Representation of orientation

Pose of a Rigid Body
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= ROTATION MATRIX

Analysis on Position And Orientation
= Cartesian Coordinate (% 1 & & J)

unit vector

= One Point P Vector
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Elementary Rotations
« 2D Rotation
x’ _ Cos[8] -5in[8] Xy x Cos[8] - ¥y 5in[8]
(y’) h (Sin[s] Cos[6] )(g] a (-g(:os[s] + X 5in[8]
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= rotation of a about z



Bz[a] = | 3in[a] Cos[a] O

Cos[a] -Sinf[a] O
o] V] l]

= rotation of f abouty

Cos[B] O Sin[ﬁ]]

R [B] =[ 0 1 a
_Sin[f] 0 Cos[g]

= rotation of y about x

1 o] 1]
0 Cos[y] -S3in[y]
0 Sin[y] Ceos[y]
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?IXl 28 (Position and Orientation)
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= 3D Orthonormal Basis — Unit Vectors

fa-Fa=0, 3a-23-0, 83 -3 =0

EaxTa=Za

» Low of Cosines

& =32+b2—2abCos[*,f]
a? =b2+c2—2bcCos[cx]

B2 =az+c2—23cCos[ﬁ]
» Inner Product Space

x.¥y=|x||¥|Cos[8]

= Half-Angle Identities

c°s[3]= [ 1+cos[oe]
2 2

Sin[g] ) | 1-cos[e]
2 2

Sin[8]
Tan[&] =
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1
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= 0= 2 EH (moving frame)
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HAA X =37 of A= AFA BHA= FAEA

= DE M EI (fixed frame)
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= Z ™ & (absolute transform)
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= EULER ANGLES
= rotation matrix

9 parameters with 6 constraints
= minimal representation of orientation

3 independent parameters

= Euler anglet Roll-Pitch-Yaw & &
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Bulerangle: £71 9IS UEIE AEAS OIS HEAS Z 500 Al A5Ho2 AW 5
Roll-Pitch-Yaw: JHAANZHAEA d=] 5oz AW JASSHH At TS A 51= I8
£ AES ANV AAGLZ W AAA AL AT ZAGHNADE 9 AS YAk o= AR Aol Wal ESHolT
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37 - Ry [a] Ry [B] By [¥]

Coz[a] -Sin[a] O Cos[B] 0 Sin[g] Cos[y] -Sin[y¥] O
= | Sinf[a] Cos[a] 1] 1] 1 0 .| Sin[y] Cos[y] o]
0 0 1 -8in[B8] 0 cCos[B] 0 0 1

Cos[a] Cos[B] Cos[y] - 3in[a] Sin[y] -Cos[y] Sinl[a] - Cos[a] Cos[B] S3inl[y] Cos[a] Sin[f]
Cos[f] Cos[y] S3inf[a] + Cos[a] Sin[y] Cos[a] Cos[y] - Cos[f] Sin[a] 5in[y] Sin[a] Sin[f]
-Cos[y] Sin[f] Sin[g] Sin[r] Cos[5]
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= ZYZ angles
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R[#] = Ro[0] Ry [6] Bor [¥]

Cos[y] -Sin[y] O
sin[y] Cos[y¢] O
0 ] 1

Cos[e] -Sinfe] O
Sin[e] Cos[e] O
o] 1] 1

Cos[6] 0 Sin[6]
0 1 0
_5in[8] 0 Cos[6]

= . // MatrixForm

Cos[#] Cos[¢] Cos[¢] - Sinfe] Sin[¢] -Cos[¢] Sinfo] - Cos[®] Cos[e] Sin[¢] Cos[e] Sinl[#]
Cos [6] Cos[¢] Sin[e] + Cos[e] Sin[¢] Cos[e] Cos[¢] - Cos[8] Sin[w] Sin[v] Sin[6] Sinfe]
-Cos [¥] 5in[8] Sin[®] Sin[w] Cos[6]

= Inverse problem

R=|Trm Tap Yo

Tzl Tz T3z

Y‘.u.‘f‘.l.z‘f‘_ls]

the three IYZ angles are (B (0, 7))
@ = ArcTan([ris, ris]
6 = ArcTan|rss, T35 + s ]

¥ = ArcTan[-rs1, Triz]
or (e (-m, 0))

¢ = ArcTan[-ris, -Tas]

6= Arc'I'an[rB, —A 18y 4 rEs ]



¥ = ArcTan[rs, -¥s:]
w ZYX22 1 2 (01 HEA)
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37 - Ry [a] Ry [B] Ry [¥]

