Representation of orientation

Pose of a Rigid Body
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= ROTATION MATRIX

Analysis on Position And Orientation
= Cartesian Coordinate (£ 1! & & )

unit vector

= One Point P Vector
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Elementary Rotations
= 2D Rotation
x’ ~ Coz[8] -5in[8] Xy xCoz[8] -y 5in[8]
(y’] '(sm[a] Cos[6] :] (g) _(yCos[6]+xSin[e]
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= rotation of a about z



Bz[a] = | 3in[a] Cos[a] O

"] 0 1

Cos[a] -Sin[a] 0]

= rotation of f abouty

Cos[B] O Sin[g]
Ry[ﬁl=[ 0 1 a ]
_Sin[f] 0 Cos[g]

= rotation of y about x

1 o] 1]
0 Cos[y] -S3in[y]
0 Sin[y] Ceos[y]
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= 3D Orthonormal Basis — Unit Vectors

XaxJn = 2Za

= Low of Cosines

¢ =a® + b* 2 abCos[y¥]
& =b*+c -2 bcCosal
b’ =&+ -2acCos[f]
= Inner Product Space
X.¥y= |x|]y|Co=[8]

= Half-Angle Identities

ch[E]= [ 1+cos[6]
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= 0= 2 EH (moving frame)
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= DEIHEI (fixed frame)
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5T = Trans [Py, Py, Pz] -Rot[za, a]
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= EULER ANGLES
= rotation matrix

9 parameters with 6 constraints
=  minimal representation of orientation

3 independent parameters

= Euler anglet Roll-Pitch-Yaw & &
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R=9A0 0]F AFA T JAS 0|3 Fr] 0|0 T JFHARFIS YoM EH =L g FFG.
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T = R: [a] Ry [B] B; [¥]

Cos[a] -Sin[a] 0 Cos[B] 0 Sin[f] Cos[y] -Sinf[y] O
= | 8inf[a] Cos[a] 1] 1] 10 .| 8in[¥] Cos[¥] o]
0 0 1 -Sin[B] 0 Cos[B8] 0 0 1

Cos[a] Cos[B] Cos[y] - Sin[a] Sin[y] -Cos[y] Sinl[a] - Cos[a] Cos[B] Sin[y] Cos[a] 5in[B]
Cos[B] Cos[¥] Sinf[a] + Cos[a)] Sin[y] Cos[a] Cos[y] - Cos[B] Sin[a] Sinly] Sin[a] Sin[B]
-Cos=[y] 3in[f] 3in[B] 3in[y] Cos[B]
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= ZYZ angles
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R[¢] = Ra[0] Ry [#] B [¥]

Coz[e] -Sinfe] O
Sin[e] Co=z[e] O
o] 1] 1

Cos[6] 0 Sin[6]
0 1 0
_5in[8] 0 Cos[6]

Cos[¥] -Sin[y] O
Sin[¢] Cos[¥] 0| // MatrixForm
o] 1] 1

Coz[8] Cog[p] Cos[¢] - Sinfe] Sin[¢] -Coz[¥] Sinfg] - Cos[8] Coz=[e] Sin[¢] Cos[e] Sinl[8]
Cos[8] Cos[¥] Sinf[w] + Cos[o] Sin[¢] Cos[e] Cos[w] - Cos[8] Sin[e] Sin[w] Sin[8] Sin[e]
-Cos[#f] 5in[6] Sin[®] Sin[w] Cos[6]

= Inverse problem
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the three ZYZ angles arve (B (0, 7))
¢ = ArcTan[rys, ris]
6 = ArcTan|rss, i +rds ]

¢ = ArcTan[-rs1, Trazl
or (e (-m, 0))

¢ = ArcTan[-ris, -¥usl



6= ArcTan|rss, -4/ 18 + 33 |
¥ = ArcTan[rz, -Taz]
= ZYX22 2 (0lS AHEA)
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2T - R [a] By [B] Ry [¥]

Cos[a] -5in[a] O Cos[B] 0 Sin[B] 10 0
= | 5in[a] <Ceos[a] 1] 1] 10 . [ 0 Cos[y] -5in[y]
o] 1] 1 -8in[A] 0 Cos[f] 0 Sin[y] Cos[y]

Cos[a] Cos[B] -Cos[y] Sin[a)] +Cos[a] 5in[B] Sin[y] Ceos[a] Cos[y] S3in[f] + Sin[a] Sin[y]
Cos[f] Sin[a] Cos[a] Cos[y] + Sin[a] Sin[B] Sin[y] Cos[y] Sin[a] S3in[f] - Cos[a] Sin[y]
-8in[f] Cos[B] Sin[¥] Cos [B] Cos[v]
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= Current frame rotation

= Roll-Pitch-Yaw (2 & X E H)
ABNEARA (A} A xZAAA NS HAAF
DAHNFAL vEo] A WS HAT 5,
DAAFAL 220l Q3 oaNE A2 A0 2 FAS 5H] EA WSS LIEM = FAEA (B) S A= W
REFA0 IA ANF AFA] AT FAS 0] 5 FY AW D FZ HUHAABS HolMREH Yo HF 08 FE.
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BT - Ry [a] Ry [B] Ry []

Cog[a] -Sin[a] O Cog[B] 0 Sin[B8] 10 0
= | 5in[a] Cos[a] 0 0 10 . [ 0 Cos[y] -5in[y]
0 0 1 -8in[B8] 0 cCos[B] 0 Sin[y] Cos[y]

Cos[a] Cos[B] -Cos[y] 3in[a] +Cos[a] 5in[B] Sin[y] Cos[a] Cos[y] 3in[A] + Sin[a] Sin[y]
Cos[f] Sin[a] Cos[a] Cos[y] + Sin[a] 5in[B] Sin[y] Cos[y] Sin[a] 53in[A] - Cos[a] Sin[y]
-5in[#8] Cos[B] Sin[y] Cos[f8] Cos[vy]

= Fixed frame rotation
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Direction Cosine
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Rotation Matrix ;R

Rotation Matrix

Direction Cosine Matrix
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= Cartesian coordinate (X! 1l X} & )
| #q | = % | =1

= Inner Product Space
p-Xa= | % || %a | Cos[y]

= Low of Cosines

= = 2 = 2 = 2 = =
| Za%p 1" = | &a "+ 1 %6 1" -2 | &a | | & | Cos[¥]
g -Fp= | &g || ®a | Cos[y]

(%5, -%a,)° + (xgy-xay]z + (Xp, - %z, )2

Cos[y] =1-
2

(X, - Xa, )" + (xB::' —xay)z + (%, - X )?
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» 2R :Transformation Matrix (HEHME)

Zp Ra
Zp Ja | =

Zg En

¥p ¥ Feda
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HEA (A} A2, ZS AFL2 NS HAF AFEAT (B) 20 B AL HAWA lns 3512t
Ry -Xn Fp-%an Zp-%a Cos [a] Cos[90° + a] Cos[90°] Cos[a] -Sin[a] O
%R =|%p -¥a ¥5-9a Ep-¥a|=|Cos[50°-a] Cos [a] Cos[90°] | = | Sin[a] Cos[a] 0| =ERz[a]
fp-%n T5-2a 35 -2 Cos[90°] Cos[90°]  Cos[0°] o 0 1
Cos[#] -Sin[#] O
Bs[¥] = | Sin[¢] Cos[y] U]
1] 0 1
Co=[8] 0 S5in[8]
Ry[6] = | O 10
-5in[8] 0 Cos[8]
10 0
R;[¢] =| 0 cCos[¢] -Sin[g¢]
0 Sin[¢] Cos[¢]

Rotation of a vector

p=Rp
pP'p=p"R'RDP’

= Example




Px = Py Coslal - p;, Sin[a]
Py = B Sinfa] + p;, Cos [a]
b= = By
p=FE;[a] p

» Composition Of Rotation Matrices
it describes the mutual orientation between two coordinate
frames; its column vectors are the direction cosines of the
axes of the rotated frame with respect to the original frame
it represents the coordinate transformation between the
coordinates of a point expressed in two different frames
{with common origin)
it i= the operator that allows the rotation of a vector in the
same coordinate frame

= Composition Of Rotation Matrices

= Mathematica

1 1] o]
Ry[# ] :=|0 Cos[#] -Sin[#] | // MatrixForm
0 Sin[#] Cos[é]
Cos[B] 0O Sin[8]
R,[6 ] := 0 1 i // MatrixForm
-%in[8] 0 Cos[8]
Cog[y] -Sin[y] O
B[y ] :=|[3in[¢] Cos[y¥] 0] J/ MatrixForm
u] 1] 1

Ra[¥] Ry [€] .Ru[#]

Cos[¥] -Sin[y] O
sin[4] Cos[W] O
0 0 1

Cos[8] 0O Sin[8]
0 10
-8in[8] 0 Cos[8]

10 o]
0 Cos[g¢] -Sin[g¢] | // MatrixForm
0 Sin[#] Cos[¢]

