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An efficient orientation filter for inertial and inertial/magnetic
sensor arrays

Yoo, Kyunghwan

Magnetic sensor Soft/Hard Iron

Least Squares LR (Linear Regression)

By =Wp+WqX

m]
n n
Diyi= )7 (wo + Wy Xi)
i=1 i=1
n n
DLYiXi = )L (Wo Xi +WaXi?)
i=1 i=1
m2
y 1 x
(1 . 1)_[5l =(1 . 1)_[5 El]_(WO)
Yn 1 X, "
Y1 1 X1
(X1 man[SJ=(m man[S 2}(&)
Yn 1 X
m3
1 .01, [ 1.1y (YY) w
(xl xn)' : =(x1 xn)' P '(Wl)
n 1 X
m 4

XTY = XTXW
XTX) T XTXy W= (XTX) T (xXTY)

W=X"X)"1XY)

Multivariate Regression

Y=W1X1+WoXg+..d44 Wy Xy

Y=XW
W1
W=WT=[ : ]; (% mx 1 matrix %)
W
X= (X1 - Xn); (%mvector %)
X1 X11 e+ Xim
X=11:|= : : ; (WRxmmatrix, Rdatapoints%)
XR XR1 s+ XRm
Y1
Y= : |; (WRx1matrix%)
YR

W=X"X)"1(XY)
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R

(XTX) jj = Zxki Xkj; (W mxmmatrix%)
k=1
R

X"Y); = Zxki Yk (% m-elementvector %)
k=1

Sphere

AAX? +BBYy? +CCZz? +2DDx+2EEy+2FFz =1

AA (x-a)?2+BB (y-b)2+CC (z-¢c)2=1
AAX? +BBYy? +CCz?-2aAAXx-2bBBy-2cCCz+a’?AA+b?BB+c?CC=1

AA O O DD
Inverse[ 0 BB O]] EE]//MatrixForm
0O 0 CC FF
DD
a AA
EE
3] (8
c FF
cC

=W =x"x)""(x"y)
X =[X%,y%,2%2,2x%,2y, 22]

AA
BB
cc
DD
EE
FF

AA
DD
BB
=3
cc
T

=W[[4]]/W[[1]];
=W[[S]]1/W[[2]];
=W[[6]]1/W[I[3]];
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Fe
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At Btr C¢ D¢ Eg
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-

Al
A2
A3
A4
A5
A6
A7
A8
A9

B1
B2
B3
B4
B5
B6
B7
B8
B9

D1
D2
D3
D4
D5
D6
D7
D8
D9

El
E2
E3
E4
ES5
E6
E7
E8
E9

F1
F2
F3
F4
F5
F6
F7
F8
F9

C1
c2
C3
C4
C5
C6
c7
c8
C9

...
_<
1

P RRRPRRERPRR
“r

(XT.X) "L (XT.Y) // MatrixForm

)

Al B1 C1 D1 E1 F1
X=]1A2 B2 C2 D2 E2 F2

A3 B3 C3 D3 E3 F3
W= (X X))t (xTLY) ;
W // MatrixForm

A1+A2+A3 B1+B2+B3 , C1+C2+C3 , D1+D2+D3 E1+E2+E3 F1+F2+F3
A124A224+A32 A1 B1+A2 B2+A3 B3 A1 C1+A2 C2+A3C3 A1 D1+A2 D2+A3 D3 A1E1+A2 E2+A3 E3 A1 F1+A2 F2+A3 F3
Al+A2+A3 B1+B2+B3 C1+C2+C3 D1+D2+D3 E1+E2+E3 F1+F2+F3
Al1B1+A2 B2+A3 B3 B12+B22+B32 B1C1+B2C2+B3C3 B1D1+B2D2+B3 D3 B1E1+B2 E2+B3 E3 B1 F1+B2 F2+B3 F3
Al+A2+A3 . B1+B2+B3 . C1+C2+C3 . D1+D2+D3 E1+E2+E3 F1+F2+F3
W= A1 C1+A2 C2+A3C3 B1C1+B2C2+B3C3 C124C224+C32 C1D1+C2D2+C3 D3 C1E1+C2E2+C3E3 C1F1+C2 F2+C3F3
- Al+A2+A3 . B1+B2+B3 . C1+C2+C3 . D1+D2+D3 E1+E2+E3 F1+F2+F3
A1 D1+A2 D2+A3 D3 B1D1+B2 D2+B3 D3 C1D1+C2D2+C3 D3 D12+D22+D32 D1 E1+D2 E2+D3 E3 D1 F1+D2 F2+D3 F3
Al+A2+A3 B1+B2+B3 C1+C2+C3 D1+D2+D3 E1+E2+E3 F1+F2+F3
A1 E1+A2 E2+A3 E3 B1E1+B2 E2+B3E3 C1E1+C2E2+C3E3 D1 E1+D2 E2+D3 E3 E12+E22+E32 E1F1+E2 F2+E3 F3
A1+A2+A3 . B1+B2+B3 . C1+C2+C3 . D1+D2+D3 . E1+E2+E3 . F1+F2+F3
Al F1+A2 F2+A3 F3 B1F1+B2 F2+B3 F3 C1F1+C2 F2+C3 F3 D1 F1+D2 F2+D3 F3 E1F1+E2 F2+E3 F3 F124+F22+F32
Al Bl1 C1 D1 E1 F1 1
X=|A2 B2 C2 D2 E2 FZJ;Y: l];
A3 B3 C3 D3 E3 F3 1

W = Inverse[X".X].(X".Y);
W // MatrixForm

Inverse::sing : Matrix {{A1%+A2? +A3%, A1B1+A2B2+A3B3, ALC1l+A2C2+A3C3, A1D1+A2D2+A3D3, A1E1+A2E2+A3E3, ALF1+A2F2+A3F3},
<«<4>>, {A1F1+A2F2+A3F3, BLF1+B2F2+B3F3, CLF1+C2F2+C3F3, D1F1+D2F2+D3F3, ELF1+E2F2+E3F3, F1? + F22 + F3?}} is singular. More..