Cos[a] -5in[a] O Cos[B] 0 Sin[B] 10 0
= | Sin[a] Cosl[a] 0 0 10 . [ 0 Cos[y] -5in[y]
0 0 1 -8in[f] 0 Cos[f] 0 Sin[y] Cos[y]

Cos[a] Cos[B] -Cos[y] Sin[a)] +Cos[a] 5in[B] Sin[y] Ceos[a] Cos[y] S3in[f] + Sin[a] Sin[y]
Cos[A] Sin[a] Cos[a] Cos[y] + Sin[a] 5in[A] Sin[vy] Cos[y] Sin[a] 3in[A] - Cos[a] Sin[y]
-Sin[8] Cos[B] 5in[¥] Cos[B] Cos[¥]
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= Current frame rotation
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= Roll-Pitch-Yaw (2 & ZtZE )
DAANZHAFA (A xSl A AS A X
WAPAEA vl ddl g3 AAFT F,
DFAFAEAL 5ol A oTE HS o2 JAS S EF TS Ve FAEA (B} S BT
REFHH DFAZ ARA A AS 0| T UM DR JFUBHES FoMRH goz d207 ZHO.
I-7-Xx 24 s

T - Ry [a] Ry [B] Ry [¥]

Cos[a] -S8in[a] O Cos[B] 0 Sin[B8] 10 0
= | 5in[a] Cos[a] 0 0 10 ] . [ 0 Cos[y] -5in[y]
1] 0 1 -3in[A] 0 Cos[f] 0 Sin[y] Cos[¥]

Cos[a] Cos[B] -Cos[y] Sin[a] + Cos[a] Sin[B] Sin[y] Cos[a] Cos[y] Sin[A] + Sin[a] Sin[y]
Coz[f] Sin[a] Cos[a] Cos[y¥] + Sin[a] Sin[g] Sin[y] Coz[y¥] Sin[a] S8in[B] - Cos[a] Sin[y]
-5in[B] Cos[B] 5in[¥] Cos[8] Cos[v¥]

= Fixed frame rotation
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Direction Cosine
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Rotation Matrix R

Rotation Matrix
Direction Cosine Matrix
= N HEA{A CHE HEAH{B) s dHA
fp =g % + 5 T+ %5 2a

B =5 Xa+ 5 Fa+ 5 2a

it
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E = Z5 Ra + 25 §a + 5 Za

RpEa T ¥a
% Fa 5 ¥a

Xp 2n ¥E 2R 2B 2@
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HAEA (B ol AT FAEA (A} 2 HARE IR

HEA (A1 AFAEA (B} 9 HARE : Ir

Rafp Fafp ZaXs X Ra FeXa Ep Ea
E. P, P, ~ . A a - P, ~ o
W= |%xFs FaFe Zafe | =sR=|%Fa Fe¥a ZFa
%%y Falp Zaip Rp Zn §5 En Zp Za
E. A
TR - BRT
Ap _Ap B
P=gR"P _ a, A B, ApB,A B
{BP-BR*‘p —Bp_ipfp_Bpipfp_Mpip._1
=R

IR=IRT-Im7

= Cartesian coordinate (%! 1) £t £ )
| #q | = % | =1

= Inner Product Space
Rp-Ka= | % || &a | Cos[y]

= Low of Cosines

= = 2 - 2 - 2 o -
| %a%p 1" = | %a |+ | %5 1" -2 | % | | %5 | Cos[¥]
Rp-Rp= | %p || ®a| Cos[y]

(Xp, -Xa )7 + l:XBy—Iay)z + (x5, - X )?
2

Cos[y] =1-

(x5, —xau)z + (KB::' —Kgy)z + (Xp, —xagjz

Xp -Ha=1-
E - X 2

» 2R :TransformationMatrix (HEHME)