Cos[6] Cos[if] Cos[W] Sin[6] Sin[¢] - Cos[¢] Sin[w] Cos[¢] Cos[w] 5in[6] + 5in[e] Sin[i]
Cos[6] 5in[¥] Cos[¢] Cos[y] + 5in[6] 5in[¢] Sin[¥] -Cos[¥] Sin[¢] + Ces[¢] Sin[6] Sin[¥]
_5in[8] Cos[6] 5in[¢] Cos[6] Cos[¢]

Cos[6] Cos[¥] Cos[¢] Sin[6] 5in[¢] - Cos[¢] Sin[¥] Cos[¢] Cos[w] Sin[6] +5in[¢] Sin[y]
Cos[6] 5in[#] Cos[¢] Cos[y] +5in[8] Sin[¢] Sin[¢] -Cos[¥] Sin[4] + Cos[¢] 5in[6] 5in[¥]
_8in[8] Cos[6] Sin[¢] Cos[6] Cos[¢]

R =R [¥] Ry [6] -Ry[¢] =

Rotation Matrix and Small Angels

Cos[a] =1, 3in[al] = a

Royu = Rs [¥] Ry [6] Ry [¢]

1 -w O 1 o g 1 0 0
[w 1 o]. 0 1 0|.|0 1 -¢|//MatrixForm
[} 1 -8 0 1 o ¢ 1
1 G¢-¢ OG+dy 1 -¢ @
Row= | 1480y —¢+60 |= |0 1 -y
-6 ¢ 1 -85 i 1
1 0 0 1 o e 1 -w 0
Rgm=|0 1 -¢|.[0 1 0o|.|¢ 1 0]// MatrixForm
0o ¢ 1 -5 0 1 o o 1
1 — 2] 1 -4 8
Rugm = | B0+¢ 1-8¢y -¢|=|¢ 1 ¢
-G+oy ¢+8y¢ 1 -8 ¢ 1
= Roll: ¢
Pitch: 6
Fa u 0 w -v 3 Sin[8]
fr =[v +|-w 0 u g | +g | -Cos[8] Sin[¢]
£z W v -u 0 r -Cozs[6] Cos[d]
LI a3
Co=[8] 0 5in[8] 1 0 ]

0 1 0
-5in[6] 0 Cos[6]

0 Cos[¢] -Sin[g]
0 Sin[¢] Cos[o]

// MatrixForm

‘Co3a[g] Fin[&]
a Cos[¢]
,-5in[8] Cos[8]

Cos[8] 0 S5in[6] 1 0 0

(00 -g). 0 1 0 .| 0 Cos[¢] -Sin[¢] | // MatrixForm
-%in[8] 0 Cos[8] 0 Sin[¢] Cos[¢]

(g3in[&] -gCos[&] 5in[¢] -gCos[&] Co3[d] )

1 0 0 Cog[-8] 0 Sin[-8] 0

0 Cos[-¢] -Sin[-¢] |. 0 1 il 0 | // MatrixForm

0 Sin[-¢] Cos[-@] -8in[-8] 0 Cos[-6] -g

‘g 3in[&]
-gCos[
.-gCos[&] Cos|

] 5in[




1 o] 1]
0 Cos[-¢] -Sin[-¢] | // MatrixForm
0 Sin[-¢] Cos[-¢]

‘1 0
||’J Cos [¢
L0 -Sin[g]
= yaw: @
I
x= |8
(]
@ 1 Sin[¢] Tan[8] Cos[¢] Tan[8] P
8| = [o Cos[¢] _8in[8] q
] 0 Sin[¢] Sec[8] Coz[¢] Sec[8] r
= rotation vector: Roll: @, Pitch: 8, yaw: y
fx u 0 w -v P sin[g]
£y =[v +|-w 0 u g |+g | -Cos[8] Sin[¢]
fz w v -u 0 r -Cos[6] Cos[d]
Cos[8] 0 5in[&] 1 0 0
(00 -g). i} 1 0 .| 0 Cos[¢] -3in[¢] | // MatrixForm
-8in[8] 0 Cos[8] 0 Sin[¢] Cos[¢]
@ 1 8in[¢] Tan[B8] Cos[¢] Tan[6] P
Xx=|8 =[U Cos[¢] -8in[8] q
W 0 Sin[@¢] Sec[85] Cos[g¢] Sec[8] r
Sin[8]
Tan[6] =
Cos[8]
1
Sec[f] = ———
Cos[8]

Euler Angle

XX,

- sl Girel vl

Baye = Ra [U] Ry [6] Ry [¢]

10 o]
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¢] Cos[é]

Cos[#] -Sin[¢] O
sin[#] Cos[w] O
0 0 1

Cos[6] O %in[8]
0 10
_5in[8] 0 Cos[6]

Cos[6] Cos[if] Cos[W] Sin[6] Sin[4] - Cos[d] Sin[w] Cos[4] Cos[w] Sin[6] + Sin[s] Sin[¥]
Cos[6] 5in[] Cos[#] Cos[d] + 5in[6] Sin[¢] Sin[¥] -Cos[¥] Sin[¢] + Cos[¢] Sin[6] Sin[¥]

-8in[8] Cos[6] Sin[¢] Cos[6] Cos[¢]

lige @ 0 0
[my =|o|+E1e] ||+ Ie1 el 0]

g 0 u] W

[ 1 Sin[¢] Tan[6] Cos[¢] Tan[6] y | @y

6| = [0 Cos[@] -Sin[¢] ‘”1']

W 0 5in[¢] Sec[8] Cos[¢] Sec[8] ) |u,

= Derivation

Uy ) 10 0 0 10 i Cos[6] 0 Sin[6] 0
[a.-y =|o|l+|0 Cos[e#] -Sin[¢] G|+ |0 cos[¢] -Sin[e] |. 10 0]
U 0 0 Sin[¢] Cos[¢] 0 0 Sin[g] Cos[é] -8in[6] 0 Cos[6] i
y &+ 1 5in[8]

[My = | Cos[¢] & - Cos[6] ¥ Sin[¢]

lig Cos[8] Cos[¢] & + & Sin[¢]

'] 1 Sin[¢] Tan[8] Cos[¢] Tan[6] e ty + 5in[¢] wy, Tan[8] +Cos[¢] we Tan[g]

gl = [0 Cos [¢] -5in[a¢] my] = | Cos[@] w, -5in[¢] we

i 0 Sin[¢] Sec[8] Cos[¢] Sec[8] ['9 Sec[8] 5in[¢] wy, + Cos[¢] Sec[8] w,

Solve[{q'}:: w, + 5in[¢] w, Tan[6] + Cos[¢] w, Tan[&], & == Cos [¢] Oy = 5in[¢] ws, i == Sec[8] Sin[@] w, +Cos [¢] Sec[8] m,}, {thye , gy m,,}]

ey [ @-gsampel $- ¥ sin[e]
[my] -3 (2Cos[¢] &~ 5in[6 - @] + ¥ 5in[6+¢]) | _ Cos[4] 6 + Cos[6] ¥ Sin[4]
lig % (Cos[6-¢] ¥ + Cos[6+¢] ¥ - 26 5in[e]) Cos[68] Cos[¢] & - & 5in[¢]

RPY angles
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R[¢] = Rz [0] By [8] R [¥]

1 o] 1]
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¥] Cos[¥]

Coz[e] -Sinfe] O
Sin[e] Co=z[e] O
o] 1] 1

Cos[6] 0 Sin[6]
0 1 0
-5in[8] 0 Cos[6]

Coz[8] Cog[p] -Cos[W] Sinf[e] + Co=[e] Sin[®] Sin[¢] Cos[e] Coz[¢] Sin[8] + Sinfe] Sin[y]
Cos[8] Sin[¢] Cos[p] Cos[w] + 5in[6] Sin[e] Sin[w] Cos[i¢] 5in[¢] Sin[e] - Cos[e] Sin[4¢]
-8in[6] Cos[®] Sin[y] Cos[6] Cos [¥]

Euler Angle (Roll ¢ %z, Pitch 8 ¥z, Yaw g Zs, ZYX) — Rotation Matrix R

IR - Ry [0] Ry [6] Ry [9]

10 o
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¢] Cos[¢]

Cos[¥] -Sin[y] O
sin[¢] Cos[¥] O
0 ] 1

Cos[6] O S$in[6]
0 10
_5in[8] 0 Cos[6]

Cos[6] Cos[¥] Cos[¥] Sin[6] Sin[¢] - Cos[¢] Sin[w] Cos[¢] Cos[¥] S5in[6] + Sin[¢] Sin[¥]
Cos[6] 5in[#] Cos[¢] Cos[d] + 5in[8] 5in[¢] Sin[¥] -Cos[¥] Sin[¢] + Cos[¢] 5in[6] Sin[¥]
_8in[8] Cos[6] Sin[¢] Cos[6] Cos[¢]

= Inverse problem

R=|Trm Tap Yo

Tzl Tz T3z

Y‘.u.‘f‘.l.z‘f‘_ls]

the three RPY angles are (G (-m/2, m/2))

o= ArcTan[ry;, ry)

