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An efficient orientation filter for inertial and inertial/magnetic
sensor arrays

Quaternion representation

= A quaternion is a four-dimensional complex number

® An arbitrary orientation of frame B relative to frame A
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= Arotationofangle e around an axis f defined in frame A

AP = (rx Iy rz)

m normalized four-dimensional vector

80=(01 02 O3 Ga) = (Cos[Z] -r«Sin[$] -rySin[g] -r;Sin[$])

= the quaternion paramentrization obeys

Q2+ 2% +q3? +qa? =1

= hypercomplex numbers {i,j,k}

a+bi+cj+dk

I2—j2=k2=—l
ij=-jiz=k
jk:—k_]:i
Ki=-ik=]j

= A quaternion conjugate

8" =80=(01 -0z -0z -0a)

m A quaternion product ®
¢q = kaesq

= Hamilton rule
a®b= (a1 az az asz)®(by bz bz bg)
-b, b1 -bs b3

-bs bs b1 -by
-bs -bsz by by

by by bz Dby
(a1 a2 az as ). ]

a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3-a3b2+a4b1

T

[albl—azbz-asbe—a4b4
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m Euler axis

m Vector's Elements
e
q1=Cos[E]
gz = eXSin[g]
)
gz = eySm[—Z—]

e
d4 =eZSin[E]

m A three dimensional vector

Bu =49 ®Au®'§q*

= The orientationf§ » The rotation matrix

= Axis/Angle - Rotation Matrix 4R

Rlv, rl =Rz[a] -Ry[B]-Rz[¥]-Ry[-B]-Rz[-a]

Cos[a] -Sin[a] O Cos[B] 0 Sin[a] Cos[y] -Sin[y] O Cos[-3] 0 Sin[-3] Cos[-a] -Sin[-a] O
= | Sin[a] Cos[a] 0|.|0 1 0 .| Sin[y] Cos[y] 0|.]0 1 0 .| Sin[-a] Cos[-a] 0
0 0 1 -Sin[B] 0 Cos[B] 0 0 1 -Sin[-B3] 0 Cos[-pB] 0 0 1

ry2 (1-Cos[y]) + Cos[y] ryry (L-Cos[y]) -r;Sin[y] rxr; (1-Cos[y]) +rySin[y]
QR = | rxry (1-Cos[y]) +r,Sin[y] ry2 (1-Cos[y]) +Cos[y] ryrz (1-Cos[y]) - rxSin[y]
ryrz; (L-Cos[yl) -rySin[y] ryrz (1-Cos[y]) + IxSin[y] r;2 (1 -Cos[y]) +Cos[¥]

COS[%] - 1+COZS[7] Sin[%] - 1—0023[1]

2(0203-0104) 207-1+2095 2 (g3 s +01032)

2097-1+203 2 (0203+0104) 2 (0204 - 01 J3)
4R =
2(02024+0103) 2(Q30a-0102) 20f-1+203

m Euler Angle
¢ around Rz, © around yg, ¥ around 2z

¢ = ArcTan[ARa3, AR32] = ArcTan[29?-1+20%, 2 (43 04 - 91 J2) ]

6= -ArcTan[w/ 1-6R3; , 8Ra1] = ~ArcSin[2 (g2 Qs + g1 03) ]

¥ = ArcTan[gR11, gRi2] = ArcTan[29f -1+203, 2 (02 Oz - 01 0a) ]

Filter derivation

Qrientation from angular rate

m A tri-axis gyroscope

= The angular rate

Sw= (0 wxy wy wy)

= The quaternion derivative

1
2= 5 2965
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= The quaternion derivative measured at time t

1
s s s
Eu,t = > Elest,t-1® 0wt

1
(U1 Yu2 Yus qw4)=E(Q1 O2 03 da)® (0 wx wy wz)

m The orientation of the earth frame at time t
Eqw,t = EQest,t—l + Eqw,t At

The samling period At

(d1 92 93 ga ) = (01 02 Qs q4)+((qml qu qm3 qw4)_B(Ed1 EQ2 qu Ed4))*At

Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth® s magnetic field

® A quaternion

2= (01 O2 O3 Oa)

m A predefined reference direction

Bd= (0 dx dy d;)

m The measured direction

S§=(0 sx sy s;)
m The objective function

f[2q, Bd, 58] = 29" ®Fd®@2q - 55
m A quaternion may be found

min f[2q, Fd, 53]

2qe r4

The gradient descent algorithm

= An orientation estimation of 2§,

vf[Zq, Fd, 58]

