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Magnetic sensor Soft/Hard Iron

Least Squares LR (Linear Regression)

By =Wp+WqX

m]
n n
Z = (Wo + W1 Xj)
i=1 i=1
n n
Z Z(W0X|+W1X|
i=1 i=1
m2
y 1 x
(1 . 1)_[51J=(1 1)_[; 51]_(W0)
Yn 1 Xp "
Y1 1 x
(X1 Xn)-{ : J=(X1 Xn)-[i J(ai)
Yn 1 X
=3
1.1, (7 1.1y () we
(xl xn)' : =(x1 xn)' P '(Wl)
Yn 1 X
m 4

XTY = XTXW
XTX) T XTXy W= (XTX) T (xXTY)

W=X"X)"1XY)

Multivariate Regression

Y=W1X1+WoXo+..4WpXp

Y=XW
W1
W=WT={ : ]; (% mx 1 matrix %)
W
X= (X1 =+ Xn); (%mvector %)
Xl X11 e+ Xam
X=1]1:]= : . ; (WRxmmatrix, Rdatapoints%)
XR XR1 s+ XRm
Y1
Y=1|: |; (WRx1matrix%)
YR

W=X"X)1(X"Y)
R
(XTX) jj = Zxki Xkj; (% mxmmatrix %)

(XTY); Zxk. Yk; (% m-elementvector %)

Sphere

AAX? +BBYy? +CCZz? +2DDx+2EEy+2FFz =1

AA (x-a)?2+BB (y-b)2+CC (z-c)? =
AAX?+BBYy?+CCz?-2aAMAx-2bBBy-2cCCz+a?AA+b?BB+c?CC=1
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X=[x?,y?, 7%, 2%, 2y, 27]
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An efficient orientation filter for inertial and inertial/magnetic
sensor arrays

Quaternion representation

= A quaternion is a four-dimensional complex number

® An arbitrary orientation of frame B relative to frame A

£a
. ZA
ZB k
A
\
\ A~
#
\ 74 U
\ 5 IB
— -
\ - R
- - > Ya
Y
AN
~
A * -
A IR

= Arotationofangle e around an axis f defined in frame A

AP = (rx Iy rz)

m normalized four-dimensional vector

80=(01 02 O3 Ga) = (Cos[Z] -r«Sin[$] -rySin[g] -r;Sin[$])

= the quaternion paramentrization obeys

Q2+ 2% +q3? +qa? =1

= hypercomplex numbers {i,j,k}

a+bi+cj+dk

I2—j2=k2=—l
ij=-jJi=Kk
_]k:—kj:l
kl=—ik=_]

= A quaternion conjugate

8" =80=(01 -0z -0z -0a)

m A quaternion product ®
¢q = kaesq

m Hamilton rule

a®b= (a1 a az a4 )® (b1 b by bs)

by bx bz Dby
-b, b1 -bs b3
-bs by b1 -by
-bs -bz b b1

(a1 az az ag ).

aib;-axby-azbz-as by
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3-a3b2+a4b1
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m Euler axis

m Vector's Elements

e
q1=Cos[E]
02 =eXSin[§]

)
Js =eyS|n[—2-]

e
d4 =eZSin[E]

m A three dimensional vector
Br=pqetuesq”

‘v=208°vefq’
* * *
‘v=0qe°velq’ = iae (300" vesq’) ®fq

m The orientation$§ - The rotation matrix

ER =ER.}R
ER = JR.¥R
ER=ER.YR.AR =5R.¥R = ER.4R

&R = R, [¥] Ry [6] Ry [¢]

Cos[¢] -Sin[y¢] O Cos|[o] 0 Sinf[e] 10 0
= [Sin[llf] Cos[y] O] [O 1 0 ][O Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

Sin[y] Cos[e] Sin[¢¥] Sin[e] Sin[¢] + Cos[¢] Cos[¢] Sin[y¥] Sin[e] Cos[¢] - Cos[¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

[Cos[z/f] Cos[e] Cos[¥] Sin[e] Sin[¢] -Sin[¢y] Cos[¢] Cos[¢] Sin[e] Cos[¢] +Sin[¢¥] Sin[¢] ]

= Axis/Angle - Rotation Matrix §R

Ry, r] =Rz[a]-Ry[B]-Rz[¥] -Ry[-B]-Rz[-a]

Cos[a] -Sin[a] O Cos|[B] 0 Sin[a] Cos[y] -Sin[y] O Cos[-3] 0 Sin[-3] Cos[-a] -Sin[-a] O
= | Sin[a] Cos[a] 0|.|0 1 0 .| Sin[y] Cos[y] 0|.]0 1 0 .| Sin[-a] Cos[-a] 0
0 0 1 -Sin[3] 0 Cos|[B] 0 0 1 -Sin[-B3] 0 Cos[-5] 0 0

ry? (1-Cos[y]) +Cos[y] ryry (1-Cos[y]) -rzSin[y] rxrz (1-Cos[y]) +rySin[y]
AR = | Iy ry (1-Cos[y]) +rzSin[y] ry2 (1-Cos[y]) +Cos[y] ryrz (1-Cos[y]) - rxSin[y]
ryrz (1-Cos[y]) -rySin[y] ryrz (1-Cos[y]) + rxSin[y] r;2 (1-Cos[y]) +Cos[y]

COS[%—] - ’ 1+C025[7{] Sin[%—] - l_COZS[ﬂ

[ 207-1+293 2 (02093 +d1 da) 2(q2q4—q1q3)]
A
BR=

2(0203-0104) 207-1+203 2 (9304 +0102)
2(0204+0103) 2(Q3Ga-0102) 20f7-1+203

80=(d1 G2 O3 Ga) = (Cos[Z] -rxSin[2] -rySin[Z] -r;Sin[$])

m Euler Angle

¢ around Rz, © around yg, ¥ around 2g

¢ = ArcTan[ARa3, AR32] = ArcTan[29?-1+20%, 2 (43 04 - 91 J2) ]

© = -ArcSin[ARa1] = —ArcTan[w/ 1-6R%; , gRa1] = -ArcSin[2 (g2 s + g1 03) ]
¥ = ArcTan[fR11, §R21] = ArcTan[2q? -1+203, 2 (9203 - 01 Ja) ]

Roll = atan2 (R32, R33)
Pitch = -asin (Rz1)
Yaw = atan2 (R21, Ri1)
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m Jacobian matrix and determinant

f:R">R", (mxnmatrix)
x eR", f[Xx] e R"

3 of;
|,J-a—Xj‘
vF=JF
af of of
PR S

of
X1
ofy
X1

Filter derivation

of,
3%n

of,
3%n

|

Ox, i il

By, T

Ox,, 1

« Ox, T

|

Qrientation from angular rate

m A tri-axis gyroscope

= The angular rate

Sw=(0 wy wy wy)

= The quaternion derivative

1
Sy < = Sq@S
Ed qu w

= The quaternion derivative measured at time t

1

s s s
Elu,t = el Elest,t-1® 7wt

1
(Gu1 Yoz Qus qw4)=E(Q1 O2 03 Os)® (0 wx wy wz)

m The orientation of the earth frame at time t

S S S
Edw,t = EQest,t—l +g0,,¢ At

The samling period At

(d1 G2 O3 Ga) = (01 O2 O3 Oa )+ ((Gu1 Qo2 CGus Gua) -B (84, 24, $£4,

S
E

4, )) xat

Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth® s magnetic field

® A quaternion

2= (01 O2 O3 Oa)

m A predefined reference direction

Bd= (0 dx dy d;)

m The measured direction

S§=(0 sx sy s7)



151008_Orientation.nb

= The objective function
f[a. F0, 58] = $4" @Fd@Eq - 58
= A quaternion may be found

min f[sq, €4, 58]

2qe R?