© = ArcTan[+ 13 + rdz , -T51] = ArcSin[-rn ]
¥ = ArcTan[rss, rsz]
or (e (m/2,3m/2))

o= ArcTan[-ry, -Tn]

6= ArcTan[-m , =¥z1] = ArcSin[-rx]
¥ = ArcTan[-rsz, -Trs2]
= 0 (Pitch) = n/2, Cos[0]=0
Tas - Tz = (3in[6] + 1) Sin[¢ - ¥]
Tas + ez = (Sin[8] + 1) Cos[é -]
Yos + 1o = (Sin[8] - 1) Sin[é + ]
Fis - Foz = (5in[6] + 1) Cos[¢ + ]
@ = ArcTan[ris - ¥ag, Tz +¥12]
&= ArcSin[-rs]

¥ =¢- ArcTan[ris + raz, T3 - T1z2]

Angle and Axis
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R[G, r] = Bz [a] By [B] Bo [6] By [-6] Ba [-a]
R[G, r] = Rz [a] .By [B] .Ra [6] By [-B] .Bx [-a1]
Cos[a] -Sin[a] 0O Cos[B] 0 Sin[g] Cos[0] -S5in[®] O Cos[-B] 0 Sin[-A] Cos[-a] -Sin[-a] O
= | 8inf[a] Cos[a] 1] 1] 1 0 .| Sin[8] Cos[8] a 1] 10 .| 8in[-a] Cos[-a] 1]
0 0 1 _5in[A] 0 Cos[A] 0 0 1 _5in[-B] 0 Cos[-§] 0 0 1
sinfal = ¥
Cos[a] = X
Sin[p] = 42+ 12
Cos[f] = 13
12 (1-Cos[y]) +Cos[y] Ty ¥y (1-Cos[y]) - r; Sin[y] ¥ ¥ (1-Cos[y]) + ¥y Sinfy]
gR = | rury (1-Cos[y]) + ry Sin[y] rY2 {1-Cos[¥]) + Cos[¥] Ty ¥p (1 -Cos[y]) - ry Sinfy]
Ty ¥z (1-Cos[y]) - ry Sin[y] ryrs (1-Cos[y]) + 1y Sinfy] r.? (1-Cos[y]) +Cos[y]
ST
sinfa] = ¥
Cos[a] = x
Sin[B] = 412+ 12
Cos[f] = rg
Ty
= ArcTan[—];
a = ArcTan| r,c]
B = ArcTan| ]:
.
Cos[a] -Sinf[a] O Cos [B] 0 Sin[A] Cos[8] -5in[S] 0 Cos [-8] 0 Sin[-B] Cos[-a] -Sin[-a] O
Sin[a] Cosl[al i a 1 0 .| 8in[8] Ceos[85] i} a 10 .| 8in[-a] Cos[-a] a
0 ] 1 _5in[B] 0 Cos[B] 0 0 1 _5in[-B] 0 Cos[-§] 0 ] 1
2z 22 . herd
. (-14Cos[6]) Ty Ty +Fin[&] 1‘% =2 DTy |-(-LeCos[B]) opefin[B] o5 | 14 p: Ty
Cos[8] - (-leCos[6]0 5 5
1 1 )
T 1‘1_2 {1y
222 z 2 . herd
(Ao [B]) myrpeSinL8] | 1o )(23{ 2 . oty |-( Lo [B]) rySin[8]my o] L—7 |z
2 c (LeCos[B]) =5 z
os[8] - ————— <&
1 1 )
Ty q| 1s é 1
4||:,2(‘z2 -(-LeCos [6]) Iy-Sin[6] £y 1;& Iz 22 (14008 [6]) CpaBin[6] Iy 4| 1s :’2“% I
¥ = ¥ = Cos[6] (zhec3 Jora
= = el
Iy LI_E (13 Iy LI_E (13 *
rgerd
||:?(u:§, —(-Lelox[B]) ysfin[E] Ty | 1e ';grr ],5

Cos[68] - (-1+Cos[8]) r2

Tg.rd
||1:,2(u:§, [-(-:L;Cos[ﬁ])rx-sin[ﬁ]t}. 1. "IZY Iz
H

2,02
~{-1+Cos[8]) Ty ¥y + 5in[6] 4/ 1+ :);E:Y 2

] /4 Factor // PullSimplify // MatrixForm

J// Pactor // FullSimplify // MatrixForm

r2

z
[
[ 23zt

) 3ol
- (-1 +Ces[8]) ry ry - 5in[5] 1+ =
Tz

32
—(-L+Coz[6]) Ty -SIn[E] 1y 1‘_23’ Iz
Iz

Cos[6] - (-1+Cos[6]) 75

[ z2:2

1.

£ LuCos[£]) Ty Tin[6] oy

2.r2,
THeTE N
I =
=

Jord

Cos[8] + r2 - Cos[6] r2

2,02
Ty Ty - COS[B] Ty Ty + 5in[6] .| 1+ r‘;:f 2
z

2 .2 .2 .
Te+Tp+ T, =1;

) 3ok ) herd
Ty Tp = COS[6] 1y ¥y - 5in[6] rp ./ 1+ = Tz ¥y Ty - Cos[6] ¥y 1y +5in[6] Ty 1+ = Tz ——a t Tt T
2 I werZaZ ol chaleal

) gl
¥, Fy - Cos[8] ¥, ry - Sin[6] 1+ —=
=

Cos[6] + 15 - Co=[6] 2

rZ Ty ¥z - CoS[6] ry vz + S5in[6] ry

ry ;- Cos[8] ry 1y - 5in[6] 1y

Cos[&] zg, 2

Cos[6]r2 2

p
1+

// Bxpand // MatrixForm

Tz

T

S/ Full8implify // MatrixForm



r? (1-Cos[8]) +Cos[8] ¥y ¥y (1 -Coz[8]) - ¥ 5in[6] 1, r; (1-Cos[8]) + ry 5in[6]
Ty Ty (1 -Cos[8]) + ry Sin[8] rYQ (1-Cos[8]) +Cos[8] ry p (1 -Cos[8]) - ry, 5in[8]
Ty ¥x (1 -Cos[8]) - vy, 5in[8] ¥y ¥; (1 -Cos[6]) + 1, 5in[6] r.? (1-Cos[8]) +Cos[8]

= Inverse problem

R=|rm Tz T

Tzl Taz T3z

t‘:|_1.’C‘J.2’f‘:|3]

the angle and axis of rotationare (3in[#] # 0)

_1.1
B=CDS[7I‘_L1+!'22+!33 l]

2
1 Taz - Tyx
=———— |1z -Tx
28in[®
in[6] Ty - Tz

2, .2 .2
r+rp+rz=1

Angle 6 and Axis r

rx
- [ iy
rZ
lrl=4nd+rfer? =1
T
sinfa] = ——~
Af T2+ ry?
T,
Cos[al = ol

afrd e Tt
) af B2+ r,? S S
Sin[f] = —————— =/ Iy + Iy

2+ vt et

Tz
Cos[f]ls ————— =71z

A2t et

as= ArcTan[k]
T,

x

af B+ r.?
—1

B = ArcTan|
T

R[8, r] = Rg[a] .Ry [A] -Rs [6] .Ry [-B] -Rz [-a]

Cos[a] -5in[a] O Cos[B] 0 Sin[B] Cos[8] -Sin[5] O Cos[-f] 0 Sin[-8]
= | 8inf[a] <Cos[a] 1] 1] 1 0 .| 8in[8] Cos[8] v} 1] 1 0 .| 3in[-a] <Cos[-a]
o il 1 -8in[A] 0 Cos[f] o il 1 -5in[-A] 0 Cos[-f] o il

2 (1-Cos[8]) +Cos[6] Ty ry (1 -Cos[8]) - 1y Sin[6] ¥, vy (1 -Cos[6]) + ry, 5in[6]
= | rx vy (1-Cos[8]) +x; 5in[8] rYZ {1 -Cos[8]) +Cos[5] Ty ¥p (1-Cos[8]) - 1, 5in[8]
Ty Fz (1 -Co8[6]) -1y 5in[8] Ty ¥y (1 -Cos[B]) + 1y 5in[8] r:? (1-Cos[8]) +Cos[8]

Cos[-a] -5in[-a]

0
0
1

Rotation Matrix — Angle 8 and Axis r

2 (1-Cos[B8]) +Cos[6] Ty Fy (1-Cos[8]) - 1y 5in[6] ¥, vy (1 -Cos[6]) + ry, 5in[6]

ri1 riz s
R[B, r] = [!‘21 Taz r23] = | rx ry (1 -Cos[8]) + r; 5in[8] r1,2 (1-Cos[8]) + Cos[8] Ty rp (1-Cos[8]) - r, Sin[8]
Tzl iz Tz YTy (1-Cos[8]) - r, 5in[6] r, r, (1-Cos[8]) + 1y, 5in[6] r.? (1-Cos[6]) + Cos[6]