5 k=O, 1, ., n
| vf[sa, a, 58] |

Eqk+l = EQK - K
A step-size u
m The gradient of the solution surface (General form)
vFf[qay, Fd, 58] = J"[Rqay, Fd] F[2ak. 4, °3]

m A objective function

2dx (5 -08-0F) +2dy (d104+0203) +20dz (G2 Ga - Ga G3) - Sx
F[20, B4, 58] = | 2dx (203 -1 04) +2dy (3 -3 -0F) +2d, (41 G2 + 03 Ga) - Sy
2dx (G103 +020G4) +20dy (GsGa -0102) +2d; (3 -03-03) -5,
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m Jacobian

J[Bak, FA] =

2dygs-2d;03 2dygs+2d; 04 -4dxQg3+2dy02-2d,0q; -4dxgs+2dyqr+2d;0Q2
-2dxgs+2d;02 2dx0z3-4dyqgx+2d;0z 2dx g2 +2d; Q4 -2dx0g1-4dygs+2d; 03
2dXQ3—2dqu 2dXC]4—2dyql—4dzC]2 2dqu+2dyQ4—4qu3 2quZ+2dyQ3

The direction of gravity (the vertical axis, z axis)

= An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

m Normalized accelermeter measurement

Sa=(0 ax ay az)

= A objective function

2 (02 94 - Q1 O3) - ax
fy[2q, 5a] = [2 (d1 92 + d3 d4) —ayJ
2(5-093-093) -a,

m Jacobian
-203z 2024 -2Qq1 ZCIz]

JQ[EQJ=[2°I2 201 20z 2403
0 -492 -4q9s3 O

The earth's magnetic field (one horizontal axis, the vertical axis)

= An appropriate convention (the equations simplify)

Eb= (0 bx 0 by)

m Normalized accelermeter measurement

Si= (0 my my my)

m A objective function

2byx (5 -03-03) +2b, (U2 04 - G2 G3) - My
fy[2, 56, °M] = | 2bx (293 - Q1 0a) +2bz (q1 02 + U3 Ga) - My
2byx (0103 +0204) +2b; (5 -03-03) -m,

= Jacobian
-2b; 03 2b;0a -4byxqz-2b,01 -4bxqgs+2b; Q2
N EQ,E5]= -2bx g4 +2b,02 2bxgz+2b,01 2bxgx+2b,qs -2bxqi+2b;Q3
2bXC]3 2bxq4—4bzq2 2bqu—4sz]3 2quZ

The solution surface - minimum

= The objective function

y[29, Sa
aofia. ca. 6. o) - VS

fy [2q, BB, SM]

2 (02 g4 - 01 O3) - ax

:1 2 (102 +03 Qa) -3y

2

| 2(5-03-9}) -a

L 2bx (5 -03-03) +2b, (02 04 - G2 G3) - My
:5 2bx (0203 -0104) +2bz (g1 02 + g3 gsq) - My
6 2bx (0103 +G204) +2b, (5 -03-03) -m,
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m Jacobian
Jg"[2a]
Jgb[2a. EB] = g
g,b[Eq ] [JbT Eq, EB]
-20s 204 -201 20
20z 2q: 204 203
3= 0 -402 -4 0
N -2b; g3 2bz Q4 -4bxQz-2b,q1 -4bxqgs+2b;02
—ZbXCI4+2bZQ2 ZbXCI3+2bqu 2bqu+2bZQ4 —2bxq1+2bZQ3
2 by g3 2bygs-4b,0q2 2bxai-4b;03 2 by Q2

The estimate orientation Eqv,t

s S
E0v,t = Blest,t - Mt [VF |

= The convergence rate governed by y; = the physical rate

Aprevious estimate of orientation g0ese .1

= The objective function gradient

JgT[EQest,t-l] fg [EQest,t—lv Sat]

vf=
{Jg,bT [EQest,t-l’ E6] fg.b[EQest,t-lv sa, E67 Sm]

The convergence rate of £, .