Zp Ra
B Fa| =

25 2a

FpRa Fpia
% ¥a T 32

X5 Z2a YEB Zn

1. ¢ FEu -2 + (FEy —¥Ey)” + (FBs —m )2 1 { ¥Bu -2 s (¥By By )2 +( ¥Ez s )2

1- (B —Fu ) + (BB )~ + (B B 1

2 2

2

1- (BB —_YFor)¥ . (BB Y% + (EBz ¥Tm 12
2

1_ (BB x-8Ruc)? + (EBy i) 2 + (HBm -GRm )L

1. ¢ ¥Eu-YRucE . (¥By ¥Epr)L + (MEm _YTm )E 1- (¥Bx-YRac) . (¥By_¥Tpr )2 o YEm YR )E
2 z
1_ (¥BuBRu? o ¥By Bigr)? . (¥Bz -Bhw )P 1 (¥Bax-Ghuc)? o (YBy GRy )2 + (YBz BAz) L
B z
n 2o EH. s MEH
g
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W - %y Fp-%n Fp - Hg Cos [a] Cos[90° + a] Cos[90°] Cos[a] -Sin[a] 0O
gR =|% -Fa §5-Fa Zp-Fa|=|Cos[90"-a] Cos [a] Cos[50°] | = | Sin[a] Cos[a] O
%5 -2n F5-2%a Ep- Za Cos[907] Cos[90°]  Cos[0°] 0 0 1
Cos[y] -Sin[y] O
Rg[¥] = | Sin[y] Cos[¥] 0]
0 0 1
Cos[6] 0 Sin[e]
Ry[6] = | D 10
-Sin[B] 0 Cos[6]
10 i
Ryl#] = | 0 Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]

Rotation of a vector
p=Rp

p'p=pTRTRP

« Example

A

Px = Py, Cos[a] - p;, Sinfa]

- By la]



Py = By Sinfa] + p} Cos[a]
Ps = Pj
p=R:[a] p

Composition Of Rotation Matrices
it describes the mutual orientation between two coordinate
frames; its column vectors are the direction cosines of the
axes of the rotated frame with respect to the original frame
it represents the coordinate transformation between the
coordinates of a point expressed in two different frames
(with common origin)
it is the operator that allows the rotation of a vector in the
same coordinate frame

Composition Of Rotation Matrices

p' =R P’
' -R{ p*
o <R
] iy -1 i
® - (%)% - )
= Mathematica
1 0 0
Bl[¢ ] :=|0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[e] Cos[¢]
Cos[6] 0 Sin[8]
B, [6 ] := 0 1 0 /f MatrixForm
-5in[8] 0 Ceos[8]
Cos[¢] -Sin[y] O
Bz[¥ ] := | 5in[¢] Cos[y¥] 0];‘;‘ MatrixForm
0 0 1
B[] By [6] .Ru[¢]
Cos[¢] -Sin[#] O Cos[8] 0 S5in[8] 10 o
= | Sin[¥] Cos[¥] u] u] i 0 .| 0 Cos[¢#] -Sin[¢] | // HatrixForm
0 0 1 -5in[8] 0 Cos[8] 0 Sin[¢] Cos[é¢]

Cos [8] Cos[i]
Cos[8] Sinfy]
-%8in[8]

Cos[y] 5in[8] 5in[¢] - Cos[¢] Sin[y¥]
Cos[¢] Cos[W] + Sin[6] Sin[#] Sin[¥]
Cos[6] Sin[¢]

Cos[¢] Cos[i] 5in[6] + Sin[¢] Sin[y]
-Cos[¢] Sin[¢] + Cos[¢] Sin[8] Sin[y]
Coz[8] Cos[¢]

R =R [¥].Ry [6] .Ryl¢] =

Cos[8] Cos[v]
Cos[8] Sin[y]
-5in[8]

Cos[¥] 5in[6] 5in[¢] - Cos[¢] Sin[4]
Cos[¢] Cos[if] +5in[8] Sin[¢] Sin[y]
Cos[6] 5in[¢]

Cos[¢] Cos[i] Sin[B8] +5in[¢] Sin[y]
-Cos[¢] Sin[@¢] + Cos [¢] Sin[8] Sin[¢]
Co=[8] Cos[¢]

Rotation Matrix and Small Angels

Cos[a] =1, Sin[al] = a

Ry = Ro [¥] By [6] By [¢]

1 - O 1 o g 1 0 0
[w 1 0]. 0 1 0|.|0 1 -g¢|//MatrixForm
o o 1 -8 0 1 0o ¢ 1
1 Be¢-¢ B+dy 1 -4 8
Bone= ¥ 1+60Y -¢+64¥ (= |0 1 -y
-8 o 1 -8 1
1 0 0 1 o g 1 -w 0
Rgu=|0 1 -0 0 1 o0f|.|¢ 1 0f//MatrixForm
0o ¢ 1 -6 0 1 o o 1
1 - g 1 -y 8
Bagm = | B G +U 1-6¢y -¢ |~ |0 1 -
—G+ ¢y ¢+BY 1 -6 ¢ 1
= Roll: ¢
Pitch: 6
[ u 0 w -v ] 5in[&]
Iy | = [v +|-w 0 u q|+g|-Cos[6] Sin[d¢]
£z W v -u 0 r -Cos[8] Cos[d¢]
= Al
Cos[8] 0 5in[8] 1 0 ]
0 1 0 0 Cos[¢] -Sin[é] | // MatrixForm
_8in[8] 0 Cos[8] 0 Sin[¢] Cos[e]
'Cos[8] S5in[&] Sin[2] Cos[#] Sin[&] ¢
0 Cos[2] _Sin[8] |
-5in[& Co3[8] Sin[¢] Cos[&] Cos[g] |
Coz[8] 0 Sin[8] 1 0 0
(00 -g). 1] 1 u] .| 0 Cos[¢] -Sin[g¢] | // MatrixForm
-5in[8] 0 Cos[8] 0 Sin[¢] Cos[¢]
{gSin[& -gCos[&] Sin[¢] -gCoa[S5] Cos[d
1 0 0 Cos[-8] 0 8in[-8] 0
0 Cos[-¢] -Sin[-4] |. 0 1 il 0 | // MatrixForm
0 Sin[-¢] Cos[-g] _5in[-8] 0 Cos[-8] g
‘g 3in[&] \
|-chs' 1 Sin[eg] |
. -g Coa[&] Coa[@] |
1 o] 1]
0 Cos[-¢] -Sin[-¢] | // MatrixForm
0 Sin[-¢] Cos[-g¢]



