + Bpy 95 +
9a- (Bpx Re + Bpy 95 +

Apx Ka-BP
=|%py | =|9a-BP | =
Ap, 2,.BP 25. (Bpx Re + Bpy 95 +

Ka - (Apx Ka + Apy 9a + APz 24)
= | 9a- (APx Ra + APy Ia + APz 24)

2p- (Apx Ra + APy 9a + APz 24)

Bp, 2p) Ra-Rg Ra-Yp
Bpz28) | = | 9a-Re 9a-9s
Bp, 2p) 2p-Rg 2p-9p

Cos[90°]
Cos[90°]
Cos[0°]

Cos[a] -Sin[a]
=[Sin[a] Cos[a]
0 0
Ra AP
= VA-AP]

25 AP

Ra-28 Bpx
9a-28 |-| Bpy | = ER-®P
2p-28 Bp;

0
0
1

=R, [a]

- ZF8A (B} ol dis] 2EA AP $1X) Bprt HEA (A} o FEHRAPE I W AAYE RS B3t HBFE S oA

= AR : TransformationMatrix (A& 2) g Ho|, AEA (A} ol @ HEA (By o | AHH

Euler Angle (Roll ¢ Xg, Pitcheyg, Yawy 25, ZYX) -» Rotation MatrixéR

m Z-Y-X 242 7 (o] & 2EA)

> FEA (A S zFl Ui yIE A F

O FRFA F AT LA M2 AEA (B'} o YF izl ot E 3 AH F,

A A EA Lol HEA (o] 5HEA) (B") o xFo 3l ¢

e PTESEREEE Z FCE R

> BE 3 Ao] o]F FHEA N i 3 AE o] 8T FNHF|BE I A

S A FE £ o2 FIT.

v g4

T T

Ho2 5A& s

tlo
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ad
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¥
=

= Roll-Pitch-Yaw (223 X A4))

- AART|EZEA (A} & XF 3] o F A &
DZFRA Y YF| 3l eTHF 3 AT F,
IRZFFAY zZ 3 yRE dE5FH o= AL 31
EAYHE Y= FE4 (B E A= U

S ZE o] 14 7| E FEA 2 WL ol4F FjAol g T ABYLL
AANARE o2 J¢o 2 Fo),

4 P
Ya L Y4
x' x:i x xh
A A . A
%4 x5
2 TipN =
8R =R, [¥] Ry[6] Re[$]
Cos[¢] -Sin[y] O Cos[e] 0 Sinf[e] 10 0
= [Sin[z//] Cos[¥] O] [0 1 0 ][O Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 CosJe] 0 Sin[¢] Cos[¢]

Cos[¢] Cos[e] Cos[y¥] Sin[e] Sin[¢] -Sin[¢y] Cos[¢] Cos[y¥] Sin[e] Cos[¢] +Sin[¢¥] Sin[¢]
= [Sin[llf] Cos[e] Sin[¥] Sin[e] Sin[¢] +Cos[y] Cos[¢] Sin[¥] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

= Rotation Matrix fR » Roll ¢ Rg, Pitche yg, Yaw y 2g

é 21 22 Ia23

31 a2 I33

g riz2 ris
R =

- the three RPY anglesare (6 € (-n/2, n/2))

¢ = ArcTan[raz, raz]

6 = ArcTan[/r%, + % , -ra1] = ArcSin[-ra]

¥ = ArcTan[riy, ro1]
->0r (ee (n/2,3n/2))

¢ = ArcTan[-r33, -r32]

6= ArcTan[-'\/ ri, + ris , —r31] = ArcSin[-rai]

¥ = ArcTan[-r11, -r21]
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Axis r/Angle ¢ —» Rotation Matrix 4R

A

~
~

p

m]

R[6, r] =Rz[a]l -Ry[B]-Rz[0]-Ry[-B]-Rz[-a]
m2

Sinfa] = —Y: Cos[a] = —% -

\/r§+r§ 1/r§+r}2,

Sin[B] =1/r)2(+r)2, ; Cos[B] =rz;

=3
rZ +rg
a=ArcTan[i];ﬁ=ArcTan[u];
x rz

Cos[a] -Sin[a] O Cos[B] 0 Sin[A] Cos[®] -Sin[e] O Cos[-A] 0 Sin[-B] Cos[-a] -Sin[-a] O