Al + A2 + A3 + A4 + A5
Bl +B2+B3+B4+B5
C1+C2+C3+C4+Ch
D1+ D2+ D3 +D4 + D5
E1+E2+E3+E4+E5
F1+F2+F3+F4+F5
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Al B1 C1 D1 E1 F1 1
X=|A2 B2 C2 D2 E2 F2 ]; Y = [1 ];
A3 B3 C3 D3 E3 F3 1
XT.X // MatrixForm
XT.Y // MatrixForm
A1? + A2? + A3? A1B1+A2B2 +A3B3 Al1Cl1+A2C2+A3C3 Al1D1+A2D2+A3D3 Al1E1+A2E2+A3E3 Al1Fl+A2F2+A3F3
A1B1+A2B2+A3B3 B1?+B2?+B3? B1C1+B2C2+B3C3 B1D1+B2D2+B3D3 B1lE1+B2E2+B3E3 B1F1l+B2F2+B3F3
A1C1+A2C2+A3C3 B1C1+B2C2+B3C3 C12+C2%+C3? Cl1D1+C2D2+C3D3 ClE1+C2E2+C3E3 ClF1+C2F2+C3F3
A1D1+A2D2+A3D3 B1D1+B2D2+B3D3 C1D1+C2D2+C3D3 D12+ D22+ D3? D1E1+D2E2+D3E3 D1F1+D2F2+D3F3
ALE1+A2E2+A3E3 B1E1+B2E2+B3E3 C1E1+C2E2+C3E3 D1E1+D2E2+D3E3 E1?+E22+E3? E1F1+E2F2+E3F3
ALF1+A2F2+A3F3 B1F1+B2F2+B3F3 ClF1+C2F2+C3F3 D1F1+D2F2+D3F3 E1F1+E2F2+E3F3 F12+F22:F3?
Al + A2 + A3
B1 + B2 + B3
Cl1+C2+C3
D1+ D2 +D3
E1+E2+E3
F1+F2+F3
Al B1 C1 D1 E1 F1 1
X - A2 B2 C2 D2 E2 F2 Sy o 1]
A3 B3 C3 D3 E3 F3 |’ 1|
A4 B4 C4 D4 E4 F4 1
XT.X // MatrixForm
X'.Y // MatrixForm
A12 + A22 1+ A3? 4 A42 Al1Bl1+A2B2 +A3B3+A4B4 A1C1+A2C2+A3C3+A4C4 A1D1+A2D2+A3D3+A4D4 Al1E1+A2E2+A3E3+A4E4 All
A1B1+A2B2+A3B3+A4B4 B1?+B22+B3? +B4? B1C1+B2C2+B3C3+B4C4 B1D1+B2D2+B3D3+B4D4 B1E1+B2E2+B3E3+B4E4 Bl1I
ALC1+A2C2+A3C3+A4C4 B1C1+B2C2+B3C3+B4C4 C12+C2?%+C32+C42 C1D1+C2D2+C3D3+C4D4 C1E1+C2E2+C3E3+C4E4 C1I
A1D1+A2D2+A3D3+A4D4 B1D1+B2D2+B3D3+B4D4 C1D1+C2D2+C3D3+C4D4 D12+ D22 +D3? + D42 D1E1+D2E2+D3E3+D4E4 D1l
A1E1+A2E2 +A3E3+A4E4 B1E1+B2E2+B3E3+B4E4 Cl1E1+C2E2+C3E3+C4E4 D1E1+D2E2+D3E3+D4E4 E12+E2%2+E3%+E4? E1ll
ALF1+A2F2+A3F3+A4F4 B1F1+B2F2+B3F3+B4F4 C1F1+C2F2+C3F3+C4F4 D1F1+D2F2+D3F3+D4F4 E1F1+E2F2+E3F3+E4F4 F12
Al + A2 + A3 + A4
B1+B2+B3+B4
Cl+C2+C3+C4
D1+D2+D3+D4
El1+E2+E3+E4
F1+F2+F3+F4
Al B1 C1 D1 E1 F1 1
A2 B2 C2 D2 E2 F2 1
=|[A3 B3 C3 D3 E3 F3|;Y=|1]|;
A4 B4 C4 D4 E4 F4 1
A5 B5 C5 D5 E5 F5 1
XT.X // MatrixForm
XT.Y // MatrixForm
A12 + A22 + A3? + A4? + AB? Al1Bl1 +A2B2 + A3B3+A4B4 +A5B5 A1C1+A2C2+A3C3+A4C4+A5C5 A1D1+A2D2+A3D3+A4D4+A5D5 AlE
A1B1+A2B2+A3B3+A4B4+A5B5 B1? +B22 1+ B3? + B42 + B5? B1C1+B2C2+B3C3+B4C4+B5C5 B1D1+B2D2+B3D3+B4D4+B5D5 B1E
A1C1+A2C2+A3C3+A4C4+A5C5 B1C1+B2C2+B3C3+B4C4+B5C5 C12+C22+C3%+C4%+C52 C1D1+C2D2+C3D3+C4D4+C5D5 C1E
A1D1+A2D2 +A3D3+A4D4+A5D5 B1D1+B2D2+B3D3+B4D4+B5D5 C1D1+C2D2+C3D3+C4D4+C5D5 D12+ D22 +D3? + D42 + D52 D1E
ALE1+A2E2+A3E3+A4E4+A5E5 B1E1+B2E2+B3E3+B4E4+B5E5 C1E1+C2E2+C3E3+C4E4+C5E5 D1E1+D2E2+D3E3+D4E4+D5E5 E12
AlF1+A2F2 +A3F3+A4F4+A5F5 B1F1+B2F2+B3F3+B4F4+B5F5 ClF1+C2F2+C3F3+C4F4+C5F5 D1F1+D2F2+D3F3+D4F4+D5F5 E1F

Inverse[

A1? + A22 + A3? + A4? + AB?

A1B1 +A2B2 + A3B3 + A4B4 + A5B5
A1C1+A2C2+A3C3+A4C4+A5C5
A1D1 +A2D2 + A3D3 + A4 D4 + A5D5
A1E1+A2E2 +A3E3+A4E4 + ASE5
ALF1+A2F2 +A3F3+A4F4 +A5F5

A1B1+A2B2+A3B3+A4 B4 + A5B5
B12 + B22 + B3? + B4? + B5?

B1C1+B2C2+B3C3+B4C4+B5C5
B1D1 + B2 D2 + B3 D3 + B4 D4 + B5 D5
B1E1+B2E2 + B3E3 +B4E4 +B5E5
B1F1+B2F2+B3F3+B4F4+B5F5

B11 B12 B13 B14 B15 B16 All A12 A13 Al4 Al5 Al6
B21 B22 B23 B24 B25 B26 A21 A22 A23 A24 A25 A26
B31 B32 B33 B34 B35 B36 A31 A32 A33 A34 A35 A36
B4l B42 B43 B44 B45 Ba6 | - 'MVerSel| a4l A4z A4z Ad4 Aas Ade |]
B51 B52 B53 B54 B55 B56 A51 A52 A53 A54 AS55 A56
B61 B62 B63 B64 B65 B66 A6L A62 A63 A64 AG5 AG6

A1C1+A2C2+A3C3+A4C4+A5C5
B1C1+B2C2+B3C3+B4C4+B5C5
C12 + C22 + C3? + C4? + C5?

C1D1+C2D2+C3D3+C4D4+C5D5
C1E1+C2E2+C3E3+C4E4+C5E5
Cl1F1+C2F2+C3F3+C4F4+C5F5

A1D1+A2D2 + A3D3 +A4D4 + A
B1D1+B2D2+B3D3+B4D4+B
C1D1+C2D2+C3D3+C4D4+C
D12 + D22 + D32 + D42 + D52

D1E1+D2E2 +D3E3+D4E4+D
D1F1+D2F2+D3F3+D4F4+D
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Quaternion representation

= A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A

89
. Za
=B
A
\
\ A -~
#
\ f 1
\ 5 IB
— -
\ - .
- > YA
A
A
~
A * -
A IR

= Arotationofangle e around an axis f defined in frame A

AP = (rx Iy rz)

m normalized four-dimensional vector

80=(01 92 O3 Ga) = (Cos[Z] -r«Sin[$] -rySin[g] -r;Sin[Z$])

= the quaternion paramentrization obeys

Q12+ 2% +q3? +qa? =1

= hypercomplex numbers {i,j,k}

a+bi+cj+dk
2=j2=k2 -1

-

]
k
i

bl TR TR
- X
X -

i

= A quaternion conjugate

8" =89 =(01 -0z -0z -0a)

m A quaternion product ®
¢q = kaesq

m Hamilton rule

a®b= (a1 a az a4 )® (b1 b by bs)

bis by bz ba
-b, by -bs b3
-bs bs b1 -by
-bs -bsz by by

=(ar a2 az az).

aib;-axby-azbz-as by
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3-a3b2+a4b1

Euler axis
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= Angle

m Vector's Elements

e
q1=Cos[E]
g2 =eXSin[§]

_ e
Js3 =eyS|n[—2-]

e
Ja =eZSin[E]

m A three dimensional vector
Bu = pqetuerq”

‘v=3qe°velq’
* * *
‘v=0qe°velq’ = e (398 verq’) 8dq

» The orientationf§ » The rotation matrix

By = 4R. A

Cy = ER.By

Cy = BR.By = BR. (§R.%v)

ER =ER.}R

ER = ER.Y¥R

ER=ER.YR.AR =5R.¥R = ER.4R

8R =R, [¥] Ry[©] Ry [4]

Cos[y] -Sin[y] O Cos[e] O Sln[e] 0
= [Sin[z[r] Cos[¥] 0 [0 ] [0 Cos[¢] -Sin[¢]
0 0 1 -Sin[e] O Cos[e] 0 Sin[¢] Cos[¢]

Sin[¢] Cos[e] Sin[y] Sin[e] Sin[¢] + Cos[¢y] Cos[¢] Sin[y] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

[Cos[w] Cos[e] Cos[¥] Sin[e] Sin[¢] -Sin[y] Cos[¢] Cos[¥] Sin[e] Cos[¢] +Sin[y¥] Sin[¢] ]

m Axis/Angle - Rotation Matrix 4R

R{¥, rl =Rz[a] -Ry[B]-Rz[¥]-Ry[-B]-Rz[-a]
Cos[a] -Sin[a] O Cos[f] 0 Sin[a] Cos[y] -Sin[y] O Cos[-3] 0 Sin[-3] Cos[-a] -Sin[-a] O
Sin[a] Cos|a] 0|.|0 10 .| Sin[y] Cos[y] 0|.]0 1 0 .| Sin[-a] Cos[-a] 0
0 0 1 -Sin[3] 0 Cos[pA] 0 0 1 -Sin[-B8] 0 Cos[-8] 0 0 1

ry? (1-Cos[y]) +Cos[y] rxry (1-Cos[y]) -rzSin[y] rxrz (1-Cos[y]) +rySin[y]
AR = | Iy ry (1-Cos[y]) +r,Sin[y] ry? (1-Cos[y]) +Cos[y] ryrz (1-Cos[y]) - rxSin[y]
ryrz (1L-Cos[y]) -rySin[y] ryr; (1-Cos[y]) + rxSin[y] r;2 (1 -Cos[y]) +Cos[y]