R[-8, -r] =R[B, ]

i1+ Fap +Fs3 -1
[Drrm e

6 = ArcCos

1 T3z - oz
- R/
= 1
11+ Fop + T35

=1,d (1-Cos[6]) + Cos[B] +r,* (1-Cos[6]) +Cos[B] +r,° (1 -Cos[6]) + Cos[6]
= (o + 7"+ 1) (1-Cos[8]) + 3 Cos[6]
= (1-Cos[8]) + 3Cos[8]

= 14+2Co8[6]

¥ -1
Cos[8] = T+ Tez Vs -1
2
[‘C‘.u.+1“22 +‘f33-1]
2

& = ArcCos

Tzp - Toz
= (rp Ty (1-Cos[8]) + 1y 5in[8]) - (ry re (1 -Cos[8]) - 1y, Sin[8])
=21, Sin[8]

Tsz - I3
2 8in[8]

Tis - T

= (r ¥ (1-Co2[8]) + ry SIn[B]) - (ry ¥y (1 -Cos[8]) - ry Sin[6])



=2r,5in[8]

_ Nis-Ta
¥~ 2sin[8)]
. 4
Tx - iz
= (¥ ¥y (1-Co2[8]) + vz 5in[6]) - (¥ ¥y (1 -Co=[6]) - ¥ 5in[6])
= 2 ¥, 5in[8]
_ 1-T
® " 28in[8]
= 5
T -1
8= A—mcog[w]
2
[rx 1 132—?23]
F=|Tp|=———— |Fz-Tn
r. 2 8in[8] o1 - T1a

Quaternion — Rotation Matrix

= Euler axis

1y
= |y
Uy
= Angle
g

= Rotation Matrix
Cos[8] +1,.2 (1 - Co=s[8]) W, Uy (1-Cos[6]) -1, 5in[6] u, u; (1 -Cos[6]) +u, 5in[8]

R[E_] := |upuy (1-Cos[6]) +u; Sin[6] Cos[8] +u._,l,2 (1-Cos[8]) Uy Uy (1 -Cos[6]) - u, 5in[8]
U W (1-Cos[8]) -1, 5in[8] u; u, (1-Cos[6]) +u,5in[6] Cos[6] +1u,? (1 -Co=[8])

= Concisely

R=ICos[8]+5in[8][u]l,+ (1-Cos[8]) ueu

100
I=[CI 1 0]
o001

0 -up  uy

ul.=] . 0 -uy

Sy Uy 0

w? owu, woug
UBU= | Uyl u,:‘,2 Uy Uy
Weup wpu

Quaternion Representation

= A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A

] A rotationof angle & around an axis %% defined in frame A

B?:(r,( Ty Tz )

= normalized four-di ional vector

M-l ® @ @)= ((‘.os[:;] -Ty Sin[%] -Ty Sin[%] -Tg Sin[%] )
= 4parameter representation p={n,&}
n = Cos [%]
€= Sin[%] Ag
(B, a?) and (-B, -a?) give the same quaternion
= quaternion extracted from R =RT
g™ = (n, -€}
= the quaternion paramentrization obeys

ot ra’ rawt =1



n2+E§+E§,+E: =1
= hypercomplex numbers {i,j,k}

a+bi+cj+dk

T ]
ij=-ji=k
jE=-kj=1
Ei--ik=j

= 2x2 Complex Matrices, The quaterniona+bi+cj+dk

(a+bi C+di]
-c+di a-bi

= A quaternion conjugate
Ao

M old-(m -@ -® -G)

= A quaternion product ®

1=1{m, &1}, 0z = {N2, €2}

Oaw0: = {MM2-€17€x, M Ex+ T2 €L+ E1x E2]}
= Hamilton rule

a®b=(ay a a a3)®(by by bz Iy)

=(m+azi+asj+ank) (h+baiib]ebk)

carbi+iasbh+jasb+kasb+iambi+i’asbo+ijasbr+ikasbssjarbs+ijasbs 43  asbs + 7 as bs+Ear ba+ikas by+ JXas by + K5 ay by

cab+ilaby+ i ash; +k a by

+tiapgy+iagbr+JEas b+ jEas by

+jazsIn+ikag b +Jay s +ikas by

+Eag Iy +ijasbe+ijas by +Eag by

=aiby-apby-a;bs -as by

+tlay by +igghb-ias bs+ias by

+Jazsm+jasb+jap by -Jax by

+Eag Iy -Eazb: +Ea: by +ka by

=arbn- @y by-az bz -ay Iy

+1 (B by +azIn +as by - as bs)

+] (81 by —8p by +a5 by + 84 bo)

+E (ay by +ap by -a; by + a3 bn)

a1 by -a; by -a3 s -ay by
|Ebrray Az by -y bs |

a1 by -a; by + a3 by +ay by

aby+arbr-azby+ayln

by by bz by
= (@ a a a). :: ii _:’ _b};
-by =Bz b Im

= Euler axis

= Vector's Elements
@ =Cos[ 7]
Gz =€y Sin[g]
g5 = € 5in [ g]
4 = € Sin[g]
«  Inverse problem

R= |1y 1o T3

¥zl Tsz Tss

mmm]

the quaternion is (g = 0)

W T+ Taz o+ Taz 4+ 1

n=

(S



1 Sign[rsy - rpz] Y Y1y -z -¥33 + 1
€= 5 | Slgnlrs - ¥l Ve -¥s -rn+l
Sign(rey - r1z] Vrss -rn -T2 +1

= Athree dimensional vector - Same vector from frame A to frame B

bi b b
a®bs= (@ & 2 a) ®(by by by by) = (@ @ a a). :2 : '1:“
by -By b

By -2getvelg

=0 Buy Fuy, Fog) = (@ @ @ @w)@(0 B Ry, Rg)e(m -@ -@ - )

k-3

=l ®& 4 @w)e(0 Py Py, Bug)el@w -@ -0 - )

=(a & Oz G)®(0 Vi Ve Ve )@ (@ - -0z -G )

0 Ve VW W @ -m @ -G
-V 0 SVe Wy ® @ @ -E
=l & 9 ). v w0 vl e cw @ @
-V -Vy Vi o] s &= - 6

0
O Ve + O Vi — 0 Vi - Uf Vi + 2 O V- 20N Qs Vo + 20 Q3 Vo + 200 Uy Vi
D s Vo + 20 s Vi + Of Vo - 0f Ve Vy -f Vo - 2Ch O Vo + 205 G
2O s Vet 2 s Vit 2 o Ve +2 05 s Vi + Uf Ve -G Vo Vo +af Vo

0
(0f +af -2 -gf) Ve +2 (2 Qs - C) Ve +2 (h s+ t) Vo
2 ([t th+ i de) Vier (0f - +f -Gf) V2 (-l + 5 ) Vi
2 (- B+ D) Vi+2 (M +@ ) Vo + (@ -af-afraf) v

E Box

u:%{i@hu@Bq
2gf-1+2¢ 2(@@+aw) 2{E@-as)
Re|2@e-naw 2¢-1+2¢ 2(@@+aw)
(G + ) 2 (0M-®a) 20 -1+20q

2gf-1+2¢ 2 (@@-@d) 2 (0 d+ads)
R= |2 (@eraw) 26G-1+2¢ 2(B@-aw)
Qe wm-as) 2{sa+aw) 2q-1+2q

qu_+q22+q§+qf=1

E A

u=§R. w

2gf-1+2¢ 2 (@@G-Dd) 2 (@@ s

Vi
=2 (mmra@ 2¢-1+20 2 (G@-6Ow) Vy
Q(pm-nd) 2(GEa+ae) 29 -1+24q; Wz

(-1+2qf+203) Ve +2 (o G- Q) Vo +2 (1 G + b @) Ve
= |2 (@@ ds) Vet (1420 + 208 Vp+ 2 (-1 + s Q) Ve
2 (- D) Vet2 (M + 0 Gs) Y+ (-1+20f +2qf) W

(—(af+af+af +af) +2af+2cf) Ve + 2 (e G5 - Q) Ve + 2 (R G5 + G2 ) Vi
|2 (e m ) Vet (- +af B +af) +2af +2ad) Vo2 (i v @) Ve
2 (-0 s+ G Ta) Vet 2 (G + ) Vo + (—(af +af +af +af) +2af+2af) v

(af +af - -af) Ve +2 (@ -0 ) Ve +2 (0 G5 + ©s) Ve
2 (th b+ ds) Vier (0f - +of -af) Ve v 2 (-l + 5 Us) Ve
2 (-G s+ ) Vae+ 2 (G + s Ga) Yy + (i -af -+ af) Ve

Rodrigues formula
= Vector

abzaxb

ab=axb-a-b
XxyxE=(X-2)y-(X-¥) 2
abec=(axb-a-b)c

={axb)c-{a-b)c

={{axb)xc- (axb) -c}-(a-b)c

{[(a-c)b-(a-b)c-(axb)-cl-(a-b)c

n
o

-c)b-(axb).-c-2({a-b)c

uvu= u-u) v-{uxv) -u-2u-vju

u-u)v-2u-vju

2]

(xxy) -2 =(2xx) - ¥= (§x2) -X

uxv) -u={uxu) -v= (vxu) -u=0

FeFE



Vier = VCOS[B] + (ExV) $in[8] + k (k- v) (1 -Cos[6])

Given a rotation axis represented by aunit vector k and a vector v to rotate about k by the angle &

= Vector Projection of v on k

Vparallel = (K- V) k

= Vector rejection of v from k

Vorthogomal = ¥ — Vparalle1 = V - (B - W) K

W=ExV=E% (Virthogonal + Vparallel) = B % Vorthogonal + E ¥ Vparallel = X ¥ Vorthogonal

Vorthogemalooy = Verthogenal COS[8] + w 5in[6]

= (V- (E-v) k) Cos[B] + (kxV) $in[6]

Vrot = Vorthogonalpoy + Vparallel ..