10 a

0 Cos[g] Sin[g]
.0 -Sin[¢] Cos[2]
= yaw: @
@
x= |8
]
@ 1 Sin[¢] Tan[8] Cos[¢] Tan[8] P
8| = [0 Cos[#] _5in[8] q
] 0 Sin[¢] Sec[8] Coz[¢] Sec[8] r
= rotation vector: Roll: @, Pitch: 8, yaw: y
£u u 0w -v P 5in[8]
£y =[v +|-w 0 u g |+g | -Cos[8] Sin[¢]
fz w v -u 0 r -Cos[6] Cos[d]
Cos[8] 0 Sin[8] 1 o il
(00 -g). i} 1 u] |0 Cos[¢] -Sin[¢] | // HatrixForm
-5in[8] 0 Co=s[g] 0 Sin[¢] Cos[é¢]
@ 1 8in[¢] Tan[B8] Cos[¢] Tan[6] P
Xx=|8 =[U Cos[¢] -8in[8] q
W 0 Sin[¢] Sec[8] Cos[g¢] Sec[8] r
Sin[&]
Tan[8] =
Cos[8]
1
Sec[f] = ———
Cos[8]

Euler Angle

XX,

e - o1 G161 i lv]

Rayae = Ra [U] Ry [6] Ree [¢]

10 o]
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¢] Cos[é]

Cos[6] O $in[8]
0 10
-5in[6] 0 Cos[6]

Cos[¥] -Sin[y] O
sin[y] Cos[W] O
0 0 1

Cos[6] Cos[if] Cos[W] Sin[6] Sin[¢] - Cos[¢] Sin[W] Cos[¢] Cos[W] Sin[6] + Sin[e] Sin[¥]
Cos[6] 5in[if] Cos[¢] Cos[d] + 5in[6] Sin[¢] Sin[¥] -Cos[¥] Sin[¢] + Cos[¢] Sin[6] Sin[i]

-sin[8] Cos[6] Sin[¢] Cos[6] Cos[¢]
e ) 0 0
[uy =|o|+cE1e] | 6|+ o] C5IB] 0]
iy 0 u] W
é 1 Sin[¢] Tan[6] Cos[¢] Tan[8] | ( s
&= [U Cos[¢] -Sin[¢] Mg]
i 0 Sin[¢] Sec[6] Cos[¢] Sec[8] ) \w,
= Derivation
uy k3 10 0 0 10 0 Cos[6] 0 Sin[e] 0
[my]= o|+|0 Cos[g] -Sin[¢]|.|&|+|0 Cos[g] -Sin[e] |. 10 .[0]
g 0 0 Sin[¢] Cos[¢] 0 0 Sin[¢] Cos[¢] -8in[B] 0 Cos[6] i
iy @+ 1 5in[8]
[“y = | Cos[¢] & - Cos[6] ¥ Sin[¢]
Uy Cos[6] Cos[¢] & + 6 5in[g]
[ 1 Sin[¢] Tan[6] Cos[¢] Tan[6] ity wy + 5in[¢] wy Tan[6] +Cos[¢] wy Tan[6]
& =[0 Cos[¢] -5in[¢] wy | = | Cos[¢] wy - 5in[¢] wy
i 0 Sin[¢] Sec[8] Cos[¢] Sec[8] g Sec[9] Sin[¢] wy + Cos[¢] Sec[8] wy

Solve[{@ == uy, + 5in[¢] wy Tan[6] + Cos[¢] w, Tan[6], & == Cos [¢] wy - SIn[¢] we, ¥ == Sec[6] Sin[¢] wy +Cos[¢] Sec[6] e}, {Wy, Wy, wa}]