[Sin[a] Cos[a] O] [O 1 0 ].[Sin[@] Cos[s] 0] [O 1 0 ]_[Sin[—a] Cos[-a] 0| //Expand //

0 0 1 -Sin[B] 0 Cos[B] 0 0 1 -Sin[-B] 0 Cos[-B] 0 0 1

Factor // Factor // FullSimplify // MatrixForm

m 4

r2+ri+rs=1;

r2 r2
1+ Xty r;=1;
rs

m5

ry? (1 -Cos[®]) + Cos[6] ryry (1-Cos[8]) -r,Sin[8] rxrz (1-Cos[e]) +rySin[s] ria riz rs
R[s, r] = [rx ry (1-Cos[e]) +r,Sin[o] ry?2 (1-Cos[6]) +Cos[6] ry rz (1-Cos[6]) - rx Sin[s] ] = [rzl a2 rsz

rcrz (1-Cos[6]) -rySin[6] ryr; (1-Cos[6]) + Iy Sin[o] r;2 (1 -Cos[®]) + Cos[6] a1 Fs2 Is3

= Rotation Matrix 4R - Axis r/Angle ¢

R[_Ov _r] =R[(91 r]

i1 + g + sz - 1

© = ArcCos| ]
2
[l’x] 1 {rsz—rzal
r=|ry|=————|rlrs-ra
rz 2Sin[o] 21 -riz

ri+ri+rz=1
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= Half-Angle Identities

Cos[—?-] ) /1+Cos[6]

2 2

Sin[i] - fl'co—sm
2 2

Orientation 4§ — Axis r/Angle ¢ - Rotation Matrix £R

m4

"6

Cos[$] = 4/ 1*C°25[°] ; Sin[g] = £/ —1‘6025["] ;

80=(0d1 92 O3 Ga) = (Cos[5] -rxSin[5] -rySin[3] -r;Sin[5])

a1 =COS[%] =\/@
Gz = -rxSin[%] , —rx\/@
Gs = —rySin[%] , _ry\/@

o = 1+ Cos[o]
. 2
1 -Cos[o]
1 -Cos[o]
2 _ r2
a3 y —2
1 -Cos[o]
4 =r; ——s—

Cos[o] =203 -1

r2 (1-Cos[6]) =203
rz (1-Cos[o]) =203
r2 (1-Cos[6]) =203

Sin[e] =4/ 1-Cos[8]2 =+/(1-Cos[6]) (1+Cos[6]) =\/2q% (1-Cos[6]) =2 g1 V1-Cos[o]

'\/EQZ
41 -Cos[6]
‘/EQS
/1 -Cos[6]
\/iCM
A1 -Cos[6]
Sin[e] = V2 q: V1 - Cos[o]

X =

rz =

8= (01 G2 O3 O4) = (Cos[5] -rxSin[5] -rySin[3] -r;Sin[3])

ry2 (1-Cos[s8]) + Cos[6] ryry (1-Cos[6]) -r;Sin[6] rxr; (1-Cos[8]) +rySin[e]
R[S, r] = | rxry (1-Cos[8]) +r,Sin[6] ry2 (1 -Cos[o]) +Cos[6] ryrz (1-Cos[6]) - rySin[s]
ryrz (1-Cos[o]) -rySin[e] ryr; (1-Cos[6]) + Iy Sin[6] r;2 (1 -Cos[®]) + Cos[6]