= Worthogonalpse + Vparallel

= (v- (k-v) k) Cos[B] + (kxv) 5in[6] + (k- v) k

= wCos[B] + (Exv) $in[B] +k (k- v) (1-Cos[8])

0 -k3 ks

K=|k 0 -k ]
k: ks O

Kv=kxv

Vior = VCOS[B] + (ExV) 5in[6] +X (X - v) (1 -Cos[8])
= v Cos[B] +K v 5in[6] +% (% - v) (1-Cos[8])
=v-v+vCos[8] +K v 5in[8] +k (E-wv) (1-Cos[8])
=v-v{l- Cos[B]) +K v 8in[8] +k (k- v) (1 -Cos[B8])
= w4+ K v S8in[8] + (k (k- v) -v) (1-Cos[8])

ax(bxc) =bia-c) -c(a-b)

(E(k-v)-v) =(k(k-V)-v(k-K)) =kx(kxv) =K v

=V+53in[8] KEv + (1—Cos[ﬁ])K2v
=Rw

R=1I+5in[6]K + (1 -Cos[6]) K
R=exp[8K]

RIGIR[¢] =R[E+¢], R[0] =1

W o=
= aX(.ﬂ—f”)
= (AXT)—(BXT
= EX7T

R(Z ) = cos0F) + sin 6w

R(ZF) = R(F)+ R(ZL)
R(:i-'”) + cosO% | + sin 0w
(@ -7)a+ coso(x — (a-x)a)+ sinbw

= cosh¥+ (1 —cosé)(a-z)a+sind(a x &)



X=nh-(NL-X)-nx(hxX)

ax(bxc) =bla-c)-cla-b)
nxMxx) =n(n-x)-x(n-n) =n{n-x)-x

axb=-bxa
X =n-(n-x)+5in[a)] (xx) - Cos[a] nx (nxx)
X =%+ 5in[a] Nx+ (1-Cos[al) F¥x
X =n-(n-x)+5in[a)] (nxx) -Cos[a] (nx (nxx))
=n- (n-x) +5infa] nxx) -Cos[a] ((n-x)n-x)
= (1-Cos[a]) n (n-x) +Sin[a] (nxx) +x Cos[a]
- xCos[a] + (nxx) 3in[a] +n (n-x) (1 - Cos[a])

Cos[26] = 2Cos[6]° -1
. 52 gz gz
Cos[&]:QCos[?] —1=Cos[5] —Sln[;] =1—251n[5]
$in[2 8] = 2 Cos[8] 5in[8]
Sin[8] = 2 C &1 sinf?
in = os[—] Sin[ —
(2] sin(2]
ab=axb-a-b

abc=(axb-a-b)c
={axb)c-{a-b)c
={(axb)xc- (axb) -c}-(a-b)c

Xxyx2=(X-2)y-(x-7) 2

{[{(a-c)b-{a-b)c-({axb)-cl-{a-b)c

fuxv) -u={uxu) -v=(vxu) -u=0

=(a-c)b-(axb)-c-2(a-b)c

uvu= (u-u) v-uxv)-u-2{u-vju

=fu-uywv-2{u-v)u
X =n-(n-x)+5in[a)] (nxx) - Cos[a] (nx (nxx))
=xCos[al + (nxx) Sinf[a] +n (n-x) (1-Cos[al)

a2 - a . I 5
=x(Cos[E] -Sln[E] J+ (nxx) (QCDS[E] Sln[E]) +n (n-x) (251n[5] )

a2 a, a2
=xCos[E] +2 (nxx) CDS[E] Sln[E]— (Xx(n-n) -2n(n-x)) Sln[E]

a2 a, @ o La.z
=xCos[E] + (XX +NxX) CDS[E] Sln[E]— (n-n) X - (nxx) -n-2 (n-x)n) Sln[E]

a2 a, @ Loz
xCos[E] +(nxx—xxn}|Cos[E] Sln[E]—(((n-n)x—(n-x)n—(nxx}l-n)—(n-x) n) Sln[E]

a2 a, . a o ooaz
xCos[E] + (MxX-XxN+X-N-N-X) CDS[E] Sln[E] —({(nxx)xn- (Axx) -n) - (n-x)n) Sln[E]

a2 a, @ a2
=xCos[E] +(nxx—n-x-(xxn-x-n))Cos[E]Sln[E]-((nxx)n-(n-x) n) Sln[E]

.}|:Cc»s[§]2 + (DX -Xn) Cos[g] Sin[%] - (MxX-n-Xx) nSin[%]2

.}|:Cc»s[§]2 +nxCos[§] Sin[g] —xnCos[%] Sin[%] -nxn Sin[%]2

(Cos[%] +nSin[%]) X (Cos[%] —nSin[%])
=gxqg”

a= Cos[g] +n Sin[g]

. . . . . A~
Axis/Angle — Rotation matrix— Orientation 5 4
= Axis/Angle — Rotation Matrix £R

a= ArcTan[r—Y]:

Ty

iR =R[y, #] =R [a] .Ry[F] -Rs [¥]-Ry[-£] .Re[-al

Cos[a] -S5in[a] 0O Cos[f] 0 3in[f] Cos[y] -Sin[y] 0O Cos[-A] 0 Sin[-A] Cos[-a] -S5in[-a] O
= | 8inf[a] <Cos[a] 1] 1] 1 0 .| Sin[y] Ceos[¥] v} 1] 1 0 .| 3in[-a] <Cos[-a] 1]
o il 1 -8in[A] 0 Cos[f] o il 1 -5in[-A] 0 Cos[-f] o il 1

2 (1-Cos[y]) +Cos[y] Ty Ty (1 -Cos[y]) - rp Sin[y] ¥y rm (1 -Cos[y]) + ry Sin[y]
= | rx vy (1-Cos[y]) +x; 5infy] rYZ {1-Cos[¥]) +Cos[¥] Ty ¥p (1-Cos[y]) - rSin(y]
Ty ¥z (1-Cos[¥]) -1y Sin[¥] Ty ¥y (1-Cos[y]) + ry Sinly] r:2 (1-Cos[¥]) + Cos[¥]

r11+ P2z +’f‘33—1]

v = ArcCos [ >



[ Ty 1 Tap — Ta3 ]
F=|Tp|=———— |Fiz-Tn
I, 2Sinly] Ty - T12

= Orientation £ & — Axis/Angle — Rotation Matrix iR

1Gos[x]

: Sin[%] o || 1-00:[-;]

Mi-(wm @ w @)= (Cs[¥] nsSin[f] rpsin[¥] rSin[1])

Cos[%] =%

ql=c°s[%] Zi. @
|| 1-Cos[yw]
2
|| 1-Cos[y]
2
1-Cos[¥]
= 2

0o = Ty Sin[%] =tTy
@ =Ty Sin[%] = i1y
T,

Uy = ¥y Sin[%] =

= 2
2 l+Cos[y]
- 2
1-Ces[y]
2z
gy =T, —————
2
1-Cos[y]
2z
=r, —————
G5 ¥ 2
1-Cos[y]
2z
g =Ty ——————
2
= 3

Cos[y] =2¢f -1

2 (1-cos[y]) = 2af
rh (1-Cos[yl) -2}
¥ (1-Cos[y]) = 2q}

5in[y] ="J1-CDS[]’]2 =N'(1-Cos[*,f]) (1+Cos[y]) =*\32q;|2_ (1 -Cos[y])
sin[y] = 42 @ 1 - cos[y]

V2 g
41 - Cos[¥]

Ty =

V2 @
4 1-Cos[y]

'E‘Y =

’\’E%
4 1-Cos[¥]

Tz =

sinfy] = 42 @ +1-cos[y]

1,2 (1 -Cos[¥]) +Cos[¥]
R = | rery (1-Cos[¥]) + 1, Sin[y]
T Tgp (1-Cos[y]) - ry Sin[y]

ry Ty (1-Cos[y]) - rg Sin[y]
r® (1-Cos[y]) +Cos[¥]
Ty ¥p (1-Cos[y]) + ry Sin(y]