Cos[X] =+ 1*C°25[“ Sin[X] == 1‘C°25[”

2097-1+203 2 (0203+0104) 2 (0204 - 01 J3)
=|2(0203-09102) 209i-1+205 2 (93 Qa+0102)
2(0204+0103) 2(d30a-0102) 20i-1+207

80= (01 G2 03 da) = (Cos[5] -rxSin[Z] -rySin[Z] -r;Sin[Z])

m Euler Angle

¢ around Rz, © around yg, ¥ around 2z

¢ = ArcTan[fRss, 4R32] = ArcTan[2q? -1+203, 2 (43 G4 - 01 J2) ]

© = -ArcSin[ARa1] = -ArcTan[\/ 1-8R% , @Rgl] = -ArcSin[2 (g2 g4 + g1 93) 1
¥ = ArcTan[gRi1, §Ra1] = ArcTan[29f - 1+203, 2 (G2 03 - 1 Ga) ]

Roll = atan2 (R32, R33)
Pitch = -asin (Raz)
Yaw = atan2 (R21, Ri1)

m Jacobian matrix and determinant

fF:R">R", (mxnmatrix)
x eR", F[Xx] e R"
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ofy of,
af a—xl o 8Xn axl fl e axn fl
J=z — = ( =L -, i ) = . : = : . :
- dx - axl axn - . . - . ‘e .
ofn .. ofn axl T - axn T

X1 Xn
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Filter derivation

Qrientation from angular rate

m A tri-axis gyroscope

= The angular rate

Sw=(0 wy wy wy)

= The quaternion derivative

1
0= 5 240%

= The quaternion derivative measured at time t

1

s s s
Eu,t = > Elest,t-1® 0wt

1
(Gu1 Yoz Yus qw4)=E(Q1 O2 03 Os)® (0 wx wy wz)

m The orientation of the earth frame at time t
Eqw,t = EQest,t—l + Eqw,t At

The samling period At

(d1 92 93 ga ) = (01 02 Qs q4)+((qml qu qm3 qw4)_B(Ed1 EQ2 qu Ed4))*At

Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth® s magnetic field

m A quaternion

2= (01 O2 O3 Oa)

m A predefined reference direction

Bd= (0 dx dy d;)

m The measured direction

S§=(0 sx sy s7)
m The objective function

f[2q, Bd, 58] = 29" ®Fd®@2q - 55
m A quaternion may be found

min f[2q, Fd, 53]

20er*
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The gradient descent algorithm

m Linear system

Ax-b=0
F[x] = |Ax-b|?

VF[X] =2 AT (AX - Db)
X =X-yVF[X]

VF[X] = J"F[X]

= An orientation estimation of 2§,

vF[2q, £a, 58]
[ vr[a. <a, 58] |

20ke1 = 20k - M =0,1, .,n

A step-size u

m The gradient of the solution surface (General form)

vF[2ax, A, 8] = J7[Eak, FA] F[Eq,, B4, 58]

= A objective function
f[a. £, 58] = $4" @Fd@Eq - 58
20= (01 92 g3 Qa)
Bd= (0 dx dy d;)

S§=(0 sx sy S7)

EQ*G’Ea@Eq:(Cﬁ -02 -03 _q4)®(0 dy dy dz)@(q1 J2 Q3 Qa)

0 dx dy d 0 G2 Oz U4
-dy 0 -d, dy -02 01 -O4 Qs
=(01 -02 -03 -Q4)- -dy, d, 0 -dy||-gs qa @ -q
-d; -dy dx 0 04 -0z 02 1

0

2dy (9203 + 01 Ga) +dz (-201 03 + 202 Aa) +dx (af + a3 - 93 - a3)
2dx (G203 - 01 04a) +2dz (G102 + g3 da) +dy (af - 93 + 03 - AF)
2dx (0193 +Q20a) +dy (-201 92 +2 03 da) +d; (qf - 93 - 3 + qF)
0

2 (dy (3 -03-03) +dy (G203 + 01 Ga) +dz (G2 Ga - 01 03))

2 (dx (9203 -1 da) +dy (3 -3 -03) +dz (43 Ga + 1 02))

2 (dx (9204 +0103) +dy (0304 - G10G2) +d; (5 -03-03))

2dx (5 -08-03) +2dy (0203 +0104) +20dz (02 Ga - Ga G3) - Sx
F[20, B4, 58] = | 2dx (0203 - 01 04) +2dy (3 -3 -0F) +2d, (43 Ga + U1 G2) - Sy
2dx (9294 + 91 qs) +2dy (03 0s-0102) +2d; (3 -3 -03) -5,

m Jacobian

E)

2dygs-2d; 03 2dy gz +2d; a4 -4dxQg3+2dy02-2d,0q: -4dx0s+2dyqr+2d; Q>
=[—2dxq4+2dqu 2dxq3—4dqu+2dqu 2dqu+2dzC]4 —2dqu—4dyC]4+2dZC]3]
2dxgs-2dy g2 2dxgsa-2dygi-4d,02 2dxgur+2dygsa-4d;0s 2dxgz+2dy Qs
ofi  of ofi ofy
o1 o092 043 904 9q, i il 9q, L] 6q3f1 6q4f1
J[2ak. Fd] = % % % % =|0q,F2 8q,F2 9q; T2 Oq, T2
ofs ofs  ofy ofs 0, s 0q, T3 0g, T3 g, T3
6q1 92 043 ad4
2dyqs-2d; g3 2dy gz +2d; a4 -4dxQgs3+2dy02-2d,q: -4dxgs+2dyqr+2d; Q>
=['2dxCI4+2dzqz 2dx gz -4dyg2+2d; s 2dx 02 +2d; 04 '2dxq1'4dyq4+2dzq3]
2dxgs-2dyg2 20dxQgsa-2dygi1-4d;02 2dxgi+2dydsa-4d;0s 2dxQgz+2dy Qs
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f, 2dyx (3 -08-0F) +2dy (0203 +0104) +20dz (02 Ga - 01 Gs) - Sx
fo|=|2dx (9293-091Ga) +2dy (5 -03-03) +2dz (43Ga + G2 G2) - Sy |3
LE]

20y (0204 +01Gs) +20dy (43 0s -1 02) +2d; (3 -03-03) - s,

0qF1 g, F1 9g;F1 0g, T1
0q, F2 Oq, T2 8q; T2 9q, T2 | // MatrixForm
Oq; L] Oq; L} O4q; L] 94, L]

-2d; 03 +2dyqs 2dygs+2d; 04 -2d;q1+2dy02-4dx0qs 2dyqi+2d;02-4dx0a

2d;02-2dxgs 2d;01-4dyg2+2dx 0z 2dxg2+2d;04 -2dxg1+2d;03-4dyds |7 // MatrixForm
—Zdqu+2dXQ3 —2dyq1—4dzq2+2dxq4 2dxq1—4dzq3+2dyC{4 2quZ+2dyq3

-2d; 03 +2dy a4 2d;02-2dx s -2dy g2 +2dx Qs

2dygs+2d; 04 2d;d1-4dy 0z +2dxqs -2dy Qg1 -4d;02+2dyxqs

-2d, g1 +2dyg2-4dxqgs 2dxgx+2d; 04 2dx01-4d,03+2dy s

2dyqi+2d,02-4dx0s -2dxQq1+2d;03-4dygs 2dx0g2+2dyQs

The direction of gravity (the vertical axis, z axis)

= An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

m Normalized accelermeter measurement

Sa= (0 ax ay az)

= A objective function

2 (0204 -0103) - ax
fy[8q, Sa] = | 2 (192 + 03 Q4) -8y

2(5-093-093) -a,
m Jacobian
-203 204 -201 202

Jg[BQ1 = | 202 201 2094 203
0 -492 -4q9s3 O

The earth's magnetic field (one horizontal axis, the vertical axis)

= An appropriate convention (the equations simplify)

Eb= (0 bx 0 by)

m Normalized accelermeter measurement

Si=(0 my my my)

m A objective function

2byx (5 -03-0F) +2b; (42 04 - 01 Gs) - Mx
fy[20, 56, °M] = | 2bx (293 - Q1 0a) +2bz (q1 02 + U3 Ga) - My
2byx (103 +G204) +2b, (5 -03-03) -m,