The gradient descent algorithm

m Linear system

Ax-b=0
F[x] = |Ax-b|?

VF[X] =2 A" (AX -Db)
X =X -y VF[X]

VF[X] = J"F[X]

= An orientation estimation of 2§,

vF[2q, Fa, 58]

,k=0,1, .,n
| ve[Ea, =a, 5] |

E0ke1 = 20y - K
A step-size u

m The gradient of the solution surface (General form)

vF[2ax, A, 8] = J7[Eak, FA] F[Eqy, 4, 58]

= A objective function
f[a. Fa, 58] = $4" @Fd@Eq - 58
2= (041 92 O3 Qa)
Bd= (0 dx dy d;)

S¢=(0 sx sy s7)

EQ*G’Ea@Eq:(Cﬁ -02 -03 _q4)®(0 dy dy dz)@(q1 J2 Q3 Qa)

0 dy dy d; i d2 O3 Qa4
-dx 0 -d; dy -2 q1 -0s4 Q3
=(01 -O2 -0z -0Qa)- -dy d; O -dyx|"|-03 Qs O1 -02
-d, -dy dx O -04 -0z 02 Q1

0

2dy (203 +0104) +dz (-201 03 +2020a) +dx (07 + 03 - a3 - A7)
2dx (0203 -0104) +2dz (01 G2 + 03 g4) +dy (4% - 93 + 93 - %)
2dx (g1 93 +020Ga) +dy (=201 02 + 203 Ga) + dz (0F - 03 - 93 + 03)

0

2 (dy (3 -03-03) +dy (G203 + 01 Ga) +dz (G2 Ga - C1 03))
2 (dx (9203 -1 da) +dy (3 -3 -03) +dz (4s Ga + A1 02))
2 (dx (9204 +0103) +dy (0304 - G102) +d, (5 -03-03))

2dx (5 -08-0F) +2dy (0203 +0104) +20dz (02 Ga - Ga G3) - Sx
F[20, B4, 58] = | 2dx (0203 - 01 04) +2dy (3 -3 -0F) +2d, (43 Ga + U1 G2) - Sy
2dx (9294 + 91 qs) +2dy (03 0s-0102) +2d; (3 -3 -03) -5,

m Jacobian

J[Bay. Fa]
2dyqs-2d;0s3 2dygz+2d;0s -4dxgz+2dyg2-2d, 01 -4dxgs+2dydr+2d;0Q2
= | -2dxqs+2d, 02 2dxQgsz-4dyg2+2d; 02 2dx g2 +2d; g4 -2dxq1-4dyqgs+2d; Q3
2dx0g3-2dydz 2dxgs-2dygi-4d;q>; 2dxd1+2dyds-4d:0s 2dxgz+2dy Qs
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ofy ofy ofy of,

oq1 902 903 a4 aql L aqz 1 i 6q3f1 aq4f;|_
J[Bax, FA] = % % % % =|08qu T2 8g, T2 8g;F2 g, T2
ofs  ofs  ofy  ofy 0q, T3 0q, T3 0qs T3 9gq, T3
oq1 992 6q3 94
2dygs-2d; 03 2dy gz +2d; g4 -4dxQg3+2dy02-2d,0q: -4dx0s+2dyqr+2d; Q>
= —2dxq4+2dqu 2dxq3—4dqu+2dqu 2dqu+2dzC]4 —2dqu—4dyC]4+2dzC]3
2dxgs-2dyqx 2dxQs-2dygi-4d;qx 2dxQgi1+2dyqs-4dz0s 2dx gz +2dyds
i 2dx (5 -03-0F) +20dy (4203 + 01 0G4) +2dz (G2 Ga - 1 U3) - Sx
f2]= 2d><(QZqS'Q1Q4)+2dy(%'q%'qz21)+2dz(q3q4+Q1CI2)'Sy ;
LE]

2dy (9294 +q1Gs) +2dy (0304 - 01 02) +2d; (3 -03 -03) -5,

O, 1 Bq, T1 Bq, L1 Bq, 1
8q. T2 8q, T2 0g, T2 g, T2 | // MatrixForm
Oq, LE Bq, T3 Oqs LE! Oq, LE

—ZdZQ3+2dyC|4 2dy(]|3+2dz(]|4 —2dzq1+2dqu—4dXQ3 2dyql+2quZ—4dXC|4

2d;02-2dx0dsa  2d;01-4dyd2+20dxgs  20dx02+2dz 04 -2dxq1+2d;q3-4dydas |T// MatrixForm
-2dyg2+2dx0z -2dyq1-4d;02+2dx0s 2dxqr-4d;03+2dy0s 2dx g2 +2dyqs

—ZdZQ3+2dyQ4 2quZ—2dXC]4 —2dqu+2dXQ3

2dyqgs+2d; 04 2d;q1-4dyg2+2dx g3 -2dyQg1-4d;02+2dyx Qs

-2d; 01 +2dyg2-4dxgs 2dx Qe +2d; 04 2dx01-4d;0z+2dyqs

2dyqr+2d;02-4dx g4 -2dx Q1 +2d;03-4dyqs 2dx 02 +2dyQs

The direction of gravity (the vertical axis, z axis)

= An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

m Normalized accelermeter measurement

Sa=(0 ax ay ay)

m A objective function

2 (9294 - 01 93) - ax
fy[8q, Sa] = |2 (0102 + 03 Q4) - @y

2(3-03-093) -
m Jacobian
-203 2a4 -201 2Q2

Jg[201 =| 292 201 204 203
0 —4Q2 —4Q3 0

The earth's magnetic field (one horizontal axis, the vertical axis)

= An appropriate convention (the equations simplify)

Eh=(0 by O by)

m Normalized accelermeter measurement

Si= (0 mey my my)

= A objective function

2by (3 -093-03) +2b; (G2 Ga - 01 03) - My
fy[20, €6, SM] = | 2bx (203 -1 0a) +2b2 (41 G2 +q3 Ga) - My
2by (G103 +0204) +2b; (3 -03-03) -m,

m Jacobian
-2b; a3 2b; 04 -4byx03z-2b,q; -4bxgs+2b; 02

Jb[éq,E6]= —2b>(Q4+2bZQ2 ZDXQ3+2qul 2bXQ2+2bZQ4 —2bqu+2bZQ3
2 by qs 2bxds-4bzq2 2bxgi-4b, 03 2byx g2
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The solution surface - minimum

m The objective function

y[2q. Sa
ool a5« [ B )

[0, ©6, ]