|

|

i
21
a1

2
22
32

ris
a3
33

|
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m7
2 2 _ V2 az V2 a3 _ V2 aa vI-Cos[¥] V2 gz V2 g
202+2q1-1 T e (1-Cosly]) + 2= V2 u VI-Cosly] e 222
V2 g2 V2 gz _ V2 ,\/_— 2 2 _ V2 g3 V2 qq
A/1-Cos[¥] +V1-Cos[¥y] (1 -Cosl¥I) A/1-Cos[¥] ﬁ G V1-Cosly] 205+201-1 4/1-Cos[y] +/1-Cos[
V2 g V2 qa _ V2 gs NI-Coslyl V2 gs VZ a4 _ V2 NI-Cos[¥]
V1-Cos[¥] V1-Cos[y] (1 Cos [¥1) + 4/1-Cos[¥] ﬁ EE 1-Cos [¥] v/1-Cos[y] +/1-Cos[y] (1 COS[Y]) 4/1-Cos[¥] ﬁ A1 1 COS[Y]
// FullSimplify // Together // MatrixForm
m§
207-1+203 2(0203+0104) 2 (0204 - 01 J3)
BR=12(420s-010s) 203-1+203 2 (g3 0s+0s 02)
2(0204+0103) 2 (9sGa-0Q102) 203-1+203
=9

o o o o
a1 =Cos[5]; gz = -rXSin[E]; gs = -rySin[E];q4 = -rZSin[E];

2093-1+203 2 (0203+0104) 2 (0204 - 01 O3)
2(0203-0104) 2093-1+2093 2(03Qs+010z) | // FullSimplify // MatrixForm
2(0204+0103) 2(0Uada-0102) 207-1+2037

Cos[e] + (1-Cos[6]) r2 (1-Cos[6]) rcry-Sin[6] r; (1-Cos[6]) rxrz+SIin[6] ry
= | (L-Cos[8]) rx ry+Sin[s] r, Cos[o] + (1-Cos[s8]) r§ (1-Cos[6]) ry rz -Sin[o] ry
(1-Cos[6]) rcrz-Sin[e] ry (1-Cos[6]) ryrz+Sin[6] rx Cos[e] + (1-Cos[6]) r2

= Orientation §§ » Roll ¢ Rg, Pitche y;, Yaw ¢ 2
¢ around Rg, 6 around ¥, ¥ around 2g

i1 riz2 Iz
éR = o1 Iz Ip3 =

31 I3z I33

202-1+20d3 2(42093+010G4) 2 (U2 Ga - 01 U3)
2(9203-0104) 20f-1+2095 2 (g3Qgs+0102)
2(0204+0103) 2(d3Ca-0102) 20dZ-1+2q3

¢ = ArcTan[5Ra3, AR32] = ArcTan[29?-1+20%, 2 (43 04 - 91 J2) ]

& = -ArcTan[4/1-4R3; , §Ra1] = ArcSin[-gRa1] = ~ArcSin[2 (g2 ga + g1 03) ]
¥ = ArcTan[gRi1, §R21] = ArcTan[29f -1+203, 2 (9203 - 1 04) ]

Rotation Matrix £R —» Quaternion 5§

g rai r I3 2(0203-0104) 207-1+203 2 (4304 +0102)

[l’ll ri Fls] [ 2097-1+203 2 (9203+0104) 2 (0204 - 01 J3)
R = =
rs1 Fs2 Ts3 2(0204+0103) 2(d3Ca-01G2) 20f-1+203

8=(01 02 O3 Qa)

Q12+ Q2% +qa?+ s’ =1

r11+r22+r33+1

=(20f-1+203) + (20§ -1+203) + (209 -1+203) +1
=2 (-1+2097+09f+05+03+0F) =2 (-1+2qf+1)

= 4qf

rig-rox-ra+1l

=(20f-1+203) - (20§-1+203) - (2095-1+203) +1
-2 (-1+092-095+03+0Q3) =-2 (-1-20q3+0% +Q3 +03 +q3)
=403

-2 (-1-29g3+1)

—r11+r22—r33+1

-(2095-1+203) + (207-1+203) - (2095 -1+203) +1
-2 (-1+0f+95-03+03) =-2(-1-203+0f + 95 +q3 + q3)
=403

-2 (-1-20d3+1)

—r11—r22+r33+1

-(207-1+203) - (20§ -1+203) + (20§ -1+203) +1

-2 (-1+09i+05+05-03) =-2(-1-2a5+0f+03+03+03) =-2 (-1-2a5+1)
=405
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=3
1
qi = E‘/I’11+I'22+r33+1
Oz = _—Sign[rzz— rasl Vri-rp-ra+l
q3=_Sign[r1+r31] Vroz-raz-ri+1
Q4=-Sign[r2+r12] Vraz-ri-rp+l