= Jacobian
-2b; qs 2bz 04 -4bxds-2bz 01 -4bxds+2bz02
Jb Eq,EB]z —2bxq4+2bqu 2bxq3+2bqu 2quZ+2sz]4 —2bxq1+2bZC]3
2bXC]3 2bxq4—4bzq2 2bqu—4sz]3 2quZ

The solution surface - minimum

= The objective function

y[29, Sa
aofia. a6, o) - VN

fy [29, £, SM]
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2 (0204 -0103) - ax

:1 2 (192 +03 Q4) -3y
2
s 2(5-03-03) -2
fa| " | 2bx (5 -0d3-03) +2b; (A2 Ga - 91 G3) - My
:5 2by (0203 -0104) +2Dbz (41 02 + Q3 0g) - My
® 2by (G103 +020G4) +2b; (3 -03-03) -m,
m Jacobian
Jg"[2Q]
Sa E 9 LE
‘Jg,b[Eq’ 6] = [JbT Eq, EB] ]
-20s 204 -20Q: 202
20z 20q: 204 2403
3. 0 -40z -40s 0
B —2bZC{3 2bzq4 —4bxq3—2bzq1 —4bxq4+2bqu
—ZbXQ4+2bZC|2 ZbXQ3+2bqu 2bqu+2szI4 —2bqu+2bZCI3
2 Dby g3 2byQs-4bz0q2 2bxqi-4b;Q3 2 bx g2

The estimate orientation Eqv,t

S s
Edv,t = £Q -1~ Mt
est,t-1 | vE |

= The convergence rate governed by y; = the physical rate

Aprevious estimate of orientation g0ese ¢ 1

= The objective function gradient

Jg"[B0est, t-1] Fg[BQest,t-1- at]

v =
{Jg,bT[EQest,t-ls E6] fg.b[EQest,t—lv sa, b, Sm]

The convergence rate of £, .

The physical orientation rate £q,

= An optimal value of the step-size

pe=a | gl, ¢ | AL, a>1

Filter fusion algorithm

m An estimated orientation
S _ S S
Edest,t = ¥t g0v.t + (1 - ¥t) Blu,t- O s ye <1

7
"B,

The weighted divergence of&q, = Theweighted convergence of £qy
B 53

At

m The magnitude of a quaternion derivative == The gyroscope measurement error

Ht
1- = —
(1-vt) B=vt At
_ B
Yt = L

At

= The optimal fusion

= the convergence rate of 2y = a » the physical rate of change of orientation
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= Simplify

m An estimated orientation

s B At vT s s
BCest,t = = (-ut T ] ) +(1-0) (BQest,t-1 + EYu, ¢ AT)
vf
EQest,t =-B W At + EQest,t-l + eqn,t At
vf
EQest,t = EQest,t-l + EQw,t At-B | vF | At

vf
EQest,t = E0est,t-1 + (Eqm,t -B VT ] ) At

Bdestt = st e+ (Bu.e -8 —op | o€
s est,t-1 w,t | vf |

s s s sS4
BOest,t = 20est, -1 + (BUu,e - BEAc ¢) AL

S S S
EQest,t = EQest,t-l + EQest,t At

vf
| vF |

1
qust.t = EQest,t—l + (E EQest,t—1®Swt -B ) At

The estimated orientation rate £0as¢

The rate of change of orientation measured by the gyroscopes £q,

The direction of the estimated error 4,

Simplified to equation

S S S
EQest,t = EQest,t-l + Elest,t AT

The estimated rate of change of orientation

S S SA
EQest,t = EQw,t -B qu,t

The quaternion derivative measured at time t

1
s s s
Elu,t = el Elest,t-1® 7wt

The direction of the error of qust,t

vt

SA _
EQe,t_ | Vf |

The objective function

y[29, Sa
uofia. a6, o) - N

fy [29, £, SM]

2 (02 g4 - 01 O3) - ax

:1 2 (0192 +0304) -ay

2

| 2(3-03-9}) -a

Ta| " | 2bc (5 -03-03) +2Db; (A2 Ga - G2 G3) - My
:5 2by (92093 -0d104) +2bz (41092 + g3 da) - my
6 2bx (0103 +G204) +2b, (5 -03-03) -m,

m Jacobian

SA ERT _ Jg"[20]
Ji1 Jiz2 Jiz Jua -203 204 =201 2q;
Jo1 J22 J2z J2a 2q; 2qp 204 2qs
Ja1 J32 Jaz Jas | 0 -4 02 -40s3 0
Jax Jaz Jaz Jaa |~ -2bz 03 2bzqa -4bx0gz-2bzq1 -4bxgs+2b; Q2
J51 J52 J53 J54 —ZbXCI4+2bZ g2 2bxq3+2bz g1 ZquZ+2bZQ4 —2bqu+2bz [OF]
Je1 Je2 Jes Jea 2 by g3 2bxqs-4bz02 2bxgr-4b;0s 2 by Q2

m The gradient of the solution surface (General form)

vF=JF
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Vg0 = Jg.0[20. EB] " Fy,u[20. Sa, BB, SM]

J11 Ji2 J1z Jua 1
vt Jo1 J22 J2z J2a L] F1 11 + F2 321 + T3 331 + F4 a1 + F5 Js1 + T J1
vl [ | Js1 Js2 Jasz Jaa |, | Fa| | F1Ji2+ 2020+ F3J52 + F4 sz + 5 Js2 + T Je2
vf3 Jar Jaz Jaz Jas | T| Ta T1J13 + F2 J23 + T3 J33 + T4 Ja3 + T5 Js3 + T5 Je3
vty Js1 Js2 Jsz Jss Ts T1 14 + F2 J24 + F3 334 + T4 Jaq + T5 Js4 + T Jos
Je1 Je2 Jez Jea s
. vf
20, K
. vf
280, || m
. - vT
2Q3 N
. vt
24, K

= Temp

2 (0204 -1 03) - ax
2 (g1 02+0304) -ay

2(3-03-093) -
2by (5 -093-03) +2b; (020 - 01 03) - My
2Dbx (0203 -0104) +2bz (4102 +03q4) - My
2by (G103 +0204) +2b, (3 -03-03) -m,

-20s 204 -201 202 T

292 291 2dq4 2093 |T-| F2 | // MatrixForm

0 -402 -493 O fs]

2T 02-2F1 03

2T, q1-4f:302+2F1 04

2T1q1-4F303+2TF, 04

2F102+2F203
-2b; g3 2b;qq4 -4bxqs-2bz0q1r -4bxas+2bz 02 L

-2bxgs+2by;q2 2bxgz+2b,q1 2bxqx+2b,Qs —2b><q1+2bzq3]T fs]//MatrixForm
2 by g3 2bx0s-4bz02 2bxqgi-4bz03 2 by Q2 Te

-2b, f403+2bxFe gz + s (2bz 02 - 2bx q4)

Ts (2bz g1 +2bxqz) +2b, T4 04 + Fs (-4 bz 02 + 2bx 04)

fa (-2bz01-4byxds) +Fe (2bxar -4bzqs) +Fs5 (2bx 02 +2bz Q)
2bxf6qZ+f5 (—2bxq1+2bZQ3) + Ty (ZquZ—4bXQ4)

Gyroscope bias drift compensation

m With temperature and with motion

Karman - based approaches - estimate the gyroscope bias

Mahony et al -» gyroscopebiasdrift (the integral feedback of the error)

The normalized direction of the estimated error in the rate of change of orientation g4,
= The gyroscope bias Swy,
Swp,e =8 ste,t At
t
The integral gain
= DC component of Sw,

s Sa* SG
we,t = 2 80est,t-1 ®E0e, ¢

Swe x 01 %80, - 02 % £0; - g3+ £Q, + 4 % 243
Swey | =2 (G G2 O3 Q4)®(Edl 24, 243 Ed4)=2 1 %203 + Q2 %20, - 03 % 20, - 04 * £Q;

s
w . . . .
ez Q1 %20 - 02 *£03 + Q3 * 20, - s * £Q;

= Gyroscope measurements Sw¢

S S S
We,t = "Wt - "Wh,t

Wh x Wh x We x
Why | = [ Woy | + | Wey [ *AE*E
Wp z Wp z We z

Wx Wx Wh x
wy [ = [wy |- | Wy
Wz Wz Wp 2
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Filter gains