2 (0294 - 01 03) - ax

:1 2 (192 +03 Q4) -3y
2
| 2(3-93-93) -2
fa| " | 2bx (5 -0d3-03) +2b; (A2 Ga - 91 G3) - My
:5 2by (0203 -0104) +2Dbz (G202 + 93 Ga) - My
® 2by (G103 +02G4) +2b; (3 -03-03) -m,
m Jacobian
Jg"[2Q]
toolee- 701 - [JbT 20, 6] ]
-203 2Q4 -201 20z
20z 20q: 204 2403
3. 0 -402 -4Qs 0
- —2bZC{3 2bZC|4 —4bXCI3—2bzq;|_ —4bXC|4+2bZCI2
-2bxgs+2b;02 2bxQz+2bzq1r 2bxQ2+2b,04s -2bxQgi+2b;03
2 by g3 2byQs-4bz0q2 2bxqi-4b;Qs 2 by Q2

The estimate orientation 2qy ¢

S S
v,t = - Ht
Ed Elest,t 2d

= The convergence rate governed by y; = the physical rate

Aprevious estimate of orientation g0ese .1

= The objective function gradient

Jg"[B0est, t-1] Fg[B0est,t-1- at]

vf =
{Jg,bT[EQest,t-l’ E6] fg.b[EQest,t—lv sa, E67 Sm]

The convergence rate of 24, .

The physical orientation rate £q,

= An optimal value of the step-size

pr=a | 2f, ¢ | AL, a>1

Filter fusion algorithm

m An estimated orientation

2Qest,t = Yt 20v,t + (1 - ¥t) EQu,t>» O s yr <1

7
"B,

The weighted divergence of &g, = Theweighted convergence of £qy
B 53

At

m The magnitude of a quaternion derivative == The gyroscope measurement error

u
(L-vt) B=vt =
At

B

Mt
At +B

Yt =
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= The optimal fusion

= the convergence rate of gy 2 a » the physical rate of change of orientation

vf
| vF |

ECIV,t = - Ut

B At
Ht

Yt =

= Simplify

m An estimated orientation

s B At vT s s
Blest,t = P (-Ht TVF ] ) +(1-0) (2Qest,t-1 +2Yu,t AT)
vf
EQest,t = -8B TYET At + 2Qest, 11 + £U,, ¢ AT
vT
Elest,t = EQest,t-l + E%,t At-p VT

vf
EQest,t = E0est,t-1 + (Eqm,t -B VT ] ) At

20est,t = 20 + (Eq -B vt ) At
s est,t-1 w,t | Vf |

E0est,t = 20est, t-1 * (Eqw,t -B Ede,t) At

S S S
EQest,t = EQest,t—l + Blest,t At

vt
| vF |

1
Elest,t = 20est,t.1 * (E B0est,t.1® 0t - B ) At

The estimated orientation rate £0egt

The rate of change of orientation measured by the gyroscopes £q,

The direction of the estimated error 4.

Simplified to equation

S S S
EQest,t = EQest,t-l + EQest,t At

The estimated rate of change of orientation

S S SA
EQest,t = EQw,t -B qu,t

The quaternion derivative measured at time t

1
s s s
Elu,t = el Elest,t-1® 7wt

m The direction of the error of qust,t
sa _ VF
EQE,t = | Vf |

The objective function

y[29, Sa
uofia. ca. 6. o] - N

fy [29, b, SA]

2 (02 g4 - 01 O3) - ax

E 2 (g1 02 +03Qa) - ay
fs 2(3-B-d) -2
| 2bx (5 -03-03) +2Db, (02 04 - G2 G3) - My
LE 2Dbx (4203 -1 04) +2Dbz (4102 + d3 ga) - My
Te 2bx (0103 +G204) +2b, (5 -03-03) -m,

m Jacobian

J,7 S
30.0[50, 6] = [ o [£Q] ]

JpT[EQ, 6]
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10

Jiz Jiz Jiz Jua -2ds 204 -201 29z
J21 J22 J2z J2a 20 2q; 204 203
Ja1 Js2 Jaz Jaa | 0 -4 -4q; 0
Jar Jaz Jaz Jaa | -2bz 03 2bzqa -4bxqgs3-2bzq1 -4bxgs+2b; Q2
Js1 Js2 Jsz Jsa -2bxgs+2b;02 2bxQs+2bzq1r 2bxQ2+2b,q4s -2bxQgi+2b;03
Je1 Je2 Jes Jes4 2 by Qs 2bxgs-4bzq2 2bxgi-4b;0s 2 by Q2
m The gradient of the solution surface (General form)
vF=JF
vfy.b = Jg.0[20, FB]" Fg.p B4, ®a, B, °M]
J11 Ji2 J1z Jua 1
vf Jo1 J22 J2z J2g L] 1 311+ F2 321 + T3 331 + F4 Ja1 + F5 Js1 + T Je
Vi | | Ja1 Js2 Jsz Jaa |, | Ta| | T dia+F2J20 + T3 J32 + T4 Jaz + F5 Isp + T Je2
Vs | 7 | Jar Jaz Jaz Jaa | | Fa| T | F1Iuz + T2 Joz + T3 I3z + T4 Juz + F5 Is3 + T Jes
v, Js1 Js2 Jsz Jsa Ts T1 J1a + T2 J24 + F3 334 + 4 44 + T5 Isa + T Joa
Je1 Je2 Jez Jea Ts
. vf
20: Nid
. vf
80, | | TR
. - vf
243 o]
. vf
EQ4 |V‘|f|
= Temp
2 (02 04 - 01 03) - ax
2 (g1 02 +03da) -3y
2(3-03-093) -a
2bx (5 -03-03) +2b, (0204 - 1 G3) - My
2bx (0203 -0104) +2bz (d1 02 + g3 da) - My
2bx (103 +9204) +2b, (5 -03-03) -m,
-20s 244 -201 2Q2 L}
2092 201 294 2093 |".| F2 | // MatrixForm
0 -4 g2 -4 (O[] 0 f3
21, 02-21, 03
2f2C|174f3C|2 +2f1 Jsa
2F1q1-4T303+2TF204
2192 +21203
-2bz Qg3 2b;qa -4byqgz-2b,0g1 -4bxqs+2b,Q2 s
—2bXC]4+2bqu 2bXC]3+2bqu 2quZ+2qu4 —2bqu+2bZQ3 .| f5 | // MatrixForm
2bxq:3 2bXC]4—4bqu 2bqu—4bzq3 2bqu fe
-2b, a3 +2bxfeqs+Ts5 (2bz02-2byxqa)
s (2bqu+2bXQ3) +2bzf4q4+f5 (74bzq2+2bXQ4)
T4 (72bquf4bXC]3) + Tg (2bxq174bZQ3) + T <2quZ+2qu4)
2byTe gz +Ts (-2bx s +2bzd3) + F4 (2bz 02 - 4 by 04)
Gyroscope bias drift compensation
m With temperature and with motion
Karman - based approaches - estimate the gyroscope bias
Mahony et al -» gyroscopebiasdrift (the integral feedback of the error)
The normalized direction of the estimated error in the rate of change of orientation £4,
m The gyroscope bias Swy,
Swp,t = € ste,t At
t
The integral gain
= DC component of Sw,
Swe,t = 2 20est, 1.1 ®0c ¢
Swe x Q1 %202 - Q2 # 80y - A3 # 20, + Qa % 243