Euler Angle (Roll ¢ Xz, Pitch 8y, Yaw ¢ Zg, ZYX) - Quaternion £§

1
i = E*/r11+r22+r33+1
Sign[rs; -r
Q2=-M Vri-rp-raz+l
Sign[riz-r
Q3=-w Vrao-ragz-rip+1
Sign[rz; -r
Q4=-M Vrags-rii-rp+1
m]
1
i = -Z—Vr11+l’22+r33+1
1
=3 /1 + Cos[6] Cos[¢] + Cos[e] Cos[¢] + Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[¥]
Sign[ra -r
Q2=—%223—]— Vrii-rap-raz+l
= -% Sign[Cos[e] Sin[¢] + Cos[¢¥] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] V1 -Cos[e] Cos[¢] + Cos[6] Cos[¢] - Cos[¢] Cos[¢] - Sin[e] Sin[¢] Sin[¥]
Sign[riz-r
QS=-M Vrap-rsz-rip+l
1
= Y Sign[Sin[e] + Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[y]] V1 - Cos[e] Cos[¢] - Cos[e] Cos[¢] + Cos[¢] Cos[¢] + Sin[e] Sin[¢] Sin[y¢]
Sign[ro, -r
Q4=-%112—]— Vrag-ri-rp+1
1
=-3 Sign[-Cos[y] Sin[e] Sin[¢] + Cos[e] Sin[¥] + Cos[¢] SIin[¢¥]] ~/ (1 +Cos[e] Cos[¢] -Cos[e] Cos[¢] -Cos[¢] Cos[¢] -Sin[e] Sin[¢] SIin[¢¥])
m2
1
qy = > A/ (1 +Cos[e] Cos[¢] + Cos[e] Cos[¥] + Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¥])
1
gz = .y Sign[Cos[e] Sin[¢] + Cos[¢¥] Sin[¢] - Cos[¢] Sin[e] Sin[¢]]
\/(l—Cos[e] Cos[¢] + Cos[e] Cos[¥] - Cos[¢] Cos[¢¥] -Sin[e] Sin[¢] Sin[¥])
1
Qs = .y Sign[Sin[e] + Cos[¢] Cos[¢] Sin[e] +Sin[¢] SIn[¢¥]] +/ (1 -Cos[e] Cos[¢] -Cos[e] Cos[¥] + Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¥])
1
Qqq = .y Sign[-Cos[y] Sin[e] Sin[¢] + Cos[e] Sin[¥] + Cos[¢] SIn[¢¥]]
\/(1+Cos[e] Cos[¢] - Cos[e] Cos[¥] - Cos[¢] Cos[¢¥] -Sin[e] Sin[¢] Sin[¢])
Rotation
By = fR. A
v =400 vesq’
AR = §R.ER
Cy=pfR.Av=4R.ER.Av = ER.By;
‘v=2qe°velq” - Raeiqetvesq ®q’ = fqetvetq’
= Memory

8=(01 02 O3 Oa)

wr>

q"=8%4= (a1 -92 -0gs -qs)



160614 Orientation.nb 11

a®b=(a1 az az as)® (b1 by bz bs)

b1 by bz by
-b b1 -bs bz
-bz bs by -b>
-bs -bz by b;

(a1 a az ag)-

ajby-axbx-azbz-as by
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

Half Angle Identities
sin[2] - e —_1‘C‘;S[e]
Cos[—g-] s ’ 1+Cc2)s[e]

e
Choice of + signdepends on the quadrant inwhich 5 lies.

Euler Angle (Roll ¢ Xz, Pitch 8y, Yaw ¢ Zz, ZYX) - Quaternion 4§

a®b= (a1 a2 az asz)®(by bz bz by)

bis by bz ba
-b, by -bs b3
-bs bs b1 -by
-bs -bz by bi

(a1 az az az ).

ai;b;-axby-azbz-asbs
a1b2+a2b1+a3b4—a4b3
albg—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