The estimated mean zero gyroscope measurement error of each axis ag
m The filter gain
1 G® (0 g wg & 3
B= 13 ( 0’/30’/30’/3)'- 7 98
The estimated rate of gyroscope bias drift in each axis we

m The filter gain

’37
£=¢ 7

Qrientation from angular rate

m A tri-axis gyroscope

m The angular rate

Sw: (0 Wx (,L)y {,L)2>

m The quaternion derivative
1
gq = 5 gqeSw
= The quaternion derivative measured at time t
s 1s s
Edu,t = 5 Blest,t-1® "Wt
1
(do1 Gz o3 Qua) =7 (d1 G2 Gs Ca)®(0 wx @y w7)
m The orientation of the earth frame at time t
B0y, t = Elest,t-1 + 20, ¢ A

The samling period At

(O G2 O3 Ga) = (01 G2 O3 Ga) + ((Gu1 Qo2 Yoz Gua) -B (84, 84, 8§ £4,)) *At

Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth® s surface (Heading)

m Inclination errors

The vertical plane : the earth” s surface (Sensor " s attitude)

= The measured direction of the earth's magnetic field in the earth frame at time t

Bt = (0 hx hy hz) = EQest,t-1®smt®Eq;st,t-1
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(0 hy hy hz) = EQest,t-1®Smt®Eq;st,t-1
=(0d1 02 Q3 Q4 )® (0 my my Mz )®(Q1 -02

0 M my my a:
-my 0 -mz my dz
= (01 O2 g3 Qs )- my om0 -me || as
-mz -My My 0 Q4

0
My (9% + 95 - 05 -03) +2 (My (02 O3 - Q1 Ca) + My
My (g7 - 03 +093-03) +2 (Mx (g2 03 + 41 G4) + M

0

-0z -0s4)

-02 -0z -0
g1 04 -0z
-04a a1 Q2
gz -02 Oz

(0193 +020Q4))
(-d1 92 + Q3 ds4))

m, (g2 - 93 -3 +0Z) +2 (M (01 0z + 02 Ga) + My (01 G2 + 03 Ga) )

2 (Mx (5 - a8 -03) +My (A2 93 - G2 Ga) + Mz (01 G + G2 Ga) )
2 (My (G2 s +G1Ga) +My (5 -3 -0QF) + My (-Q1 G2 + Q3 Ga))
2 (M (-01 03 +020a) +My (G102 + 93 0s) +M; (5 - a3 - 03))

6= (0 4/RZ+hz 0 h;)

(0 bx by bz)=(0 ~fhg+hz 0 h,)

Block diagram

= IMU

the complete orientation filter for an IMU implementation

g .
Accelerometer “a, —» J

T:5 ) (5 - 5 =~y
q Ixf':qr'nf.f—l;:'f_r;l- Ecat i1, Ot)

v
Vi

VIl

\/

o

o el
Gyroscope “wi =¥ =Bqeati 1

| =

@ Hme 5:‘ [ .t

Y

|

h‘ . b
Ecst .t

= MARG

the complete orientation filter for an MARG implementation
including magneticdistortion (Group 1) and gyroscope drift (Group 2) compensation

Group 1l : Magneticdistortion
Group 2 : Gyroscopedrift
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g .

Magnetometer ~ 1,
H -

Accelerometer “a; —®

et ¥

o)
Gyroscope ~wy

T (S Ej (S - S- Ef 8.
T o b(Edest,i-1: 00 F g p(Eest i-1:7 @, " by, ")

vf
v/l

14

E E

Deat 1-1 5

X

g -
E9est

/.fz’i‘

q
ql|

. "": -
Ll L PP

[
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Orientation

= Inner Product Space

R.y=|RX]||Y|Cos[e]
Cos[e]=—x-y___
IR11YI

= Representation of orientation

F

A

Y
O0=U1 81 +U2 82 + U3 T3
a2 +b? + c? = Cos[a]? + Cos[B]? +Cos[¥]° =1
V= {Vx, Vy, Vz}- {8, éy, éZ]'=Vxéx"'Vyéy‘*‘Vzéz
[ V[ =4/VE+VE+V2
a = Cos[a] = V.8, ) (Vx Bx + Vy By +V; B7) .8 ) Vy ) Vi
(A «/v§+v)2,+v§ \/v§+v§+v§ A
b = Cos[B] = v.8y ) (Vx Bx + Vy By +V; B;) .8y ) Vy W
| V| VE + Vg + V3 Vg + Vg + V2 V]
C - Cos[y] = V.8, ) (VxBx +Vy By +V; 8;) .8, ) Vz ) Vz
|| VZ +VZ + V2 VZ + Vg + V2 19|
v
0= L S . S LI
| V| A [V A

= Cos[a] 8 + Cos[B] 8y +Cos[¥] &;
=aex+bd,+cg,

V=|V|U= |V|Cos[a]l8+ |V |COS[B] B +|V]|COS[¥] 8 =VxBx+VyBy +V; &

m Rotation Matrix: Direction Cosine Matrix

HEA (A} 7} 20 L VIFCR oW E JARATAE (B B2 & A3 I AFPH LR
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Ka -Rp XA-yB Ka-28 Cos[a]
BR=|92-R8 9a-95 9a-28 | = [COS[90°—a]
20-R8 2p-95 2p.2B Cos[90°]
Cos[¢] -Sin[y] O
R,[#] = | Sin[y] Cos[y] 0
0 0 1
Cos[e] 0 Sin[e]
Ry[6]1 =10 1 0
-Sin[e] 0 Cos]e]
1 0 0
Re[¢]1 = | O Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]

m S| A3H ] A (BR = fR™L = R7)

FHEA (By o hF HEA (A o AP : iR
FEA (A} ol W HAEA (B} o 3| APE : ¢R

AXx Ayx AZx
fa= | "Xy |39a=|"Yy |[52a=]|"2y |5

AxXq Yz Az,

Bxx Byx Bz,
Re = | ®xy |3 98 = | ®Yy |: 28 = | Pzy |;

Bx, By, Bz,

o>
el
n

NS
X

w

In-98 In-28 | =
2p-Rg 2p-95 2p-28

Rp-RB Ra-Yg Ra-28 Rg -RXp
QR= Ia-Re In-Y8 9a-28 ‘:'ER: 98 -Ra

27n-R8 2p-Y5 2a-28 2g-Ra
AP=BR_BP

A A Ap B Bp Ap A B
{BP=éR_AP = P:BR- P=AR'BR' P:AR.

ER = éR_l = éRT

m P = ¢R .°P
{B} ABAHES (A} BEA JEoZ B

Rp-Ra Ra-Ya RKa-2a Apx
AP=ARAP = 94-Ra Ia-Fa Ia-2a |-| 7Py
2p-Ra 27-9p 2A-2a Ap;

Apx RKa.BP
- |*pv | = | 9.7 | -
Ap, 2,.BP

RKa - (Bpx Re + Bpy 95 +
9a- (Bpx Re + Bpy 95 +
2p- (®px s + Bpy 95 +

Cos[90° + a]
Cos[a]
Cos[90°]

o1 22 I23

Ra -Xp RA-yB Xa-28 [rll rio rlg]
31 I3z I33

R6-94 Re-2n
98-9n 9B-2a
25.95 2B-2a

AR = 1

Ka- (APx Ra + APy Ia + 2Pz 2a) Ka AP
= | 9a- (APx Ra +Apy 9a + APz 24) | =

2p- (Apx Ra + APy 9a + APz 24)

Bp, 2p) Ra-Rg Ra-Yp
Bpz28) | = | 9a-Re 9a-9s
Bp, 2p) 2p-Rg 2p-9p

Cos[90°]
Cos[90°]
Cos[0°]

Cos[a] -Sin[a]
=[Sin[a] Cos[a]
0 0
9a-"P
25 AP
Ra-28 Bpx
9a-28 |-| Bpy | = ER-®P
2p-28 Bp;

0
0
1

=R, [a]

- ZF8A (B} ol dis] 2EA AP $1X) Bprt HEA (A} o FEHRAPE I W AAYE RS B3t HBFE S oA

= AR : TransformationMatrix (A& 2) g Ho|, AEA (A} ol @ HEA (By o | AHH

Euler Angle (Roll ¢ Xg, Pitcheyg, Yawy 25, ZYX) -» Rotation MatrixéR

m Z-Y-X 242 7 (o] & 2EA)