S

S
We z

Wey | =2 (01 G2 Os q4)®(Edl 84, 243 Ed4)=2 O1 %203 + Q2 %20, - 03 % 2, - g4 * 24,

O1 %80, - 02 %803 + gz *£4, - Qs * £4,
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= Gyroscope measurements Sw¢

S S S
We,t = "Wt - "Wh,t

Wp x Wh x We x
Wpy | = | Woy | + | Wey | *AT % &
Wp z Wh z We z

Wx Wx Wb x
wy [ = [wy |- | woy
Wz Wz Wp 2

Filter gains

The estimated mean zero gyroscope measurement error of each axis i
m The filter gain
1 o 3
B= EQ®(O wp Wg wB)l= Zwﬁ
The estimated rate of gyroscope bias drift in each axis w,

m The filter gain

3 .
£=2 ng

Qrientation from angular rate

m A tri-axis gyroscope

= The angular rate

sa): (0 Wx CL)y OJ2>

m The quaternion derivative
1
gq = > 205w
m The quaternion derivative measured at time t
s 1s s
Edu,t = 5 Elest,t-1® Wt

1
(o1 Guz Guz Qua) == (G G2 Gs s )® (0 wx wy wz)

m The orientation of the earth frame at time t
Bu,t = EQest,t—l + Eqw,t At
The samling period At

(O1 G2 O3 Ga) = (01 G2 O3 Ga) + ((Gu1 Qo2 Yoz Gua) -B (8§, 84, 8§, £4,)) *t

Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth® s surface (Heading)

m Inclination errors

The vertical plane : the earth® s surface (Sensor " s attitude)
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m The measured direction of the earth's magnetic field in the earth frame at time t

FAc = (0 hx hy hz ) =Eecr, 1.1 ® M ®E0est 11

(0 hX hy hZ)=EQest,t-1®smt®EQ;st,t—l
=(d1 92 O3 94 )® (0 mc my M )®(d1r -02 -Q3 -04)

0 My My Mg di -02 -03 -0Qs

-my 0 -mz my 2 91 04 -0Q3

= (01 92 O3 Qs )- -my m; O -mg||gs -g2 a1 Q2
-m; -my My 0 d4 Q3 -02 0Oz

0
My (97 +03 -0a3-03) +2 (My (g2 03 - 01 Ga) + Mz (4193 + G2 da))
My (4 -05+05-0%) +2 (M (0203 + Q1 Ca) +M; (=01 02 + 03 Ja))
M, (42 -03 -3 +03) +2 (Mx (-01 Gz + G2 Ga) + My (G1 O2 + 03 Ga) )

T

0
2 (M (5 -03-0F) +My (G203 - 91 Ga) + Mz (G2 O3 + 02 Ga) )

2 (Mx (02 s + G2 Ga) + My (5 - A3 - AF) + Mz (-01 G2 + O3 da) )
2 (Mx (=01 G3 + G2 0a) + My (U1 G2 + Gz Ga) + Mz (5 - 03 - 03))

“be= (0 4/nz+hz 0 h,)

(0 by by bz)=(0 1[hg+hz 0 h,)

Block diagram

= IMU
the complete orientation filter for an IMU implementation
,-l 1]_ N it o 5= — JT"H. 1".j: |L‘-. h (‘ﬂ.'.- |
ACCEIETOIMELET — @y q (E9ecatt—1) g\ E Dest t—1s t) N
Vi
V7l
E |
. ]_ ) 5 v q
g g - 5
Gyroscope “wi —¥ EGeai 1 B W »‘ At —»
- p Qf, eat, t—1 i ‘ | | ﬁ'|
I H . b b
Eest,t _
= MARG

the complete orientation filter for an MARG implementation
including magneticdistortion (Group 1) and gyroscope drift (Group 2) compensation

Group 1 : Magneticdistortion
Group 2 : Gyroscopedrift

v

S o
E ge’.‘.!-! WA
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M E9eat -1 my & EDest t-
r
[[] R Ok
________________________ RN R REE T e
:—; .
Magnetometer ~ 1,

. "": -
Ll L PP

T 8- Er [S - 8- Ef 8_-=.4
I b f.ul5e a,“ by, "m)
I . g B\ E9 st t-11 t!J g b\E Teat i-1: 3 ts !
Accelerometer “a, —» 7" o
. N8 o* % il L
CEDeat -1 @ EDe s (%] 7
’ VEll -1
b
; 1o q
[ oo - _—
ToscoDe S w _3 ok Lt
Gyroscops t p st t-1 . q||
b .“1‘ . L r
E9est t -1
= Inner Product Space
X.y= |X||Y]|Cos[e]
X.
Cos[e] = —?—-—
[X11Y]1
m Representation of orientation
A
:r: R -1,
O=U1FI+UZE_£+U3E_§
aZ+b?+c?=Cos[a]?+Cos[B]?+Cos[y]?=1
V= {Vx, Vy, V2}.{Bx, By, Bz} = Vy B +Vy B +V,; &
[ V| =4fVE+ V5 +V3
a=Cos[a] = V.8 - (Vx Bx + Vy By + V7 B7) B - Vx— - Vx
V] V2 + V2 + V2 \/v§+v§+v§ A
b = Cos[A] = V.8 ) (Vx Bx +Vy By +V; 87) .8y ) Vy oW
| V1 VZ + V2 + V2 \J V2 + V2 + V2 V]
¢ = Cosy] = V.8, ) (Vx Bx +Vy By +V; 8;) .8, ) V2 _ Ve
| V| V2 + V2 + V2 V2 + V2 + V2 [V



151008_Orientation.nb

A S Z - Y
| V| | V| [V | V|
= Cos[a] 8 + Cos[B] By +Cos[¥y] &;

=aex+be,+cg,

V= |V|U= |V|Cos[a]l®@+ |V |COS[B] B + |V ]|COS[¥] 8, =VxBx+VyBy +V; &

m Rotation Matrix: Direction Cosine Matrix

HEA (A} 7t 22 FE VS22 T HANT ARAE By AL T A IAJFE (R

Ia-R8 Ya-Y8 Ja-28
2,-R8 2.5 2a-25

Cos[90° - a] Cos[al Cos[90°] Sin[a] Cos[a] O | =R,[a]

Rp-Rg Ra-Y5 Ra-28
AR -
Cos[90°] Cos[90°] Cos[0°] 0 0 1

[ Cos[a] Cos[90° + a] Cos[90°]J [Cos[a] -Sin[a] O

Cos[¢] -Sin[y] O

Ry[¥] = | Sin[¢¥] Cos[¥] 0
0 0 1
Cos[o] 0 Sin[e]

Ry[6]1=1]0 1 0
-Sin[e] 0 Cos[e]
1 0 0

Re[¢] = |0 Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]

w 3P 44 (§R = gR™* = §R)

o

FEA (B} ol e FEA (A} & SHPE - R
HA7A (A} o P ZEA (B} 9 3APH : AR

Axx Ayx AZx
Rp = AXy]:9A= AYy];2A=[AZy];