Ql¢_.6_, ¥ ] := {—;— 4/ (1 + Cos[6] Cos[¢] + Cos[6] Cos[y] + Cos[é] Cos[¥] +Sin[e] Sin[¢] Sin[¥]),
——;- Sign[Cos[e] Sin[¢] + Cos[¢] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] ~ (1 -Cos[e] Cos[¢] + Cos[e] Cos[¢] - Cos[¢] Cos[¢] -Sin[e] Sin[¢] Sin[¥]),
—% Sign[Sin[e] + Cos[¢] Cos[¢] Sin[6] + Sin[¢] SIin[¢]] +/ (1 -Cos[e] Cos[¢] - Cos[e] Cos[¢] + Cos[¢] Cos[¢] +Sin[e] Sin[¢] SIin[¥]),
—% Sign[-Cos[¢¥] Sin[e] Sin[¢] + Cos[e] Sin[¢] + Cos[¢] SIin[¢]] +/ (1 +Cos[e] Cos[¢] - Cos[e] Cos[¥] -Cos[¢] Cos[¢] -Sin[e] Sin[¢] Sin[z/;])]

Q4. 0, O]

- {5 V2+2Cos41 . - 5 V2~ 2Cos[4] Signisinis11, 0, 0}

- {cos[2]. -sin[2]. 0, 0}

Q[0, e, 0]

={%«/m, 0, -%\/mSign[Sin[e]], 0}

={Cos[§],0, —Sin[g],o}

QI0, 0, ¥]

- {5 VZ+2Cost#1 . 0, 0, - = V2-2Cost#] Sign(Siniv11}

={Cos[%],0,0, —Sin[%]}

b{{11] bI[2]] bL[3]1] bl[4]]
-b[[2]] bI[1]] -b[[4]] bI[3]]

-b[[3]1 b[[4]] b[[1]] -b[[2]]
-b[[4]]1 -b[[3]]1 b[[2]] b[[1]]

Bla_, b_] :=Flatten[(a[[1]] a[[2]] a[[3]] a[[4]])- . 1]

B[B[Q[#, 0, 0], Q[0, &, 011, Q[O, O, ¥11

{%\/2+200s[e} 2 +2Cos[¢] V2 +2Cos[y] +%\/2—2Cos[e} v2-2Cos[¢] \/2-2Cos[y] Sign[Sin[e]] Sign[Sin[¢]] Sign[Sin[y]],

—%\/2+2Cos[e] 2-2Cos[¢] \/2+2Cos[y] Sign[Sin([¢]] +%\/2—2Cos[9] V2 +2Cos[¢] \/2-2Cos[y] Sign[Sin[o]] Sign[Sin[y]],

7%\/272005[9] V2 +2Cos[p] \/2+2Cos[y] Sign[Sin[e]] 7%\/2+2C03[9] v2-2Cos[¢] \/2-2Cos[y] Sign[Sin[¢]] Sign[Sin[y]],

%\/Z—ZCOS[Q} v2-2Cos[¢] /2 +2Cos[y] Sign[Sin[o]] Sign[Sin[¢]] —%\/2+2C05[9] V2 +2Cos[¢] +/2-2Cos[y] Sign[Sin[y]]}
¢ . ¢ e I v ¥

B[B[{COS[E], —SII’][E], 0, 0}, {COS[E], 0, —SIH[E], 0}] {COS[E], 0, 0, —SII’][E]}]

S r o R

Sm[—}Snn[f}, -Cos|

J'sin[$]sin[ 3], Cos|

| Cos| 5 | Sin[ 4| +Cos| 5 | Sin[= | Sin|

].
I}

Nl N ©
N © N
Ne N|e
N O N|e
Ne N ©
NESIINIESS

| Sin|[ - ] Sin[ 4| -Cos| 5 | Cos|[ = | Sin|



160614 Orientation.nb

41 = Cos[ ] Cos[ 2] Cos[ %] +Sin[ =] Sin[ 2] Sin[Z]

— e

]
Gz = ~Cos[ 2] Cos[ 2] Sin[ 2] + Cos[ 2] Sin[ 2] Sin[ %]

| ©

4s - Cos[ 2] Cos[ 2] Sin[ 2] - Cos[ 2] Sin[ 2] Sin[ %]

2
Ga = Cos[ 2] Sin[ 2] Sin[ 2] - Cos[ 2] Cos[ 5] Sin[¥]

{cRcPcY +sRsPsY, -sRcPcY+cRsPsY, -cRsPcY -sRcPsY, sRsPcY-cRcPcY}