The physical orientation rate q,, ¢

= An optimal value of the step-size

pe=a | gd, ¢ | A, a>1

Filter fusion algorithm

m An estimated orientation

2Qest,t = Yt 20v,t + (1 - ¥t) EQu,t» O s yr <1

7
"B,

The weighted divergence of2q, = Theweighted convergence of £qy

bt
B At

= The magnitude of a quaternion derivative == The gyroscope measurement error

Ht
1- = ye L
(1-vwt) B=vt At
_ B
Yt = L3

AT

= The optimal fusion

= the convergence rate of 2qy = a » the physical rate of change of orientation

vt
Edv,t = - Ut [V
B At
Yt =
Ht
= Simplify

m An estimated orientation

B AT
Ht

S _ _ Vf 1-0 S S
ECest,t = Mt + ( ) (BQest,t-1 + Yy, t AT)

| vF |
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s vf IS S
EQest,t = -8 At + BOest, -1 + EYu, ¢ AT
Kzl
vf
BOest,t = Elest,t-1 + £y, c AL - B | vF | at
vf
20est,t = EQest.t-l * (Eq“"t -B | vF | ) at

vf
EQest,t = E0est,t-1 + (Eqm,t -B VT ] ) At

Elest,t = E0est,t.1 * (Eqw,t -B EQG,t) AT

S S S
EQest,t = EQest,t-l + EQest,t At

vf
| vF |

)At

1
s s s s
Elest,t = Blest,t-1 + (E Efest,t-1®70e - B

The estimated orientation rate £jest
The rate of change of orientation measured by the gyroscopes £,

The direction of the estimated error £q,

= Simplified to equation

S S S
Elest,t = Elest,t-1 + Elest,t AL
m The estimated rate of change of orientation
S S SA
Elest,t = EUu,t - BEQe ¢

= The quaternion derivative measured at time t
S 1 S S
Elo,t = > Elest,t-1® Wt

m The direction of the error of qust,t

vt

SA _
EQe,t_ | Vf |

= The objective function

184, Sa
aolia. a6, o] - N

[0, ®6, ]

2 (g294 - g1 03) - ax

:1 2 (102 +03 Qa) -3y

2

| 2(3-03-93) -a

Ta| " | 2b« (5 -03-03) +2Db; (A2 Ga - G2 G3) - My
:5 2by (U203 -0104) +2Dbz (G102 + 93 Ga) - My
6 2bx (103 +G20G4) +2b, (5 -03-03) -m,

m Jacobian

Jg"[E0]

Jy.b[20, EB] =
g,b[Eq ] [JbT[Eq, EB] ]
Jiz Ji2 Jiz Jug -203 204 -20q1 202
Jo1 Jo2 J2z s 20z 20: 204 2403
Ja1 Jzz Jaz Jaa | 0 -4q -4qs 0
Jar Jaz Jaz Jaa | T -2b; g3 2bz Q4 -4bx0gz-2bzq1 -4bxgs+2b; Q2
J51 J52 J53 J54 —ZbXCI4+2bZ g2 2bxq3+2bz g1 ZquZ+2bZQ4 —2bqu+2bz ds
Je1 Js2 Jez Jea 2 by g3 2bygs-4b,0q2 2bxai-4b;03 2 by Q2

m The gradient of the solution surface (General form)
vF=JF
Vg = Jg.0[20. EB]" Fy,u[20. Sa, BB, SM]
J11 Ji2 J1z Jua 1

vt Jo1 J22 J2z J2a L] F1 11 + F2J21 + T3 331 + F4 a1 + F5 Js1 + T J1
Vi [ | Js1 Jz2 Jasz Jaa |, | Fa| | F1Ji2+ 2020+ F3 052 + F4 Jaz + 5 Js2 + T Je2
VFs | T | Jar Jaz Jaz Jaa | | Fa| T | F1 Iz + T2 Joz + T3 Jaz + 4 Juz + F5 sz + Fg Jes
vty Js1 Js2 Js3 Jss Ts T1 14 + F2 J24 + F3 334 + T4 Jag + T5 Js4 + T Jos

Js1

Je62

J63

NI
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24, o
26, | _ | A
Ed4 |VV1'=I§|

Gyroscope bias drift compensation

s With temperature and with motion

Karman - based approaches - estimate the gyroscope bias

Mahony et al -» gyroscopebiasdrift (the integral feedback of the error)

The normalized direction of the estimated error in the rate of change of orientation £4.

m The gyroscope bias Swp

Swp,t = & ste,t At
t
The integral gain

= DC component of Sw,

S SA* SA
We,t =2 EQest,t—1®Eq€,t

Swe x 01 %20, - Q2 20, - A3 # 24,4 + Qa % 243
[S“’ey] =2 (01 G2 s q4)®(Edl 84, g4 ‘E’d4)=2 01 %803 + 02 %80, - 93 *£4; - Q4 * £4;

s
w ) ) . .
€z Q1 * 20,4 - 02 *£Q3 + Q3 * 20, - Qs * £Q;