Ax, Ay, Az,
By, By B2,
Re = | ®xy [5 98 =|®yy |5 28 = |®2y
By, By, Bz,
Rn-Re Ra-¥g Ra-28 rig riz ris
BR={92-Re 9n-95 Ya-28 | = [ a1 ra I3 ]
25 -Rp ZA-yB 2p-28 sy I3z I33

Ve-Ra Y8-Ya ¥e-2a
ZB -XA ZB -S?A 2B -ZA

Rn-RB Ra-Yg Ra-2g [XB.RA Re-9a XB.ZA]
BR:
A

2,-R8 2.5 2a-25

Ap - BR_BP

A A B B A A B A
{BP='§R_AP 54 P:BR- P=AR'BR' P:AR.BR=I

m AP = ¢R .°P

(B} AXAHEL (A} FFAAEC=Z W3
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9a- (APx Ra + Apy 9a + APz 2a)

Ra-Ra Ra-Ya XA-ZA] [Apx
2p- (Apx Ra + APy 9a + APz 24)

AP=QR-AP=[9A-RA Ia-9a In-2a Apy
2p-Ra 2p-9p 2A-2a Apg

Apy Ka .BP
=|"py | =|9a-BP| =
Ap, 2,.8p

- ZTA (B} o U3 EEE HPY $1X Bprt FEA (A 9 FEFHAPE I AAPE LRE B8t HAZH S 9]

[XA- (APx Ra + APy 9a + APz 24) ] R AP ]

Ka- (Bpx Rs + Bpy 95 + Bp, 28)
9a- (Bpx R + Bpy 95 + Bp; 25)
2n. (Bpx Re + Bpy 95 + Bp, 28)

Ia-Re In-Y8 9n-28
2p-R8 2p-Y5 2a-28

Rn-Re Ra-Ys XA-ZBJ Bpx

= AR : TransformationMatrix (A&-34) & Ho|, FFA (A} o NI FARXA (B} o FAPH

Euler Angle (Roll ¢ Xg, Pitcheyg, Yawy 25, ZYX) -» Rotation MatrixéR

m Z-Y-X 2.4 Z (o] FHEA)

> BEA (A 9 zF4 D] yRE A F

O FHEA F AT oW 2L FARA (B} 9 YZHol 3] et 3| A3 5,

A A EA 2R FHEA (o] FFEA) (B") 9 XFoll 3] 9WF A&FH 2 3 A& 3
EAQHUE Jeh = #E4 (B) & 4=y

5 EE 3ol o5 FuAG & WL o] 8 YRR ET ST ARAAL
ol E EAH o2 Fot.

» Roll-Pitch-Yaw (223 Z X A))

- AR7|EZEA (A} o XFo A3 oF A &
ILRHFFA Q] Y& 3] ovtF I AT F,
DAFFA L zF ) 3 yE A5 FH o= A S FlY
EAE el = A XA (B} E L=y

5 ZE 37| 14 /1F FEA N AL o1 $F AAB|BE I F WBYY
Aol MRE oz Qa0 2 Fo.

tlo

2, z, %ia BJ
"
4
4 . . a
: z", __yA -
Vi : _z’
y - > L = ) 2 .
Ya / p 24 / Y4
X 1:1 x‘. X )
A A . A
%4 x5
2 ol %] =
8R =R, [¥] Ry[€] Re[$]
Cos[y] -Sin[y] O Cos[e] 0 SinJe] 1 0 0
= [Sin[llf] Cos[¥] O] [0 1 0 ][O Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 CosJe] 0 Sin[¢] Cos[¢]

Sin[y¢] Cos[e] Sin[¢] Sin[e] Sin[¢] + Cos[¢] Cos[¢é¢] Sin[y] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]

Cos[¢] Cos[e] Cos[y¥] Sin[e] Sin[¢] -Sin[¢y] Cos[¢] Cos[y¥] Sin[e] Cos[¢] +Sin[¢¥] Sin[¢]
[—Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]
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m Rotation Matrix §R - Roll ¢ Rg, Pitche yg, Yaw ¢ 25

é o1 22 I3

ria riz2 ris
R =
31 I3z I33

- the three RPY anglesare (6 € (-n/2, n/2))

¢ = ArcTan[rzz, ra2]

6= ArcTan[\/ r3 +rf;, -ra1] = ArcSin[-rz]

¥ = ArcTan[rll, rai]
->0r (6e (x/2, 3n/2))

¢ = ArcTan[-r33, -r32]

o= ArcTan[—w/ r3, +ri;, -ra] = ArcSin[-ra]

¥ = ArcTan[-r11, -r21]

Axis r/Angle ¢ —» Rotation Matrix 4R

A

VA
7, |
/ —
I
TN Y
r
N - ,
| Ty Yy
e i /
- -
— - / N | 4
- - Y o | s
_ s

i

F
-3

m]
R[®, r] =Rz[a]l-Ry[B]-Rz[6]-Ry[-B]-Rz[-a]
m2
_ Iy Iy
Sin[a] = ———; Cos[a] = ——;
\/r§+r)2, w/r§+r)2,
Sin[B] = «/r% +r%; Cos[B] =rz;
=3
rZ +rg
a= ArcTan[i] B = ArcTan[\/——y—] :
x rz
Cos[a] -Sin[a] O Cos[B] 0 Sin[B] Cos[®] -Sin[6]
[Sin[a] Cos[a] 0] [0 1 0 ].[Sin[@] Cos[6]
0 0 1 -Sin[B] 0 Cos[B] 0 0
Factor // Factor // FullSimplify // MatrixForm
m4

ri+ri+rs=1;

rg+rg

1+ r,=1;

rs

0
0]
1

i

Cos[-B]
0
-Sin[-8]

0 Sin[-B]
1 0
0 Cos[-B]

i

Cos[-a]
Sin[-a]
0

-Sin[-a]
Cos[-a]
(0]

0
0
1

// Expand //
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=5

ry? (1 -Cos[®]) + Cos[6] ryry (1-Cos[8]) -r,Sin[8] rxr; (1-Cos[e8]) +rySin[s]
R[s, r] = [rX ry (1-Cos[8]) + I, Sin[6] ry2 (1-Cos[6]) +Cos[6] ryrz (1-Cos[6]) - rySin[s] ]

i1z riz2 ris
=|F21 Fa2 I23
ryrz (1-Cos[s8]) - rySin[e] ryr; (1-Cos[6]) +ryxSin[s] r,2 (1-Cos[e]) +Cos[8]

a1 32 I33

= Rotation Matrix 4R - Axis r/Angle ¢

R[-68, -r] =R[6, r]

11+ F22+r33-1

r
o= ArcCos[ ]
2
[l’x] 1 [rsz-rzs]
r=|ry|=——————|ri3-rza1
r, 2SiIn[6] o1 - I

rZ+ri+rz=1

= Half-Angle Identities

COS[E] = 1+CO—SM

2 \j 2

Sin[g] = l_CO—SM
2 \j 2

Orientation 4§ — Axis r/Angle ¢ - Rotation Matrix §R

COS[%] - /1+C023[o] : Sin[%] - ’ l—Cozs[o] :