> FEA (A S zFl Ui yIE A F

O FRFA F AT LA M2 AEA (B'} o YF izl ot E 3 AH F,

A A EA Lol HEA (o] 5HEA) (B") o xFo 3l ¢

e PTESEREEE Z FCE R

> BE 3 Ao] o]F FHEA N i 3 AE o] 8T FNHF|BE I A

S A FE £ o2 FIT.

v g4

T T

Ho2 5A& s

tlo
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ad
—
|
L
—~——
¥
=

= Roll-Pitch-Yaw (223 X A4))

- AART|EZEA (A} & XF 3] o F A &
DZFRA Y YF| 3l eTHF 3 AT F,
IRZFFAY zZ 3 yRE dE5FH o= AL 31
EAYHE Y= FE4 (B E A= U

S ZE o] 14 7| E FEA 2 WL ol4F FjAol g T ABYLL
AANARE o2 J¢o 2 Fo),

4 P
Ya L Y4
x' x:i x xh
A A . A
%4 x5
2 TipN =
8R =R, [¥] Ry[6] Re[$]
Cos[¢] -Sin[y] O Cos[e] 0 Sinf[e] 10 0
= [Sin[z//] Cos[¥] O] [0 1 0 ][O Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 CosJe] 0 Sin[¢] Cos[¢]

Cos[¢] Cos[e] Cos[y¥] Sin[e] Sin[¢] -Sin[¢y] Cos[¢] Cos[y¥] Sin[e] Cos[¢] +Sin[¢¥] Sin[¢]
= [Sin[llf] Cos[e] Sin[¥] Sin[e] Sin[¢] +Cos[y] Cos[¢] Sin[¥] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

= Rotation Matrix fR » Roll ¢ Rg, Pitche yg, Yaw y 2g

é 21 22 Ia23

31 a2 I33

g riz2 ris
R =

- the three RPY anglesare (6 € (-n/2, n/2))

¢ = ArcTan[raz, raz]

6 = ArcTan[/r%, + % , -ra1] = ArcSin[-ra]

¥ = ArcTan[riy, ro1]
->0r (ee (n/2,3n/2))

¢ = ArcTan[-r33, -r32]

6= ArcTan[-'\/ ri, + ris , —r31] = ArcSin[-rai]

¥ = ArcTan[-r11, -r21]
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Axis r/Angle ¢ —» Rotation Matrix 4R

A

~
~

p

m]

R[6, r] =Rz[a]l -Ry[B]-Rz[0]-Ry[-B]-Rz[-a]
m2

Sinfa] = —Y: Cos[a] = —% -

\/r§+r§ 1/r§+r}2,

Sin[B] =1/r)2(+r)2, ; Cos[B] =rz;

=3
rZ +rg
a=ArcTan[i];ﬁ=ArcTan[u];
x rz

Cos[a] -Sin[a] O Cos[B] 0 Sin[A] Cos[®] -Sin[e] O Cos[-A] 0 Sin[-B] Cos[-a] -Sin[-a] O

[Sin[a] Cos[a] O] [O 1 0 ].[Sin[@] Cos[s] 0] [O 1 0 ]_[Sin[—a] Cos[-a] 0| //Expand //

0 0 1 -Sin[B] 0 Cos[B] 0 0 1 -Sin[-B] 0 Cos[-B] 0 0 1

Factor // Factor // FullSimplify // MatrixForm

m 4

r2+ri+rs=1;

r2 r2
1+ Xty r;=1;
rs

m5

ry? (1 -Cos[®]) + Cos[6] ryry (1-Cos[8]) -r,Sin[8] rxrz (1-Cos[e]) +rySin[s] ria riz rs
R[s, r] = [rx ry (1-Cos[e]) +r,Sin[o] ry?2 (1-Cos[6]) +Cos[6] ry rz (1-Cos[6]) - rx Sin[s] ] = [rzl a2 rsz

rcrz (1-Cos[6]) -rySin[6] ryr; (1-Cos[6]) + Iy Sin[o] r;2 (1 -Cos[®]) + Cos[6] a1 Fs2 Is3

= Rotation Matrix 4R - Axis r/Angle ¢

R[_Ov _r] =R[(91 r]

i1 + g + sz - 1

© = ArcCos| ]
2
[l’x] 1 {rsz—rzal
r=|ry|=————|rlrs-ra
rz 2Sin[o] 21 -riz

ri+ri+rz=1
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= Half-Angle Identities

Cos[—?-] ) /1+Cos[6]

2 2

Sin[i] - fl'co—sm
2 2

Orientation 4§ — Axis r/Angle ¢ - Rotation Matrix £R

m4

"6

Cos[$] = 4/ 1*C°25[°] ; Sin[g] = £/ —1‘6025["] ;

80=(0d1 92 O3 Ga) = (Cos[5] -rxSin[5] -rySin[3] -r;Sin[5])

a1 =COS[%] =\/@
Gz = -rxSin[%] , —rx\/@
Gs = —rySin[%] , _ry\/@

o = 1+ Cos[o]
. 2
1 -Cos[o]
1 -Cos[o]
2 _ r2
a3 y —2
1 -Cos[o]
4 =r; ——s—

Cos[o] =203 -1

r2 (1-Cos[6]) =203
rz (1-Cos[o]) =203
r2 (1-Cos[6]) =203

Sin[e] =4/ 1-Cos[8]2 =+/(1-Cos[6]) (1+Cos[6]) =\/2q% (1-Cos[6]) =2 g1 V1-Cos[o]

'\/EQZ
41 -Cos[6]
‘/EQS
/1 -Cos[6]
\/iCM
A1 -Cos[6]
Sin[e] = V2 q: V1 - Cos[o]

X =

rz =

8= (01 G2 O3 O4) = (Cos[5] -rxSin[5] -rySin[3] -r;Sin[3])

ry2 (1-Cos[s8]) + Cos[6] ryry (1-Cos[6]) -r;Sin[6] rxr; (1-Cos[8]) +rySin[e]
R[S, r] = | rxry (1-Cos[8]) +r,Sin[6] ry2 (1 -Cos[o]) +Cos[6] ryrz (1-Cos[6]) - rySin[s]
ryrz (1-Cos[o]) -rySin[e] ryr; (1-Cos[6]) + Iy Sin[6] r;2 (1 -Cos[®]) + Cos[6]

|

|

i
21
a1

2
22
32

ris
a3
33

|
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m7
2 2 _ V2 az V2 a3 _ V2 aa vI-Cos[¥] V2 gz V2 g
202+2q1-1 T e (1-Cosly]) + 2= V2 u VI-Cosly] e 222
V2 g2 V2 gz _ V2 ,\/_— 2 2 _ V2 g3 V2 qq
A/1-Cos[¥] +V1-Cos[¥y] (1 -Cosl¥I) A/1-Cos[¥] ﬁ G V1-Cosly] 205+201-1 4/1-Cos[y] +/1-Cos[
V2 g V2 qa _ V2 gs NI-Coslyl V2 gs VZ a4 _ V2 NI-Cos[¥]
V1-Cos[¥] V1-Cos[y] (1 Cos [¥1) + 4/1-Cos[¥] ﬁ EE 1-Cos [¥] v/1-Cos[y] +/1-Cos[y] (1 COS[Y]) 4/1-Cos[¥] ﬁ A1 1 COS[Y]
// FullSimplify // Together // MatrixForm
m§
207-1+203 2(0203+0104) 2 (0204 - 01 J3)
BR=12(420s-010s) 203-1+203 2 (g3 0s+0s 02)
2(0204+0103) 2 (9sGa-0Q102) 203-1+203
=9

o o o o
a1 =Cos[5]; gz = -rXSin[E]; gs = -rySin[E];q4 = -rZSin[E];

2093-1+203 2 (0203+0104) 2 (0204 - 01 O3)
2(0203-0104) 2093-1+2093 2(03Qs+010z) | // FullSimplify // MatrixForm
2(0204+0103) 2(0Uada-0102) 207-1+2037

Cos[e] + (1-Cos[6]) r2 (1-Cos[6]) rcry-Sin[6] r; (1-Cos[6]) rxrz+SIin[6] ry
= | (L-Cos[8]) rx ry+Sin[s] r, Cos[o] + (1-Cos[s8]) r§ (1-Cos[6]) ry rz -Sin[o] ry
(1-Cos[6]) rcrz-Sin[e] ry (1-Cos[6]) ryrz+Sin[6] rx Cos[e] + (1-Cos[6]) r2