Ty ¥y (1 -Cos[y]) +ry Sin(y]
Ty ¥z (1-Cos[y]) - 1, Sinfy]
r? (1-Cos[y]) +Cos[y]

T AT AT T AT A7
2@ 2ai-1 BLER - NN FE - WS - 2% o4 1-Cos SLER - NN R SE — 2% Ao g4 1-cos
ECred ety Timend - mmry Ve ¥ mnT e | Dl oy V2 [
AT WE AT a 2 o s iF AT a AT a o
_N2a 2% () _cos 2% 3 ¢4 1-_cos 2 21 _M2a W2 ®% () _cos M2 o 41-cos // FullSimplify // Together //
T m( [v])+m il [¥] 4+ 2 T m( [¥1) T i [¥] | /7 implify // Tog I
Tg  ATa CEES R T F 1 T2 {+24
_Mza M e () cos 2% 3 qn1-cos _M2as V2% () _cos 2% 3 1-cos 2gf+2gi-1
Tt izt -y V2 e ¥ T e | b oy Ve (¥ wriw
MatrixForm
“l+2gi 24 2 (-G ds) 2 (0ds +d O

“le2gf 428
2 (e ¢ +9s Ga)

-2 (th gz - o )
“1+2qi+2qgf

R=|2(@meraw
-2 (@ - @ de)

(@ & %) =(7 & & &):

“le2ggezg 2 (g @+ G G)
-2 (- O 9 )
“li2qgf+2gf

2 (g2 Qs - 1)
Sli2gie2gf
2 (< Gz + 95 Ge)

2 (g2 oz + G // MatrixForm

-2 (4o -Gz )

2 +el) -1 2 (exey-NE)
2 (P+el) -1
2 (& & + 1 &)

2 (Ex ez + 1 Ey)
2 (Ey €z - T Ex)

2(nf+e) -1

Rin, €] = | 2 (ex&y + M &)

2 (Ex€x - T Eg)

Orientation 5 @ — Roll ¢z ,Pitch 8%s,Yaw y2s

¢ around ¥y, & around Fg, ¢ around g

fu Pz Tis “1s2gis2g8 2 (- de) 2 (th s+ O
BR= [T T Tos [= |2 (@+@m@m) -1+2a+2¢ -2 (@ ®@-S®u)
Tzl Tz Taz

D@ s-wd) 2(aeraa) -1+2g+2qg

¢ = ArcTan[fRss, $Rsz | = ArcTan[2qi - 1+2a;, 2 (0 ds - & @) |

8= —ArcTan['\,'l 1-#R% . BRa1] - ArcSin[-3Ru] -

-ArcSin[2 (dx da + o <) ]



¥ = ArcTan[FRy, BRae] = ArcTan[2af - 1424, 2 (@ & - @ @) ]
Roll ¢ X, Pitch 6 yz, Yaw ¥ Zp

Rotation Matrix 2R ..« Axis /Angle

Quaternion gq

Axis/Angle

ZA

.
A

- o

=« A rotationof angle & around an axis 2f defined in frame A

A
= (Ty Ty ¥g)

Bpy By
I B
P = Rp:[, , P = Bp:{
Apg By
Bt By Az,
Xp = R—‘Cy s Ia= R'!y rZa = Rzy
g By, Rz,
Bt By Bz,
Fp=|Bxy |, F5=|Byy |, 85 =|F2y
P Bys Pz,
®a o
Ja|r | T8
2y 2
A Ao B
P=-2r%P
p =PP=Poysn e Pp gn e Pps an
=Br=Fpap +Ppyip+Pra i
By ihoe o iBoe s Bpoe S +Fpe 45 +Fpg 850 80| ron £n oo mn Bn oot \
Fx LN Pig ) Fig ) Fu g * Py ¥E ¥ Pz Rl ®a %p % ¥E % %5 En ) Fu
Bpo |Bpy | = |2pgn| = |2sa|=|Breal=] Crep +Fryfp+Fmip) Sa| = |55 $a ttn 5 8a|-|Frr|=ErFe
Ag. | 1Brig ] Pia; \Erag | (Brusp +Ppy 95 *Fpodp) 85 35 Ea ¥ A 3B Ea) |Fpg
. | i s PN i e . B g :Bp, g, eBp. 50 2 .y . s |
%r%n UmEn EpEa) | TP (%5 %5) Fpu+ (§5 %) By = (85 32) Frg (Prukp + "py g ¢ Zg) Xp Epgp Apg, Fa
fPe=2pia nfa 2mia|-[Prr|=| (% fa) Pras (05 $a) Pryv s Gp 8n) Frg [ = | Credn +Pry S5 ¢ Fra 8n) Ga [ = [Proa| = (2o = Rega| = | Per | =R
#p &y TpEx EpEn) |Bpg) (%5 83) Fpx + (85 8a) Tpy # (85 83) Ppg | Bredy+Fpy 65 +Bpn 85) 85 | \PPEa) \PER] (AP | Ap, |

Re|%fs Fofa Z6fa|=|Ta T Tns

%p Xp FeEa Zp Ep [r\n ri r\B]
£ 2a g Zn Tzl Tz T3z

Axis/Angle — Rotation Matrix s R

a= ArcTan[r—Y];
r)(

R[w, r] = Bz[a] .Ry [A] .Ra [¥] -By [-5] .Rz [-a]

Coz[a] -Sin[a] O Cos[B] 0 Sin[g] Cos[y] -Sin[y¥] O Cos[-F] 0 Sin[-£] Cos[-a] -Sin[-a] O
= | Sinf[a] Cos[a] 1] 1] 1 0 .| Sin[y] Cos=[¥] a 1] 10 .| Sin[-a] Cos[-a] 1]
0 0 1 -8in[B8] 0 cCos[B] 0 0 1 -8in[-B] 0 Cos[-8] 0 0 1
i T T r2 (1-Cos[y]) + Cos[¥] ¥ ¥y (1-Cos[¥]) - ¥z 5in[y] rurs (1-Cos[y]) + vy Sinfy]
BR= | Tr; Tz Tes | = | Tury (1-Cos[y]) +rx Sin(y] ry? (1-Cos[¥]) +Cos[y] Ty rp (1-Cos[¥]) - ry Sin(y]
Ts1 Taz T33 T ¥ (1-Cos[y]) - ¥, Sin[y] ¥y rs (1-Cos[y]) + K, Sin[y] T2 (1-Cos[¥]) +Cos[¥]

« Axis/Angle — Roll ¢ s, Pitch 8 ¥&, Yaw g 25, ZYX
¢ around %5, 6 around §g, ¢ around Zg
& (Roll) = ArcTan[rss, ¥s2] = ArcTan[r,z (1-Coz[¥]) +Cos[¥], ¥y ¥y (1-Cos[y]) +1¥y Sin[y]]
8§ (Pitch) = ArcSin[-rs] = ArcSin[ry Sin[y] - v ¥z (1 -Coz[y])]

¥ (Yaw) = ArcTan[ryy, Baa] = AL“C.Ta.n[*r,(2 (1-Cos[y]l) +Cos[¥], Tu Ty (1-Cos[¥]) + 1= Sin[*,f]]

. . g
= Axis/Angle — Quaternion & 4
= An arbitrary orientation of frame B relative to frame A
3=(m @ @& @)= (Cs[f] -nsin[}] -rpsin[f] -rosin[}])

@’ v @@ @t =1



Euler Angle (Roll ¢ %z, Pitch 8 ¥s, Yaw y Zs, ZYX) — Rotation Matrix 5 R

X axis (Roll) ¢ -+ By [¢] - {-m, m}
Taxis (Pitch) 8+ R [8] » {-7m/2, m/2]}

Z axis (Yaw) o - B[] = {-m, m}

mmm]

§R=ngu=[l“21 Tor Tas
Tzl Tax T3z

=Bz [U].Ry [6].Ru[¢]

10 o]
0 Cos[¢] -Sin[¢] | // MatrixForm

0 Sin[¢] Cos[¢]

Cos[6] O S$in[6]
0 10
-5in[6] 0 Cos[6]

Cos[¥] -Sin[y] O
sin[#] Cos[W] O
0 0 1

Cos[¢] Cos[if] 5in[6] + 5in[e] Sin[i]
~Cos[if] $in[¢] + Cos [¢] 5in[6] Sin[y]

Cos[8] Cos[¢]

Cos[¥] 5in[6] 5in[¢] - Cos[¢] Sin[u¥]
Cos[¢] Cos[W] + 5in[6] Sin[¢] Sin[¥]
Cos[6] Sin[¢]

Cos[8] Cos[u]
Cos[9] Sin[y]
-8in[8]

Euler Angle (Roll ¢ &, Pitch 8 ¥=, Yaw y Z&, ZYX) — Axis/Angle
Cos[6] Cos[] +Cos [#] Cos[¥] + Sin[8] Sin[#] Sin[¥] + Cos[B] Cos[4] - 1 ]