80= (01 G2 O3 d4) = (Cos[5] -rxSin[g] -rySin[$] -r;Sin[3])

L |
o 1+ Cos[o]
=C — | = - -
o = Cos[ ] N >
- 1-Cos[0]
q2=—rxS|n[—2—]=—rx1’—2—
) 1-Cos[0]
q3=-ryS|n[E]=_ry4’T
_ .6 1 -Cos[6]
q4=-rZS|n[E]=-r24’T
2
2_1+Cos[c9]
ql'T
1-Cos[6]
o= —
1-Cos[6]
B=ry ———
1 -Cos[o]
4 =r —
=3
Cos[6] =202 -1
r2 (1-Cos[6]) =203
r7 (1-Cos[o]) =203
r2 (1-Cos[6]) =203
m 4

Sin[e] =4/1-Cos[6]? =V (1-Cos[6]) (L+Cos[6]) =\/2q% (1-Cos[6]) =2 g1 V1-Cos[o]
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mS5
V2 Q2
ry=s ————
A1 -Cos[6]
2 a3
ry=s ———
41 -Cos[6]
‘/E da
ry= —————
41 -Cos[o]
Sin[e] = V2 g1 V1 - Cos[6]
=m0
80=(01 02 O3 Ga) = (Cos[$] -r«Sin[3] -rySin[$] -r;Sin[$])
ry?2 (1-Cos[s]) + Cos[6] ryry (1-Cos[8]) -r,Sin[8] rxr; (1-Cos[6]) +rySin[s] ri riz ris
R[S, r] = | ryry (1-Cos[8]) + I, Sin[6] ry2 (1 -Cos[6]) + Cos[6] ryrz (1-Cos[6]) - rySin[8] = [er oo r23]
rxrz (1-Cos[6]) - ry SIn[6] ryr; (1-Cos[6]) + Iy Sin[o] r,2 (1-Cos[e]) +Cos[8] a1 Fs2 Is3
m 7
2 2 _ V2 g V2 gs _ V2 a4 NI-Coslyl V2 g V2 a
202+2qr-1 v/1-Cos[y¥] +/1-Cos[¥] (1-Cosly]) + 4/1-Cos[¥] '\/qu 1-Cos[y] 4/1-Cos[y¥] +/1-Cos|
V2 g V2 g3 _ V2 NI-Cos[y] 2 2 _ V2 gs V2 qs
A/1-Cos[¥] +V1-Cos[¥y] (1 -Cosl¥I) A/1-Cos[¥] ﬁ i V1-Cos[y] 2q3+20ai-1 4/1-Cos[y] +/1-Cos|
V2 g V2 as _ V2 g3 V1-Cos[y] V2 gs V2 ga _ V7 V1-Cos[y]
v1-Cos[y] +1-Cos[¥] (1-Cosly]) + V1-Cos[¥] ﬁ d1 V1-Cosly] V1-Cos[y] +1-Cos[¥] (1-Cosl¥) V/1-Cos[¥] ﬁ 91 V1-Cos[y]
// FullSimplify // Together // MatrixForm
=8
207-1+203 2(0203+0104) 2 (0204 - 01 Q3)
BR=|2(0203-0104) 203-1+203 2 (304 +0102)
2(0204+09103) 2(d3Ga-0102) 20af-1+20]
=9

o o o o
a1 =COS[E]; gz = -rXSin[E]; gs = -rySin[E];q4 = -rZSin[E];

203-1+203 2 (0203+0104) 2 (G2 0a - 01 U3)
2(0203-0104) 293-1+2093 2(03Qs+0102) | // FullSimplify // MatrixForm
2(0204+0103) 2(030a-0102) 207-1+2037

Cos[®] + (1-Cos[6]) r2 (1-Cos[6]) rcrry-Sin[e] r; (1-Cos[6]) rx Iz +Sin[6] ry
=| (1-Cos[8]) rxry+Sin[s] r; Cos[e®] + (1-Cos[8]) rf, (1-Cos[6]) ryrz-Sin[s] ry
(1-Cos[6]) rcrz-Sin[e] ry (1-Cos[6]) ryrz+Sin[6] ry Cos[e] + (1-Cos[6]) r2

= Orientation §§ - Roll ¢ Rg, Pitche Vg, Yaw y 25

¢ around Rz, © around ¥y, ¥ around 2z

gR=|Tra1 ra ro3 2(0203-0104) 207-1+203 2 (4304 +0102)

[rn re r13] [ 203-1+20d3 2(9293+0104) 2 (0204 - Q1 0a)
a1 Fs2 a3 2(0204+0103) 2(A3a-01G2) 20f-1+20q3
¢ = ArcTan[5Ra3, AR32] = ArcTan[29?-1+20%, 2 (43 04 - 91 J2) ]

6= -ArcTan[w/ 1-6R3; , 8Ra1] = ArcSin[-gRa1] = ~ArcSin[2 (02 s + J1 ga) ]
¥ = ArcTan[AR11, AR21] = ArcTan[29?-1+203, 2 (02 0z - 91 G4) ]

Rotation Matrix R - Quaternion £§

BR=|Tra1 ra ro 2(0203-0104) 207-1+203 2 (4304 +0102)

[rll ri Fls] [ 202-1+2093 2(g203+0104) 2 (42 0a - 01 03)
Fs1 Fs2 IFa3 2(0204+0103) 2(UsUa-0102) 207-1+207

8G=(01 02 O3 Oa)

Q12+ Q2% +0s? + s =1
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r11+r22+r33+1

=(2093-1+203) + (207-1+203) + (293 -1+203) +1
=2 (-1+2097+09f+05+03+0F) =2 (-1+20f +1)
=4q?

rig-rop-ras+1

=(20f-1+203) - (20§-1+203) - (209§-1+203) +1
=-2(-1+0f-095+03+03) =-2(-1-2093+097+05+03+0F) =-2 (-1-205+1)
=493

—r11+r22—r33+1

=-(20f-1+203) + (295-1+203) - (29§ -1+20qj) +1
=-2(-1+0f+05-05+05) =-2(-1-2095+0 + 05+ 03 +Q3)
=403

-2 (-1-29g3+1)

-r11-roo +r33+1
=-(20f-1+203) - (297 -1+203) + (297 -1+20qj) +1
=-2(-1+qf+03+03-03) =-2(-1-2aj+af+a5+af+0f) = -2 (-1-2a3+1)

=40

1
Q1=E‘/r11+r22+r33+1
q2=_Sign[r3+r23] Vri-rp-raz+l
q3=_Sign[r+r31] VI -raz-rip+1
q4=_Sign[r2+r12] Vrsg-rip-rp+1

Euler Angle (Roll ¢ Xz, Pitch 8y, Yaw ¢ Zg, ZYX) - Quaternion £§

Q1=;\/I’11+I’22+r33+1

Oz = _—__Sign[rzz _ ) Vri-rp-ra+l
QS=—SigL;3_Q1—]— Vraz-raz-ri+1
C|4=—SigL;l_r12—]— Vraz-ri-rap+l