@ - 5in[6]

y " . ¢ - 5in[6]
[my] - % (2(:95[@5]s-wsm[e-wafwsm[s»,«p]) - | cose1 8+ cose] ¥ sine]
g % (Cos[8-¢] ¥ + Cos[6+ 8] ¥ -263in[¢]) Cos[8] Cos[¢] & - & Sin[4]

RPY angles



R[¢] = Rz [0] By [8] Ree[¥]

1 o] 1]
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¥] Cos[¥]

Coz[e] -Sinfe] O
Sin[e] Cos[e] O
o 1] 1

Cos[6] 0 Sin[6]
0 1 0
-5in[8] 0 Cos[6]

Cos[8] Cos[p] -Cos[i] Sinf[e] + Co=[e] Sin[8] Sin[¢] Cos[e] Cos[¢] Sin[8] + Sinfe] Sin[y]
Cos[#] Sin[e¢] Cos[e] Cos[w] + Sin[6] Sin[w] Sin[w] Cos[¢] 5in[¢] S3inf[w] - Cos[e] Sin[y¢]
-8in[0] Cos[®] Sin[y] Cos[6] Cos[¥]

Euler Angle (Roll ¢ %z, Pitch 8 ¥x, Yaw g Zs, ZYX) — Rotation Matrix R

IR = R, [¥r] .R, [6] .Ry [¢]

10 i
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¢] Cos[é]

Cos[#] -Sin[#] O
Sin[$] Cos[¥] O
0 0 1

Cos[8] O Sin[8]
0 10
-8in[6] 0 Cos[8]

Cos[6] Cos[] Cos[¢] 5in[8] Sin[¢] - Cos[@] Sin[w] Cos[¢] Cos[¥] 5in[8] + Sin[¢] Sin[¥]
Cos[8] 5in[] Cos[#] Cos[d] + Sin[6] Sin[4] Sin[w¥] -Cos[¥] Sin[$] + Cos[d] Sin[6] Sin[¥]
_8in[8] Cos[6] Sin[¢] Cos[6] Cos[¢]

= Inverse problem

R=|rm Trop Toz

Tzl Taz T3z

mmm]

the three RPY angles are (Be (-m/2, w/2))

0= ArcTan[rn, ral

&= Ar'c'I'an['\fl i+ i, ~11] = ArcSin[-rs ]
¥ = ArcTan[rss, ¥zl
or (e (m/2, 3m/s2))

¢ = ArcTan[-r11, -ral

6= ArcTan[-m . —1‘31] = ArcSin[-rs]
¥ = ArcTan[-rsz, -Trs2]
= 0 (Pitch) = n/2, Cos[0]=0
Tos - Tyz = (5in[6] + 1) Sin[¢ -]
Y15 + Tz = (SIn[6] + 1) Cos[¢ - ¥]
Tos + T1z = (SIn[6] - 1) Sin[e +¥]
T15 - Tz = (5in[6] + 1) Cos[¢ +¥]
¢ = ArcTan[rys - Yaa, o3 +Ti2]
8= ArcSin[-vs]

¥ = ¢-ArcTan[ris + roz, Yoz - Tiz]