T11+ Foz +¥s3 - 1
= ArolC — = = | = ArcC
¥ = Ar os[ > ] ¥ os[ >
Ty 1 iz — Ta3 1 (Cos[8] 8in[¢]) - (-Cos[¢] Sin[¢] + Cos[¢] Sin[8] Sin[¢])
o [ rple—— | rs- m] - (Cos [¢] Cos [¥] 5in[6] + Sin[¢] Sin[¢]) - (-Sin[6])
r,) 2500 oy ony) 25809 | (cos[6] sin[¥]) - (Cos[¥] Sin[8] Sin[¢] - Cos [¢] Sin[¥])

Euler Angle (Roll ¢ ®s, Pitch 8 9=, Yaw y 25, ZYX) — Quaternion & &

6= VI +Trap + T3z +1
Signlrs: - Tl Y e —
W= A -Tm-rmel

2

ta| =

signrs -l | — ——
- W rm oo+l

2

Signlra-mel |
fg=-— 133—‘511—?22+1

2

Y F1L + Tz + Faz+ 1

pa|

Q=

% 41 +Cos[B] Cos[¢] + Cos[8] Cos[¥] + Cos [¢] Cos[#] + 5in[&] 5in[¢] Sin[¥]

Signlrsz - Tesl Y —
fp=-———— VI -Tp-Tm+l

2

- 5ign[Cos [6] Sin[¢] + Cos[if] $in[@] - Cos [¢] 5in[6] Sin[¥]] +/1 -Cos[8] Cos[¢] + Cos [6] Cos [if] - Cos [¢] Cos [¥] - 5in[&] Sin[¢] Sin[u]

Signlrys - ral Y —
fe=-———— = W -Tiz-rnn+l

2

_Z $ign[$in[6] + Cos[¢] Cos[i] $in[6] + Sin[¢] Sin[¥]] v/ 1 - Cos[6] Cos[#] - Cos [6] Cos[¥] + Cos[#] Cos[¥] + 5in[6] Sin[e¢] Sin[¥]

Signlra -T2l
GBg=-— Y}3—'E‘_|_1—F22+l

2

- Sign[-Cos[¥] $in[6] Sin[4] + Cos[6] Sin[y¥] +Cos[¢] Sin[¥]] 41+ Cos[8] Cos[¢] - Cos [6] Cos[i] - Cos[¢] Cos [#] - 5in[6] 5in[¢] Sin[k]

Quaternion : @ — Rotation Matrix 5 R

3=(m @ @& @)= (Cs[f] -nsin[F] -rpsin[f] -rosin[])

cos[X] =, 2250 Xy, 220050
2 2 2 2

Ty Tz Tis
Tyl Tiz Tos
Tzl Tix Taz

R =

Ty ¥y (1 -Cos[8]) + ry Sin[8]
ry Iy (1 -Cos[8]) - 1, Sin[6]
r.? (1-Cos[8]) + Cos[8]

Ty Ty (1-Cos[8]) - r; 3in[8]
ry? (1-Cos[6]) +Cos[86]
Ty ¥z (1-Cos[8]) + r, 3in[8]

2 (1-Cos[8]) +Cos[8]
¥, ry (1 -Cos[8]) +r; 5in[6]
Ty ¥y (1 -Cos[B]) - ry 3in (8]

28 -1+2¢ 2 (@@+@mds) 2 (@@ -@E)
2gi -1+2¢ 2 (m@w+@w

=12 (s - @ ®w)
28 —1+2qf

2 (ods+h @) 2 (W -t W)

Quaternion = & — Euler Angle (Roll ¢ %=, Pitch 8 ¥=, Yaw g 2z, ZYX)

¢ = ArcTan[fRss, 3Rs | = ArcTan[2qf - 1+2¢f, 2 (@ a4 - @ @) |
= -ArcSin[2 (gads + Q1 G) ]

6= ArcSin[-pRs] =

¥ = ArcTan[fRu, B ] = ArcTan[2qf -1+2a3, 2 (@& @ - @1 @) |

Quaternion = & — Axis/Angle

. 1
T -1
}':;wccog[w]
2
2gi-1+24f 2gi-1+2¢f 2gf-1+2gf) -1
=Amc°s[(ql +2q3) + (2ag ;%M(ql +244) ]
= ArcCos[-2+3qf+qf +f + |
= ArcCos[2 ¢ - 1]
. 2
[rx 1 Tzz - Yoz
F=|Tp|=——— F3-Ta
2 8i
rr infy] T: - Tiz



2 (s -t @) -2 (G +h k)

1
=m 2 (Geds-Chds) -2 (Gt +Ch G)
Vil ee-aw -2 (@ raw)
1 -2
=—|-2mw
Sin[y] o a

- con[ 1] -2y 12020
1-Cos[y] )
o= —xaf1-
2 * a

sin[y] = 2Sin[%] ch[%] =2q;|_'\f|1—q§

"+

Sin[%] =

Ao

BQI=(q;L —r“'vfl—qf —ri.'vrl—qf —r,\,lrl—q{)

¥ = 2 ArcCos[q] = ArcCos[2 - 1]

[rx 1 —Q‘L.‘Iz]
Fz|Ifp|=——— |-2@qa&
T Sinly] -2a @
1 [-z‘h‘b]
=———— | 2as
2qafi-g \-2aa

-1 &

= &

1-qgf lag

= 5

=(w & & ®)=(q rl-@ rl-@ nifi-a)

¥ = ArcCos [2 @ - 1]

Ty _1 42
F=|xp| = a5
r; 1-gf \da

ArcCos|2 al? - 1] // InputForm

ArcCos[-1 + 2*q112]

-1 q2
—— | g3 | // InputForm
YV1-q1? Lga

{{-(a2/Sart[1 - q172])}, {-(93/5qrt[1 - q172])}, {-(q4/5qrt(1 - q1"2])}

= 6
T: -1
*{:Arctos[%]=ArcCos[—2+3q12_+q22+q§+qf]=ArcCos[2q12_—l]
Tx 1 Tzz - Taz 2 (s de-hd) -2 (05 e+ ) 1 -2n
F=| 1y =Tn[] s -T= =Tn[] 2 (e de-hds) -2 (e da+ 0 &) =F[] -2a1 | =
T ¥ lrn - Vol (ee-ma) -2 (@@ Vlooaae

Rotation Matrix = R — Euler Angle (Roll ¢ £z, Pitch 8 ¥=, Yaw g 2z, ZYX)

¢ = ArcTan[rss, rsz]
8= ArcSin[-r=]
¥ = ArcTan[r;, rxal

n  0={-n/2,m/2}
¢ (Roll) = ArcTan[rss, ¥sz]
& (Pitch) = ArcSin[-r=]
¥ (Yaw) = ArcTan[ryy, ra1]

n 0={n/2,3n/2}
¢ = ArcTan[-rs3, -Tsz]
8= ArcSin[-r=]
W= ArcTan[-¥y1, -F]

= 0 (Pitch)=n/2, Cos[0]=0
T2z + 12 = (SIn[6] - 1) Sinl¢ +¥]
r1z - rzz = (SIn[6] - 1) Cos[¢ + ]
rip - ¥z = (3in[6] + 1) Sin[¢ -¥]
ris + raz = (5in[6] + 1) Cos[¢ -]
G+ = ArcTan[ris - Yoo, Fos + T2 ]
8= ArcSin([-r=]

@ - = ArcTan[rys + raz, o - Tas]

Rotation Matrix = R — Axis/Angle

Ti1+ ¥o2 +¥s3 -1
[————1]

= ArcCos 2




[ Ty 1 Tap - Taz
Bz |Tp|=s———— |Tz-Ta
251
Iy inly] Ty - Ti2
ri+ r§,+ r§ =1
= Angleyand Axis r
T, r;
Sinfa] = ¥ , Cos[a] = ——=
4 e+ 1t Af Tl + ry?
A P e 1yt T
5in[fl = ———, Cos[f] = —F M

z 2 2

Ty z

rlert e +rt e

= Rotation matrix — Euler axis/angles

= Angle

r11+ r22 +!33-1]

¥ = ArcCos| 2

= Euler axis

Tx
¥ = [ Ty
rI
Tsz - Ig3
Ty= ——————
2 8in[y]
15 - sl
Ty = —————
2 53in[y]
1 - Tz
Tp= ——
2 5in[y]

= Rotation - concisely

R=I.Cos[8] +58in[8]u,+ (1-Cos[8])useu

100
I=[010]

o001

ueus (uwuy Wl

0 -u; u
u,=| u O —u,(]
—up w0

Cos[8] +u? (1-Cos[8]) Uy Uy (1-Cos[8]) -ug 3in[8] uy uz (1 -Cos[8]) +u, 5in[8]
R=|u,u, (1-Cos[B]) +u; 5in[6] Co=[8] +u._,t,2 (1-Cos[8]) Uy Uz (1-Cos[6]) - u,5in[6]
uy g (1-Cos[8]) -uy Sin[8] upug (1-Cos[8]) +u, 5in[8] Cos[6] +1ug? (1 -Cos[8])