1
Q1=E‘/I’11+I’22+I’33+1

= % 41+ Cos[e] Cos[¢] + Cos[6] Cos[y] + Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[y¥]

Sign[raz - ras] Ve
b Y

Oz = > 1-Tpp-raz+l

= ——;- Sign[Cos[6] Sin[¢] + Cos[¢] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] V1 -Cos[e] Cos[¢] + Cos[e] Cos[¢] - Cos[¢] Cos[¢] - Sin[e] Sin[¢] Sin[¥]
q3=_Sign[r+r31] VI -rsz-rip+1

= —% Sign[Sin[e] + Cos[¢] Cos[y] Sin[e] +Sin[¢] Sin[y]] V1 - Cos[e] Cos[¢] - Cos[6] Cos[¢] + Cos[¢] Cos[¢] +Sin[6] Sin[¢] Sin[¥]
Q4=—M\/r33—rn—rzz+l

2

= -% Sign[-Cos[¢] Sin[e] Sin[¢] + Cos[e] Sin[#] + Cos[¢] Sin[¢]] V1 +Cos[e] Cos[¢] - Cos[e6] Cos[¥] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[¥]

q = % A1+ Cos[e] Cos[¢] + Cos[e] Cos[y] + Cos[¢] Cos[¢] +Sin[e] Sin[é] Sin[y¥]

qz = -% Sign[Cos[e] Sin[¢] + Cos[¢] Sin[¢] - Cos[¢] Sin[e] Sin[¢¥]] V1 -Cos[e] Cos[¢] + Cos[e] Cos[#] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[¥]

Qs = -% Sign[Sin[e] + Cos[¢] Cos[y¢] Sin[e] +Sin[¢] Sin[y]] V1 -Cos[e] Cos[¢] - Cos[e] Cos[¢] + Cos[¢] Cos[¢] + Sin[e] Sin[¢] Sin[¥]

Qs = -% Sign[-Cos[¢] Sin[e] Sin[¢] + Cos[e] Sin[¥] + Cos[¢] Sin[¢¥]] V1+Cos[e] Cos[¢] - Cos[6] Cos[¥] - Cos[¢] Cos[¥] - Sin[e] Sin[¢] Sin[y]
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Rotation

‘v=208°velq’ =fqegqe’vesq 8lq = cqetvecq’
= Memory
8=(01 02 O3 Qa)
80" =20 = (01 -02 -4s -Qa)
ca =2ae4q
a®b= (a1 ax as a4)®(b1 b, bs b4)
by by bz by
-b, by -bs bs
=(ar a az a)- —b3 b4 b1 —b2
-bs -bs by by

arby-axby-azbz-asbs
a1b2+a2b1+a3b4—a4b3
albg—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

Calc

BCR21 BCR22 BCR23 | // InputForm

ABR13*BCR31, ABR11*BCR12 + ABR12*BCR22 + ABR13*BCR32,
ABR13*BCR33}, {ABR21*BCR11 + ABR22*BCR21 + ABR23*BCR31,

ABR33*BCR31, ABR31*BCR12 + ABR32*BCR22 + ABR33*BCR32,

+

+

+ ABR23*BCR32, ABR21*BCR13 + ABR22*BCR23 + ABR23*BCR33},
+

+

ABR33*BCR33}}

{{ABR11, ABR21, ABR31}, {ABR12, ABR22, ABR32}, {ABR13, ABR23, ABR33}}

// InputForm

1
AR = R.ER
ABR11 ABR12 ABR13)| (BCR1l BCR12 BCR13
[ABR21 ABR22 ABRZS]_[
ABR31 ABR32 ABR33) (BCR31 BCR32 BCR33
{{ABR11*BCR11 + ABR12*BCR21
ABR11*BCR13 + ABR12*BCR23
ABR21*BCR12 + ABR22*BCR22
{ABR31*BCR11 + ABR32*BCR21
ABR31*BCR13 + ABR32*BCR23
m2
BR - AR
ABR11 ABR12 ABR13
ABR21 ABR22 ABR23 |T// InputForm
ABR31 ABR32 ABR33
m3
¢a = gaegq
ABL AB2 AB3 AB4
-AB2 ABl -AB4 AB3
(BC1 BC2 BC3 BC4).| g3 AB4 ABL -AB2
-AB4 -AB3 AB2 ABl
{{AB1*BC1 - AB2*BC2 - AB3*BC3 - AB4*BC4,
AB2*BC1 + ABL*BC2 + AB4*BC3 - AB3*BC4,
AB3*BC1 - ABA*BC2 + ABI*BC3 + AB2*BC4,
AB4*BC1 + AB3*BC2 - AB2*BC3 + AB1*BC4}}
m4

= §o @ vefa

0 Ax Ay Az ABgl -ABg2 -ABQg3 -ABg4
-Ax 0 -Az Ay ABg2 ABql ABg4 -ABQg3
-Ay Az 0O -Ax || ABg3 -ABg4 ABgl ABg2
-Az -Ay Ax 0 ABg4 ABQg3 -ABg2 ABql

(ABgl ABg2 ABQ3 ABg4).

// Expand // InputForm



151008_Orientation.nb

{{o,

ABQ1N2*AX + ABQ272*AX - ABG3M2*AX - ABGAN2*AX + 2*AB2*AB(3*Ay - 2*ABQl*ABg4*Ay + 2*ABQL*ABQ3*Az + 2*ABG2*ABQ4*Az,
2*ABG2*ABG3*AX + 2*ABQl*ABG4*Ax + ABQl 2*Ay - ABG2/2*Ay + ABQ3"2*Ay - ABg4"2*Ay - 2*ABQLl*ABq2*Az + 2*ABG3*ABQ4*Az,
—2*AB1*AB3*AX + 2*AB2*ABg4*AX + 2*ABQl*AB2*Ay + 2*ABQ3*ABq4*Ay + ABgl"2*Az - AB272*Az - ABQ3"2*Az + ABQ4~2*Az}}

o,

pX*qln2 + px*q2°2 - 2*pz*ql*q3 + 2*py*q2*g3 - px*q3°2 + 2*py*ql*g4 + 2*pz*q2*q4 - px*qsn2,
Py*ql™2 + 2*pz*ql*q2 - py*q272 + 2*px*q2*q3 + py*q3"2 - 2*px*ql*q4 + 2*pz*q3*q4 - py*q4"2,
pz*qln2 - 2*py*ql*g2 - pz*q272 + 2*px*ql*g3 - pz*q3"2 + 2*px*q2*g4 + 2*py*q3*q4 + pz*qan2