Angle and Axis



z
T,
2 - -
-~ - / —
T Lo
- —
8 - TN A v
s
T
| y Y
— 7~ 7 >
— — .
- ~ | //
- o -
~.0
Tx
X
R[G, r] = Rz[a] Ry [B] Bz [6] By [-8] Rz [-ax]
R[G, r] = Rz[a] Ry [A] Rz [G] Ry [-5] .By [-a]
Coz[a] -Sin[a] O Cos[B] 0 Sin[g] Cos[®] -Sin[®] O Cos[-F] 0 Sin[-£] Cos[-a] -Sin[-a] O
= | Sinf[a] Cos[a] 1] 1] 1 0 .| 53in[8] Cos[#] a 1] 10 .| S3in[-a] Cos[-a] 1]
0 0 1 -5in[A] 0 Cos[BA] 0 0 1 -5in[-A] 0 <Cos[-§] 0 0 1
sinfa] = b4
Cos[al = I
Sin[B] = 4/ rZ+ 12
Cos[A] = rg
2 (1 -Cos[y]) +Cos[¥] Ty Ty (1-Cos[y]) - 1z Sin[y] Tyts (1 -Cos[y]) + ry Sinly]
g'R = | Bty (1-Cos[¥]) + ¥y Sin[y] ryz {1 -Cos[y]) + Cos[¥] ¥ ¥p (1-Coz[y]) - ¥, Sin[y]
Ty ¥y (1-Cos[y]) - ry Sin[y] ryrg (1-Cos[y]) + ry Sinfy] ;2 (1-Cos[y]) +Cos[y]
=&
sinfa] = Ty
Ty
Cos[al =
Sin[f] = afri+ 13
Cos[f] =z
Ty
= ArcTan[-2]:
a = ArcTan| rx]
B = ArcTan| ]:
s
Cos[a] -Sin[a] O Cos[f] 0 Sin[f] Cos[8] -S5in[Z] O Cos[-£] 0 3in[-B] Cos[-a] -Sin[-a] O
Sin[a] Cos[al u] a 1 0 .| 3in[8] Ceos[9] 1] a 1 0 .| S3in[-a] Cos[-a] a
0 ] 1 -5in[B] 0 Cos[B8] 0 0 1 -5in[-f] 0 Cos[-§B] 0 ] 1
Py 2.2 ; g
s (-1:Cos[6]) Ty Ty +Einf6] 1‘% 2 Tty | —(-1eles[8]) ryefan[E] oy o[ 14 = Tz
Cos[8] - (.:L‘c.-.,;[e]):x B _ =
]
E 1‘:_§ (1)
razl 2.2 ; Tty
~(LuCes[6]) mx 1y +5inL6] | 1o Lz . Tty [~(-LeCos[O]) oy FIn[S] oy 4 1o —7 | Tg
oz c (LeCes[B]E5 H
o2[8] - ————+
1 1 =
Ty | Le :E 1
22,22 | ofleBos [6]) Ty-Sdn[] o o[ 1v Herd I 242 | o(-LeCos[B]0 ToeBin[S] 1y 4 1o g I
| Tty * ¥ |- Y ¥ ¥ F T e (el
= = TZox2ex2
E :E (1) P 1‘:_2 (1) ¥

=
e 3 xl
Ty Tp - Cos[B] ryr; - 5in(8] ryp. |1+ :2-'" Yy Typrp-Cos[B] rprp +5in[B] rp, 1+ :_23' Ty
T z

2 2 2 .
L+ + T =1

Cos[e]cl | Ces[#1zl . =2
P R T e R T ]

2'
f:ﬁ':g, —{ L+Cos[6]) Dy BAn[E] Ty 4| 1+ i :Y ]:5
2,22
os - (-1+Cos —(-1+Cos ¥y Fy, - 5in P
Cos[6] - (-1+Cos[6]) ¥ (-1 +Cos[6]) y - SIn[6] 4/ 1 =
" | cgect,
e
head [~(-LeCos[6]) Ty Sin[S]zy 4] 1+ “23" ]:5
2,12
~{-1+Co8[6]) Fy ¥y + Sin[6] 4/ 1+ "‘I;r r2 Cos[8] - (-1+Cos[8]) £2 /
herd, )
1:)2(‘1:%, ~(Leles[]) ry-Fin 8] oy 4| 1e— Iz :)2(.:§, ~(LeCos[8]) rpsSin[ 8]y 4] 1o—g P
=z & Cos[6] [zl Jurd
ZoE el
[ ) Ty
e iacd
Cos[8] + i - Cos[8] rl Ty Ty - COS[6] ryery - Sin[6] [ 1+ 25X 1l Ty Tg - COS[6] Ty ¥p + SIN[6] vy, [ 1+ =55
Tz Tz
2.zl 2.zl
Ty Ty - Cos[8] rery + 8in[6] , 1+ 2L 12 Cos[6] + 13 - Cos[6] 13 Ty g - COS[B] ry vy - Sin[6] 1y o[ 1+ =51
Tz

] /4 Factor // FullSimplify // MatrixForm

// Factor // FullSimplify // MatrixForm

// Expand // MatrixForm

I

r, | // FullSimplify // MatrixForm



r? (1-Cos[8]) +Cos[8]
Ty Ty (1 -Cos[8]) + ry Sin[8]
Ty ¥x (1 -Cos[8]) - ry 5in[8]

¥, ¥y (1 -Cos[8]) - r; 5in[6]
ry? (1-Cos[8]) +Cos([6]
¥, ¥z (1 -Cos[8]) + 1, 5in[5]

Ty, ¥; (1 -Cos[6]) + ry 5in[6]
ry p (1 -Cos[8]) - ry, 5in[8]
r.? (1-Cos[8]) +Cos[8]

= Inverse problem

R=|rm Tz T

t‘:|_1.‘f‘:|.2‘f‘:|3]
Tzl Taz T3z

the angle and axis of retationare (5in[®] = 0)