= Orientation §§ » Roll ¢ Rg, Pitche y;, Yaw ¢ 2
¢ around Rg, 6 around ¥, ¥ around 2g

i1 riz2 Iz
éR = o1 Iz Ip3 =

31 I3z I33

202-1+20d3 2(42093+010G4) 2 (U2 Ga - 01 U3)
2(9203-0104) 20f-1+2095 2 (g3Qgs+0102)
2(0204+0103) 2(d3Ca-0102) 20dZ-1+2q3

¢ = ArcTan[5Ra3, AR32] = ArcTan[29?-1+20%, 2 (43 04 - 91 J2) ]

& = -ArcTan[4/1-4R3; , §Ra1] = ArcSin[-gRa1] = ~ArcSin[2 (g2 ga + g1 03) ]
¥ = ArcTan[gRi1, §R21] = ArcTan[29f -1+203, 2 (9203 - 1 04) ]

Rotation Matrix £R —» Quaternion 5§

g rai r I3 2(0203-0104) 207-1+203 2 (4304 +0102)

[l’ll ri Fls] [ 2097-1+203 2 (9203+0104) 2 (0204 - 01 J3)
R = =
rs1 Fs2 Ts3 2(0204+0103) 2(d3Ca-01G2) 20f-1+203

8=(01 02 O3 Qa)

Q12+ Q2% +qa?+ s’ =1

r11+r22+r33+1

=(20f-1+203) + (20§ -1+203) + (209 -1+203) +1
=2 (-1+2097+09f+05+03+0F) =2 (-1+2qf+1)

= 4qf

rig-rox-ra+1l

=(20f-1+203) - (20§-1+203) - (2095-1+203) +1
-2 (-1+092-095+03+0Q3) =-2 (-1-20q3+0% +Q3 +03 +q3)
=403

-2 (-1-29g3+1)

—r11+r22—r33+1

-(2095-1+203) + (207-1+203) - (2095 -1+203) +1
-2 (-1+0f+95-03+03) =-2(-1-203+0f + 95 +q3 + q3)
=403

-2 (-1-20d3+1)

—r11—r22+r33+1

-(207-1+203) - (20§ -1+203) + (20§ -1+203) +1
-2 (-1+092+095+03-03) =-2 (-1-2a3+0f +03 +03 +q3)
=40j

-2 (-1-2a3+1)
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=3
1
qi = E'\/I’11+I'22+r33+1
Oz = _—Sign[rzz— rasl Vri-rp-ra+l
q3=_Sign[r1+r31] Vroz-raz-ri+1
Q4=-Sign[r2+r12] Vraz-ri-rp+l

Euler Angle (Roll ¢ Xz, Pitch 8y, Yaw ¢ Zg, ZYX) - Quaternion £§

1
Q1=E‘/r11+r22+r33+1
Sign[rs; -r
Q2=-M Vri-rp-raz+l
Sign[riz-r
Q3=-w VI -raz-rip+1
Sign[rz; -r
Q4=-w Vrag-ri-rp+1
m]
1
q1=—2—Vr11+r22+r33+1
1
=3 /1 + Cos[6] Cos[¢] + Cos[e] Cos[¢] + Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[¥]
Sign[ra -r
Q2=—%223—]— VI -rp-raz+l
= —% Sign[Cos[e] Sin[¢] + Cos[¢¥] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] V1 -Cos[e] Cos[¢] + Cos[6] Cos[¢] - Cos[¢] Cos[¢] - Sin[e] Sin[¢] Sin[¥]
Sign[riz-r
QS=-M Vrap-rsz-rip+l
1
= Y Sign[Sin[e] + Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[y]] V1 - Cos[e] Cos[¢] - Cos[e] Cos[¢] + Cos[¢] Cos[¢] + Sin[e] Sin[¢] Sin[y¢]
Sign[ro, -r
Q4=-%112—]— Vrag-ri-rp+1
1
=-3 Sign[-Cos[¢] Sin[e] Sin[¢] + Cos[6] Sin[¢] + Cos[¢] Sin[¢¥]] V1 +Cos[e] Cos[¢] - Cos[e] Cos[¥] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[¥]
m2
1
q = 0 4A/1+ Cos[e] Cos[¢] + Cos[e] Cos[y¢] + Cos[¢] Cos[¥] +Sin[e] Sin[é] Sin[y¥]
1
gz = .y Sign[Cos[e] Sin[¢] + Cos[y¢] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] V1 -Cos[e] Cos[¢] + Cos[e] Cos[¥] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[¢]
1
Qs = -3 Sign[Sin[e] + Cos[¢] Cos[y] Sin[e] +Sin[¢] Sin[¢¥]] V1 -Cos[e] Cos[¢] - Cos[6] Cos[¢] + Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[¥]
1
Qqsq = .y Sign[-Cos[¢] Sin[e] Sin[¢] + Cos[e] Sin[¥] + Cos[¢] Sin[¥]] V1 +Cos[e] Cos[¢] - Cos[e] Cos[¥] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[¥]
Rotation
By = fR. A
v =400 vesq’
AR = §R.ER
Cy=8R.Av = R.ER.Av = BR . By;
‘v=Rqe°velq - Raeiqetvesq ®q" = a8 vetq’
= Memory

8= (01 02 O3 Qa)
80" =20 = (01 -02 -0Gs -Qa)

£q =2aesq
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a®b=(a1 az az as)® (b1 by bz bs)

b1 by bz by
-b b1 -bs bz
-bz bs by -b>
-bs -bz by b;

(a1 a az ag)-

ajby-axbx-azbz-as by
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1
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Filter Readjustment

Orientation from vector observations

80= (01 G2 O3 da)

Bd= (0 dyx dy d;)

S§=(0 sx sy S;)

f[2q, fd, 58] = 29" ®Fd®@2q - 55
min f[2q, fd, °8]

EQe RrR*

vf[Eq, Fd, 58]

,k=0,1, .,n
| ve[Ea, wa, %] |

E0ks1 = 20k - M
vF[80k. £a, 58] = I7[Sax. £A] F[E0. €0, 5]

= A objective function

29" ®fd®q = (g1 -2 -0s -Q4)® (0 dx dy dz)® (g1 G2 Qs Qs )

0 dx dy d; 1 Q2 Q3 Qa4
-dx 0 -d, dy -02 g1 -04 Q3
=G e G ) g 4, 0 ode|T|-as @ @ -
-d; -dy dx 0 -04 -0z Qg2 Q1

0
2 (dx (5 -0d3-03) +dy (4203 + 1 0a) +dz (2 Ga - 01 G3))
2 (dx (G203 -1 0a) +dy (5 - 03 -03) +dz (03 s + 01 02))
2 (dx (G204 + 1 03) +dy (d3da - Q1 02) +dz (5 - 93 -03))

2dx (3 -93-0F) +2dy (4203 + 01 0a) +2dz (G2 Ga - G1 03) - Sx
=|20dx (d203 -1 Ga) +20dy (5 -93-0F) +2dz (Gsa + 01 G2) - Sy
20y (0204 +01Gs) +20dy (93 0s -1 G2) +2d; (3 -03-03) -,

L]
1P
LE!

30, £a, 58] -

m Jacobian

9q, Lt O, Li! B4, L1 9q4 Lt
J [Eqk, Ea] = | Oq; LD Oq, , Oqs , Oq, LD
8qy T3 0q, T3 9g, T3 g, T3

2dygs-2d; 03 2dy gz +2d; g4 -4dxQg3+2dy02-2d,0q: -4dx0s+2dyqr+2d; Q>
=[—2dxq4+2dqu 2dxq3—4dqu+2dqu 2dqu+2dzC]4 —2dqu—4dyC]4+2dzC]3
2dxgs-2dy 02 2dxgsa-2dygi-4d,02 2dxgur+2dygsa-4d;0s 2dyx 02 +2dy Qs

The direction of gravity (the vertical axis, z axis)

Eg=(0 0 0 g;)
Sa= (0 ax ay az)

29z (0204 - 01 03) - ax
fy[8q, Sa] = | 292 (9102 + A3 Ga) -8y

29, (5-093-93) -a,
_2qs 2044 -2qu ZCI2]

Jg[%@]=[ZCI2 291 2094 2qQs
0 _4q2 —4C|3 0

202 201 2094 203
0 —4q2 —4Q3 0

Ji1 Jiz Jiz Jus
Jo1 J22 J2z Jos

[—ZQ3 294 -2q1 2qz]

J31 Jz2 J3z Jag

Ji1 Jiz Jiz Jus L
]T.[fz // FullSimplify // MatrixForm
L]