3}
mS5
iz ri2 ris X
[r21 22 I23 y]
31 32 I33 z
{({Xri1+yYri2g+zrig}, {Xro1+yYro+2Zrp3}, {Xrzg1 +yr3+Zr3s}}
Fi1z ri2 ris
(xXy Z)-[r21 ra2 r23]T
31 Iz I33
{({Xru+yri2+zriz, Xra1 +yrop+2Z¥z3, XF31 +YF3+2Zr33}}
=6
&R =R, [¥] Ry[€] Ry []
Cos[¥] -Sin[y¢] O Cos|[o] 0 Sinf[e] 10 0
= [Sin[z[r] Cos[¥] O] [0 10 ][0 Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]
Cos[y] Cos[e] Cos[¥] Sin[e] Sin[¢] -Sin[y] Cos[¢] Cos[y¥] Sin[e] Cos[¢] +Sin[¥] Sin[¢]
= [Sin[llf] Cos[e] Sin[y] Sin[e] Sin[¢] + Cos[¢¥] Cos[¢#] Sin[¢] Sin[e] Cos[¢] - Cos[¢] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]
iz riz2 ris
[er a2 r23]
31 Is2 I33
- the three RPY anglesare (6 € (-n/2, n/2))
¢ = ArcTan[raz, raz]
6= ArcTan[w/ r, + r3s , -ra1] = ArcSin[-ra]
¥ = ArcTan[riy, ra1]
->0r (ee (n/2,3n/2))
¢ = ArcTan[-r33, -r32]
6 = ArcTan[-+/ %, + r§s , -ra1]
¥ = ArcTan[-r11, -r21]
ur
Cos[¢] Cos[e] Cos[¥] Sin[e] Sin[¢] -Sin[¢y] Cos[¢] Cos[¢] Sin[e] Cos[¢] +Sin[¢¥] Sin[¢]
Sin[¢] Cos[e] Sin[¢] Sin[e] Sin[¢] + Cos[¢] Cos[¢4] Sin[¢] Sin[e] Cos[¢] - Cos[¥] Sin[¢]
-Sin[e] Cos[©] Sin[¢] Cos[e] Cos[¢]
¢ = ArcTan[raz, raz]
6 = ArcSin[-rsi]
¥ = ArcTan[rll, rai]
7

Sin[y] Cos[¥] 0 0 1 0 0 Cos[¢] -Sin[¢]
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

[COS[l[I] Cos[e] Cos[y] Sin[e] Sin[¢] -Sin[¢] Cos[¢] Cos[¢] Sin[e] Cos[¢] +Sin[¢] Sin[¢]

[Cos[z/;] -Sin[y] 0] [Cos[e] 0 Sin[e] [1 0 0

Sin[¢] Cos[e] Sin[¢] Sin[e] Sin[¢] + Cos[¢] Cos[¢] Sin[y] Sin[e] Cos[¢] - Cos[¢¥] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

¢=atan2 (-2% (q1l*g2+93*9g4), -2+ (q2*Qq4-91+Qq3));
6=asin (1-2x(gl*ql+g4+xq4));
y=atan2 (-2* (q1l*g3+092*94), -2% (qQ3*q4-9l*xq2)) ;

2(9293-0104) 20f-1+205 2 (9304 +0102)

[ 208-1+203 2(0203+0104) 2 (0204 - Q1 G3)
2(0204+0103) 2(ds0a-0102) 20i-1+20%

¢ = ArcTan[-R13, -R23]
6 = ArcSin [-r33]
¥ = ArcTan[-R32, -R31]
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=8
Cos[y] -Sin[y] O Cos[e] 0 Sin[e] 1 0 0
Sin[y] Cos[¥] 0 [0 1 0 . [0 Cos[¢] -Sin[¢] | // MatrixForm
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]
Cos[e] Cos[¥] Cos[y¥] Sin[e] Sin[¢] -Cos[¢] Sin[¥] Cos[¢] Cos[¢¥] Sin[e] +Sin[¢] Sin[¥]
Cos[e] Sin[¢y] Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[y¥] -Cos[¢¥] Sin[¢] +Cos[¢] Sin[e] Sin[¢] | // MatrixForm
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]
-Cos[y] Sin[¢] + Cos[¢] Sin[e] Sin[y¥] Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[y] Cos[e] Sin[y¥]
Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[¢] Cos[y] Sin[e] Sin[¢] - Cos[¢] Sin[¢¥] Cos[e] Cos[¥] |T // MatrixForm
Cos[e] Cos[¢] Cos[e] Sin[¢] -Sin[e]
-Cos[¢] Sin[¢] + Cos[¢] Sin[e] Sin[¢¥] Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[y] Cos[e] Cos[e]
Cos[¢] Cos[y] +Sin[e] Sin[¢] Sin[¥] Cos[y¢] Sin[e] Sin[¢] - Cos[¢] Sin[¢¥] Cos[e] Sin[¢]
Cos[e] Sin[¥] Cos[e] Cos[¥] -Sin[e]
Cos[y] -Sin[y] O Cos[e] 0 Sin[e] 1 0 0
Sin[y] Cos[¥] O] [O 1 0 . [0 Cos[¢] -Sin[¢] | // MatrixForm
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]
Cos[e] Cos[y] Cos[y] Sin[e] Sin[¢] -Cos[¢] Sin[y] Cos[¢] Cos[y] Sin[e] +Sin[¢] SIin[y]
Cos[e] Sin[y] Cos[¢] Cos[y] +Sin[e] Sin[¢] Sin[y] -Cos[y] Sin[¢] +Cos[¢] SIn[6] SIn[y]
-Sin[o] Cos (o] Sin[¢] Cos[e] Cos[¢]
3 7
NSoIve[J — % * X == 10, x]
4 180
{{X>661.595}}
3 e T w5/
2 *180 "
0.075575
mf
Av =ER.YR.Ev
Cy = fR.ER. Ay
Cy =4R.ER.Ay
Vy = ER.Ey
Av = ER.Ey
By = ER.Ev
By = 4R.Auw
By = fR.ER.Ev
By = ER.4R.Bv
Ev =ER_EU

EA =ER.EU=ER.¥R.EU
EB = fR.FU = ER_¥R.EU
Cos[e] Sin[y] Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[¢] -Cos[¢] Sin[¢] + Cos[¢] Sin[e] Sin[y] |T.
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]
[Cos[e] Cos[y] Cos[¢] Sin[e] Sin[¢] - Cos[¢] Sin[¢y] Cos[é] Cos[¢] Sin[e] +Sin[¢] Sin[¢]

[Cos[e] Cos[y] Cos[¢] Sin[e] Sin[¢] - Cos[¢] Sin[¢] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[¢]

Cos[e] Sin[¢y] Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¢y] -Cos[y¥] Sin[¢] +Cos[¢] Sin[6] Sin[¢¥]
-Sin[e] Cos[©] Sin[¢] Cos[e] Cos[¢]

// FullSimplify // MatrixForm

1 0 O
0 1 0
0 0 1

Cos[e] Sin[y] Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¢y] -Cos[¢¥] Sin[¢] + Cos[¢] Sin[e] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

[Cos[e] Cos[¢] Cos[¥] Sin[e] Sin[¢] -Cos[¢] Sin[¢] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[¢]

[Cos[e] Cos[¢¥] Cos[¥] Sin[e] Sin[¢] -Cos[¢] Sin[¢] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[¢¥]

Cos[e] Sin[y] Cos[¢] Cos[¢¥] +Sin[e] Sin[¢] Sin[¢] -Cos[y¥] Sin[¢] + Cos[¢] Sin[e] Sin[¥]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

T// FullSimplify // MatrixForm

1 0 O
0 1 0
0O 0 1