T+ To2 +‘f33-l]‘1

6=Cos|
2
1 iz - Ipx
= = | T1z - T3
2 3in[6
in[6] Ty - Tz

2, .2 .2
r+rp+rz=1

Angle 6 and Axis r

Ty
- [ iy
r,
lrl=4nd+rfer? =1
T,
sinfa] = —%
Al 0P+ 1t
T,
Cos[a] = ——=
Af T2+ ry?
Al B® r,?
8in[f] = ————— =4/ +?
r?+ vt et
Tg
Cos[f] = =Ty
2+ vt et

a= hrcTan[k]
Ty

RV
—1

B = ArcTan|
T,

R[5, r] = Bz[a] .Ry [B] .R: [6] .Ry [-B] .Rz [-a]

Cos[a] -Sin[a] O Cos[f] 0 3in[f] Cos[8] -5in[Z] O Cos[-B] 0 Sin[-A] Cos[-a] -S5in[-a] 0O
= | Sin[a] Cos[a] 1] 1] 10 .| 83in[8] Cos[8] 0 1] 10 .| 8in[-a] Cos[-a] i}
0 0 1 -Sin[B] 0 Cos[B8] 0 0 1 -58in[-B] 0 Co=s[-A] 0 0 1

Ty Iy (1 -Cos[8]) + ry Sin[8]
ry ¥y (1-Co2[8]) - r, Sin[8]
;2 (1-Cos[8]) + Cos[8]

. (1-Cos[8]) +Cos[8]
= | By ¥y (1 -Cog[6]) + r; 5in[6]

Ty Ty (1-Cos[8]) - 1y 5in[F]
ry? (1 -Cos[8]) +Cos[6]

Ty rp (1-Cos[6]) -ry5in[8] ry vy (1 -Cos[B]) + 1y 5in[8]

Rotation Matrix — Angle 8 and Axis r

Ty Tz Tis
Ty Tz Tos
Tzl Tsp Taz

R[S, 1] =

R[-8, -r] =R[B, r]

8 = ArcCos| 2

1 Tzz - Iox
T1s - sl
Ty - Tz

2 5in(e]

10
in

—

T11 + Taz + Taz

2 (1-Cos[8]) +Cos[6]
¥y ¥y (1-Cos[8]) + ¥, 3in[8]
Ty Ty (1-Cos[8]) - ry 5in[8]

r11+ r22 +!33-1]

Ty Fy (1 -Cos[8]) - rp 5in[8]
r,? (1-Cos[8]) + Cos[6]
Ty p (1-Cos[8]) + 1y 5in[8]

=17 (1-Cos[6]) + Cos[6] +r,” (1-Cos[6]) +Cos[B] + r;° (1 - Cos[B]) + Cos[6]

= + 1"+ 1) (1-Cos[8]) + 3 Cos[6]

= (1-Cos[8]) + 3Cos[8]
- 1+2Co8[8]

T+ Tpz +Taz -1

Cos[8] = 2

6 = ArcCos| >

Tzp - Toz

r11 + Ty +‘f33-1]

= (rp Ty (1-Cos[8]) + 1y 5in[8]) - (ry re (1 -Cos[8]) - 1y, Sin[8])

- 2r,8in[8]

Tsz - Ig3
2 8in[6]

1z - T

= (Fy ¥z (1-Cos[6]) + ry 53in[6]) - (ry ¥z (1 -Cos[8]) - ¥y, Sin[8])

=2r,5in[8]

Ty Ty (1 -Cos[8]) + ry Sin[8]
Ty ¥g (1-Co=2[8]) - 1, 5in[8]
2 (1-Cos[8]) + Cos[8]



T1s - sl
2 5in[8]

!‘Y =
Tz - Tz

= (T Ty (1-Cos[8]) + vy 53in[6]) - (ry ¥y (1 -Cos[6]) - e Sin[8])
=21, Sin[8]

_ Fm-Tri
2 8in[8]

= 5
T: -1
.3:;“.;('_05[%]
[l’x 1 Tap = Taz
F=|¥p|=—o—— [T3-Ta
2 5in[g
Iy in[6] Ty - Ti2

2, .2 .2
r+rp+rz=1

Quaternion — Rotation Matrix

= Euler axis

Uy
ﬁ= [u'y]
Uy
= Angle
=]

= Rotation Matrix
Cos[B] +1,2 (1 -Cos[8]) U Uy (1-Cos[8]) -uy 3in[8] uy ug (1 -Cos[6]) +uy, 5in[8]
R[6 ] := |upu, (1-Cos[6]) +u; 5in[6] Co=[8] +u7(,2 (1-Co=[8]) Uy Uy (1-Cos[8]) - u,5in[8]
ug Uy (1-Cos[8]) -uy Sin[8] ug; uy (1-Cos[8]) +u,3in[8] Cos[B] +1ug? (1 -Cos[8])