Jo1 J22 J2z Jog
Ja1 J3z Jaz Jag

2F02-2F, 03

2 (Foaq1-2F302+Fras)
2T1q1-4F303+2TF, 04

2 (F102 + T203)
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LI
1P
L

29,
0

oq F1
oq, 2
9q, T3

-20z03

2

29z (4204 - 01 03) - ax
29z (4102 + g3 ga) - Ay

29, (5-03-0) -a,

Oy, F1 8gs F1 8g, T2
O0q, 2 9q; T2 8g, T2 | // MatrixForm
8q, 3 9q; T3 9q, T3

29z04 -20:01 29:02
20:0:1  29z0a 20:03
-49:92 -49:03 O

The earth's magnetic field (one horizontal axis, the vertical axis)

Eh=(0 by O by)

Sh=(0 m my my)

£, [20. E6, ] =

2by (3 -03-03) +2b; (G2 Ga - 01 03) - My

2by (0203 -0104) +2Db; (4102 + Q3 04) - My

2by (G103 +0204) +2b; (3 -03-03) -m,

-2b; a3 2bz Q4 -4byx03z-2b,q; -4bxags+2b; 02
Jb[gq, EB] = [—2be4+2bzq2 2bxqs+2b, 01 2bxgx+2by04 -2bxqgi+2b;03 ]
2 bx gz 2bxqs-4bz;02 2bxgi-4bzQs 2 bx q2
Ji1 Ji2 Jiz Jua -2b; g3 2bz Q4 -4byx0z-2b,q1 -4bxas+2b, 02
J2;|_ J22 Jz3 Jz4]=[—2bXQ4+2bzq2 2bXQ3+2bqu 2bxq2+2sz]4 —2bqu+2bZC]3],
J31 J32 Jzz Jag 2bxQgs 2bxqs-4b, 02 2bxgi-4b;03 2bx Q2
Jin Ji2 Jiz Jug 4
Jor Jo2 Joz Joa ]T. f5] // FullSimplify // MatrixForm
Ja1 Jaz2 Jaz Jaa 6
2 (f5hz g2 + bx f6 q3 - f4 hz g3 - bx f5 g4)
2 (f5hzql-2f6hzq2+bxf5q3 + bx f6 q4 + T4 hz g4)
2 (bx (F6gl+¥f5q92-2Ff4q3) +hz (-f4ql-2f6q3+f504))
2 (-bxf5q9l+bxf6qg2+f4hzq2+f5hzq3-2bxf4qg4)
The gradient of the solution surface (General form)
VE[30,. FA. 58] = I[30. 4] -F[30,. Q. %]
= The objective function
(29, ®a]
f, 5[50, Sa, €6, SA] = g
Q,b[Eq ] [fb[gq, E6, Sm] ]
- 2 (0204 -1 03) - ax
fl 2 (9192 + 93 da) - ay
2
£ 2(3-03-9}) -a
fa| | 2bx (5 -08-0F) +2b; (d204 - 01 d3) - My
:5 2bx (0203 -0104) +2bz (g1 02 + g3 g4) - My
6 2bx (0103 +G204) +2b, (5 -03-03) -m,
= Jacobian
Jg" (0]
Jgb[2a. EB] = g
g,b[Eq ] [JbT[Eq, EB]
Jin J12 Jiz Jug -203 204 -20Q1 2q2
Jo1 J22 J2z J2a 20z 20 204 240s
3= Jar Jzz Jaz Jaa | 0 -4 -4qs 0
T Jdar Jaz Jaz Jaa | T -2b;q3 2Db;qq -4bxgz-2b;q1 -4bxgs+2b;0Q2
Js1 Js2 Jsz Jsa -2bxgs+2bz02 2bx0z+2b,qr 2bxg2+2bz04 -2bxdi+2bz03
Je1 Je2 Jez Jea 2 by 03 2bx0s-4b,02 2bxqr-4b,0s 2 by 02
m gradient

vfg,b =Jg,b[20, F6]T-Fy,0[2Q. %4, FB, 5M]

v,
Vf2
Vf3
v,

Jiz Ji2 Jiz Jua 1
Jo1 Jo2 J2z J2g 1P
Ja1 Jaz2 Jaz Jaa |, [ Fs|
Jaz Jaz Jaz Jaa | T Fa | ™
Js1 Js2 Jsz Jss s
Je1 Je2 Jez Jea Te

T1 11 + F2d21 + T3 331 + T4 41 + F5 J51 + T I
T1 10+ T2 Jop + T3 Jap + T4 Jap + F5 Jsz + T I
T1J13 + T2 Jo3 + T3 J33 + T4 Jaz + T5 Js3 + T Je3
T1 314 + 12 324 + T3 334 + T4 Jaa + T5 Isa + T J6a
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24, o
26, | _ | A
Ed4 |VV1'=I§|

The estimate orientation Eqv,t

Sq _ Sq _
= - Ht
EMv,t EYest,t-1 | vf |

pe=a | g0, ¢ | A, a>1

Qrientation from angular rate

Sw=(0 wy wy wy)

1

s s s
Elu,t = > Elest,t-1® 7wt

1
(do1 Yu2 Uus qm4)=E(Q1 02 93 Ca)® (0 wx wy wy)

s s s
Bt = Efest,t-1 *+ Elw, ¢ AL

Magnetic distortion compensation

Bt = (0 hx hy hy) = EQest,t-1®smt®Eq;st,t-1

(di 02 93 Q4 )® (0 M My M )® (1 -02 -0z -Ca)

O M My M\ (g -Gz -0z -4
-Mx 0 -mz my 02 01 Qda -Q3
= (G 92 43 Qa)- -My Mz 0O -me|["|Ogs -da O1 Q2
-my -my My 0 ds O3 -0z 01

0
2 (M (5 -03-0F) +My (G203 - 1 Ga) + Mz (G2 O3 + 02 Ga) )

2 (Mx (02 s + 1 Ga) + My (5 - A3 - AF) + Mz (-01 G2 + O3 da) )
2 (My (-G1 03 + 02 G4) +My (1 G2 + O3 Ga) + M, (5 - 05 - A3))

“be= (0 4/hz+hz 0 h,)

(0 bx by b;)={(0 1/h§+h§ 0 h,)

Filter fusion algorithm

Ht
u (1—Yt)/3=YtE

s SA s
EQw,t = Elest,t-1 + EUy,t AT
1

S S S
Eduw,t = 5 Elest,t-1® 0wt

vf
| VT |

S SA
B EQv,t = Elest,t-1 — Ht
U = a | Eq,‘,,t | A, a>1

u EQeSt,t =7t Eqv,t + (1 -vt) Eqw,ts O<yesl

s s v s s
Elest,t = ¥t [E0est,t-1 — Bt TYEL + (1 -v1) (BQest,t-1 + 2w, t AT)

vf (1 ) 20, ¢ AT
+(1-
| vF | ¥t Eo.t

S S
EQest,t = EQest,t_l - Yt Kt

vf
Ht ) At

S ) + ( 1- S - -
Elest,t = Elest,t-1 (1-vt) By, e - Yt At VT

Vf)

S
Eqw,t | Vf |

B0est,t = 20est,t.1 + ((1 -¥t) B, - Yt @

{184, 10~13}
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0.01~0.08
0.01~0.08

Gyroscope bias drift compensation
Swp,e = & ste,t At
t

1
s s s
Eu,t = > Elest,t-1® 0wt

s s s
284y, t = Elest, t-1® 0wt
SA* s SA* s s
2 2Qest,t-1®EUu, ¢ = Eest, t-1 ®Elest, t-1 ® 0t
2 EQest,t-lQEqw,t = Swt
s Sa* S A
we,t = 2 20est,t-1 ®E0e, ¢
Swsx
Swey | =2 (G G2 O3 da)® (84, 84, 24; £, )
Swez

S S S
Wc,t = "Wt - "Wp,t

Wp x Wh x We x
Wpy | = | Wpy | + | Wey | * At % E
Wp z Wp z We 2

Wy Wy Wh x
Wy | = Wy | -] Wy
Wz Wz Wh z

2

%*Edz-QZ*Edl—QS*Ed4+Q4*Ed3
01 %203 + 02 %0, - g3+ £4; - qa * £Q;

Q1*Ed4-QZ*Ed3+QS*EG2-Q4*Ed1

Filter gains
1 oL [3~
/3= l—é-Q®(O w,3 w,3 w,3) l= Z—wﬁ
/3 -
£=¢ 7 %