Cos[8] +1,.2 (1 - Co=s[8]) W, Uy (1-Cos[6]) -1, 5in[6] u, u; (1 -Cos[6]) +u, 5in[8]
R[8 ] := |upuy, (1-Cos[8]) +u; 5in[8] Cos[8] +u._,l,2 {1-Cos[8]) Uy Uy (1-Cos[8]) - u, 5in[8]
U W (1-Cos[8]) -1, 5in[8] u; u, (1-Cos[6]) +u,5in[6] Cos[6] +1u,? (1 -Co=[8])

=  Example

Cos[8] + 1,2 (1 -Cos[8]) Uy Uy (1 -Cos[8]) —ug; Sin[8] wu; (1-Cos[B]) +uy 5in[8]
{Uger Wy, Uz} = {0, 0, 1} | Ug Uy (1-CoS[B]) +uy Sin[8] Cos[ﬁ]+ui,2 (1-Ces[8]) Up Uy (1-Cos[8]) -u, 3in[8] |.
Ug Uy (1-Co=[8]) -up 5in[8] u; ug, (1 -Cos[8]) +u, 5in[8] Cos[8] +1,2 (1 -Cos[8])

Ax
Ay
Az

/f MatrixForm

‘Bx Cos|
LAy Cos|
Az

] -RAy Sin]
] +Lx5in]

o m

Cos[B] +1,2 (1 -Cos[8]) Uy Uy (1 -Cos[B8]) -u; 5in[8] w,ug (1-Cos[8]) +uy 3in[8]

Ax
Uy W (1 -Cos[6]) +u; 5in[8] Cos[8] +u7(.2 (1-Cos[8]) Uyl (1-Cos[6]) -u,5in[8] (.| Ay | // FullSimplify // InputForm
Ug Wy (1 -Cos[8]) —u; Sin[8] wug uy (1 -Cos[8]) +1, 5in[8] Cos[8] +1u.? (1 -Cos[6]) Az
{{Ax*Cos[0] + Az*Sin[B]*Subscript[u, y] - (-1 + Cos[8])*Subscript[u, x]*
(Ax*Subscript[u, X] + Ay*Subscript[u, y]) -
(Ay*Sin[6] + Az*(-1 + Cos[6])*Subscript[u, x])*Subscript[u, z]},
{Ay*Cos[0] - Subscript[u, x]*(Az*Sin[6] + Ax*(-1 + Cos[B])*Subscript[u, y]) +
Ax*Sin[B]*Subscript[u, z] - (-1 + Cos[B])*Subscript[u, y]*
(Ay*Subscript[u, y] + Az*Subscript(u, z])},
{Az*Cos[B] + Ay*Sin[B]*Subscript[u, x] - Ax*Sin[B]*Subscript[u, y] -
(-1 + Cos[B])*(Ax*Subscript[u, x] + Ay*Subscript[u, y])*Subscript[u, z] -
Az*(-1 + Cos[B])*Subscript[u, z]*2}}
1 1] o
Bul¢ ] := |0 Cos[¢] -S5in[¢] | // MatrixForm
0 Sin[¢] Cos[d]
Cos[8] 0 5in[8]
By [8 ] := 0 1 1] // MatrixForm
_8in[8] 0 Cos[8]
Cos[¥] -Sin[4] O
Ry[¢ ] :=| Sin[¥] Cos[¥] U] // MatrixForm
u] 1] 1
Cos[y] -Sin[y] 0O Cos[p] 0 Sin[p] 1 i) o] Wx
Sin[y] Co=[y] 0O 0 1 1] .| 0 Cos[r] -Sin[v] |.| Wy | // MatrixForm
1] u] 1 -8in[p] 0 Cos=[p] 0 Sin[r] Cos[r] Wz
‘WxCos[p] Cos[v] + Wy (Cos[v¥] Sin[p] Sin[r] - Cos[r] Sin[y]) + Wz (Cos[r] Cos[y] Sin[p] + Sin[r] Sin[v]]
|Wx Cos[p] Sin[ Wz (-Cos[y] Sin[r] +Cos[r] Sin[p] Sin[v]) + Wy (Cos[r] Cos[y] + Sin[p] Sin[r] Sin[v])
\Wz Cos[p] Cos[r] - Wx 5in[p] + Wy Cos[p] Sin[r]
Cos[p] 0 Sin[p] 1 1] a WX
a 1 1] .| 0 Cos[r] -Sin[r] |.| V¥
-5in[p] 0 Cos[p] 0 Sin[r] Cos[r] Wz
[{VxCos[p] + V2 Coza[r] Sin[p] + V¥ Sin[p] Sin[r]]l, {Vy¥yCoa[r] - Vz Sin[r]}, {VzCos[p] Cos[r] -Vx Sin[p] + V¥ Cos[p] Sin[r]}]
1 1] o] TUx
0 Cos[r] -Sin[r] |.| Uy
0 3in[r] Cos[r] Uz
[{Ux}, {UyCosa[r] -Uz Sin[r]}, [UzCos[r]+UySin[r]}}

1 v} 1] Cos[-p] 0 Sin[-p] Cos[-y] -Sin[-y] 0 Hx
0 Cos[-r] -Sin[-r] |. o] 1 1] .| 8in[-y] Cos[-y] O Hy
0 Sin[-r] Cos[-r] -S8in[-p] 0 Cos[-p] 1] i} 1 Nz




{{¥xCos[p] Coa[y] - Xz 3in[p] + Xy Cos[p] Sin[y]}, {X¥z Coa[p] Sin[r] + Ex (Cos[y] Sin[p] Sin[r] - Coa[r] S3in[y]) + Xy (Cos[r] Coa[y] +3in[p] Sin[r] Sin[v])},
[XzCos[p] Cos[r] + Xy (-Cos[¥] Sin[r] «Ceos[r] 3in[p] Sin[v]) +Ex (Cos[r] Cos[¥] Sin[p] + Sin[r] Sin[w])}}

Rotation Matrix 2 R — Quaternion = G

ra T Tos 2qf -1+2 2 (@t @ ) 2 (@@w-@s)
BR=|Tn Tz Tos | = |2 (- d) 2 -1+2a 2 (@Gd@+@E)
T Tz T 2(pawrmd) 2 (GE@-aE 29 -1+2q8
.1

Me-(wm & @ @)

2 z 2 2
@Rt v =1

T+ Fan+ T3+ 1

= (2af-1+2a) + (2af -1+2af)+ (2af -1v2qf) 41

=2 (-le2f+frBref ) =2 (-1+2q +1)

—ag

Ty -Top-Taz+l

= (2af-1+24f) - (2af -1+2af) - (2af -1+24f) 41

=2 (-lsf -G ) =2 (-1-2 v e ) =2 (-1-24 +1)
-aqg
-T11 +Fan =T33 + 1

=-(2af-1+2¢8) + (2f-1+2¢) - (2gf-1+2q) +1

=2 (legfrgf-feag) =2 (12 +f e v ) =2 (-1-24 +1)
—ack
STy -Tep 4Taz 41

=-(2af -1+24f) - (2l -1+2) + (26§ -1+2qf) +1

= -2 (_1+q]2_+q22+q32-qf) =-2 (-l-23§+q§+q§+q§+q§] ==2 (—l—2a§+1)

1
Q:L=E Y F1p +Fap +Faz+ 1

Sign{rse - Tas] N —
= T -Tm-Tsel

2

signlrs -l | — ——
- W rm oo+l

2

Signlra -T2l |V
= !33—!11—!‘22+1

2

1 si r32 - r23 Si rl3 -r3l 51 r2l - ri2
{?'\u'r11+r22+r33+1 B —M rll - r22-r33+1, —M A r22 -r3iZ-ril+1, —M '\u'r33—rll—r22+1} /4 InputForm

2 2 2

{Sqrt[1 + r11 + r22 + r33]/2, -(Sqrt[1 + r11 - r22 - r33]*Sign[-r23 + r32])/2, -(Sqrt[1 - r11 + r22 - r33]*Sign[r13 - r311)/2, -(Sqrt[1 - r11 - r22 + r33]*Sign[-r12 + r21])/2}

Calibration

IR - Ry [¥] Ry [6] Ry [9]

Cos[¥] -Sin[y] O
sin[¢] Cos[¥] O
0 0 1

Cos[8] 0O Sin[8]
0 10
-8in[8] 0 Cos[8]

10 o]
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[#] Cos[¢]

Cos[6] Cos[¢] Cos[¢] Sin[6] Sin[¢] - Cos[¢] Sin[¥] Cos[¢] Cos[¥] Sin[8] + Sin[¢] Sin[¢]
Cos[B] 5in[¢] Cos[¢] Cos[d] + Sin[6] Sin[¢] Sin[¢] -Cos[¥] Sin[¢] + Cos[¢] 5in[8] Sin[¥]
-8in[8] Cos[8] 8in[¢] Cos[8] Cos[4]

P
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