= Gyroscope measurements Swc

S S S
Wc,t = "Wt - "Wp,t

Wp x Wh x We x
Wpy | = | Wpy | + | Wey | * At % E
Wp z Wp z We 2

Wy Wy Wh x
wy [ = {wy |- Wy
Wz Wz Wh z

Filter gains

The estimated mean zero gyroscope measurement error of each axis @,
m The filter gain
B L a® (0 ap @ @ w’ >
=3 ( wrswﬁwﬁ)l— 7 s
The estimated rate of gyroscope bias drift in each axis @,
m The filter gain

3 .
£=2 ng

Null

Qrientation from angular rate

= A tri-axis gyroscope

= The angular rate

Sa): (0 Wx (,L)y {,L)2>
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= The quaternion derivative
1
8q = 5 2qe®Sw
m The quaternion derivative measured at time t
s 1s s
Edu,t = 5 Blest,t-1® "Wt
1
(do1 Gz oz Qua) =7 (d1 G2 Gs Ca)®(0 wx @y wz)

m The orientation of the earth frame at time t

B0y, t = Elest,t-1 + 20, ¢ AL
The samling period At

(di1 G2 O3 Ga) = (01 G2 O3 Ga) + ((Gu1 Qo2 Yoz Gua) -B (8§, 84, 8§ 84, )) *At

Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth” s surface (Heading)

= Inclination errors

The vertical plane : the earth” s surface (Sensor " s attitude)

= The measured direction of the earth's magnetic field in the earth frame at time t

Bt = (0 hx hy hy) = EQest,t-1®smt®Eq;st,t-1

(0 hx hy hz) =esr 1.1®°Me ®E0est 11
=(01 92 O3 92 )®(0 my my m)® (g1 -02 -0z -0Ca)

0 me my mg g: -Q92 -Q3 -0Qs
-my 0 -mpy my 02 d1 O4 -Q3
=00 G2 G Q)| om0 -mg '[qe -dsa Q1 Q2
-m; -my mx O a4 O3 -02 Q1

0
My (97 +03 -3 -03) +2 (My (4203 - 01 G4) + Mz (01 O3 + G2 0a) )
My (9% -95 +05-03) +2 (M (U203 + Q1 Ca) + M, (=01 02 + 03 Ja))
m; (97 - 03 -3 +093) +2 (Mx (-q1 g3 + g2 Ca) + My (g1 02 + 43 G4))

T

0
2 (M (3 -03-0%) +My (4203 - G2 Ga) + Mz (41 Q3 + G2 Ga))

2 (Mx (G203 + G2 Ga) +My (5 -3 -0GF) + Mz (-Q1 G2 + 3 Ga))
2 (My (-G10s + G2 Ga) +My (1 G2 + Q3 Ga) + M, (3 - 03 -a3))

“be=(0 +/hz+hz 0 h,)

(0 bx by bz)=(0 v\’h>2<+h)2/ 0 hz)

Block diagram

= IMU

the complete orientation filter for an IMU implementation
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g .
Accelerometer ~a, —M

JTrh

V£ (S G -\
q I-..F':Qr'xf_f—l}f_r;l- E9est,t—1: Ot)

o

=1
L

-
Gyroscope “w; —M =g,

e

b ==

—_
1 @ W,

» MARG

the complete orientation filter for an MARG implementation
including magneticdistortion (Group 1) and gyroscope drift (Group 2) compensation

Group 1 : Magneticdistortion
Group 2 : Gyroscopedrift

g -
Magnetometer = 1,

J

5 - q,
Accelerometer “a; —™

T /8= Eg 13 -
-'J-[I'.'q.f-.ﬂ..‘—1' hl’::'f_(,'.l'ill-I'.'qr':'-:f.I—]'

eSS PRpO 1

s
Gyroscope ~wy

S o
E ge’.'.!-! WA

'
Vi
Ml -
7 / q
At e T >
»A‘ , Il
S . ; 3
Eest,t 1
|
my & ﬁ'*’:!:ﬂ..‘—1 *
F
ERVCER .
Group 1:
";ri.‘r"':"),.ﬂiirr} <
[vr
: -1
b
i
[.fi’i‘ > L
. q||
- F
?'.'qr-sl..‘ [ -1

[

B ":: -
» Ecat

Memory

8=(01 02 O3 Qa)

0" =8%a=(m -92 -93 -q4)

a®b=(a1 az as a4)®(b1 b, bs

bi1 by bs
-b, by -b
=(ar a az a)- —b:Z), bi b14
-bs -bsz b

arby-axby-azbz-asbs
a1b2+a2b1+a3b4—a4b3
albg—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

bs )

bs
b3
-b,
by