= Concisely

R=ICos[8]+5in[8][u]l,+ (1-Cos[8]) uu

100
I=[CI 1 0]
oo1

0 -up ouy

ul.=] . 0 -uy

—u w0

W Uy lly Uy Ug
uSU= | WUy 1.:|,_,‘,2 Uy Uy
Ul Wyl gl

Quaternion Representation

= A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A

. A rotationof angle & around an axis %% defined in frame A

Az
F=(ry Ty Tg)

= nor ized four-di ional vector

-(m @ & @)=(Cos[]] -nsin[f] -rpsin[3] -msin[1])
= 4parameter representation p={n,&}
[}
=C —
n=Cos| 2 ]

€= Sin[%] Ay

(e, a?) and (-6, -a?) give the same quaternion
= quaternion extracted from R*-RT
g™ = (n, -€}
= the quaternion paramentrization obeys
o v’ v’ e’ =1

P',|2+E§+E§,+E:=1



= hypercomplex numbers {i,j,k}

a+bi+cj+dk

ij=-ji=k
jE=-kj=1i
ki=-ik=3j

= 2x2 Complex Matrices, The quaterniona+bi+cj+dk

(a+bi C+dJ'L]
-c +di a-bi

= A quaternion conjugate
Raox

M-l -(m -@ - -G)

= A quaternion product ®

01 =1{m, €1}, 0z = {M2, €2}

E1xz = (MM -€17€:, M+ e+ E1x )
= Hamilton rule

a@b= (& & a 8)@ (b b by by)

s(m+api+asi+ak) (bu+bpi+bs]+buk)

caiby+iaybi+jasb +Easbi+iamby+ifazbp+ijasby+ikagbr+jarbs+ijasbs+iiasbs+ikasbs+Eayby+ikasby+jkas by+E ag by

cab+ifa ket a b +E A by

+iasy+iagb +jEkas bz +jkas by

+jazs I +ikag b +Jay bs+ikas by

+EagIp+ijazbo+ijas bs+Eag by

=ay by - 3 by -3 by -ay by

+iasy+iaggb-iag bz+ias by

+Jazsh+Jaab+Jaabs-Jar by

+Eag Ip-Eas by +Ea; bz +Ea by

=ay by - 3 by -3 by -ay by

+1 (81 by +ayIn +a83 by - a4 bs)

+] (1 bs -3 by +as In + a4 o)

+E (ay by +ap by -a; by + a3 bn)

a1 by -a; by -a3 s -ay by

| br+ar by razby -ag by |
a1 by -a; by + a3 by +ay by
aby+arbr-azby+ayln

by by
= (@ a a a). :: ii
-by -D:

FEpy
FoFF

= Euler axis

= Vector's Elements
@ =Cos[ 7]
& =, Sin[ 7]
s = ey Sin[g]
Qg = €g Sin[g]
= Inverse problem

R=|rm T T

¥zl Taz iz

Y‘.L‘L"‘.Lz’f‘_lj]

the quaternion is (g = 0)

W11+ Yoz + Taz + 1

=
n
(S

; Sign[rss - ras] WV r11 -Top -TFa3 + 1
€= 5 | Signlrs -rs] Ve -Ts -+ 1
Sign(ra - riz] V ¥ss -Fn -T2 + 1



A three dimensional vector - Same vector from frame A to frame B

=00 Buy Bu, Fug) = (@ @ @& @)e(0 Py

=lm @ & @)o(0 Py

ey
FEEE
FEey

a®b=(a a & a)®(by by by be) =(a a & a).

g FE

By Pg)e(@m -@ -9 -G )

Ruy M) ela -w -g5 -G )

=(@ & O @W)®(0 Vi YV V)@ (R - -0 -U)

0 e vy Y @ - @ -G
-v 0 -V Wy ® @ W -G
(o @ & @) .
o -Vy Vg o -V €& -ds @ @
-y =Wy Wy u] 4 &= - @

U Vet WV -V - Ve r 2 s V-2 s Ve + 2 G Ve + 2 e s Vi
20 Oy Vo + 2 e Ve + G V- V0 Vy -G V-2 e Ve 20 s Ve
O GVt 2 GVt 2 Ve 42 G WVt B Ve - V- v+ W

o

(af +af -of -af) Ve +2 (- ) Ve+2 (& + @) Va
2 (s ds) Vit (of -af +of -af) V2 (- v W) Ve
2 (- G+ s Vet 2 (e +0s Ga) Vo + (of —af -of +af) v

v=Fgetyelg”

2gf-1+2¢ 2(@@m+@d) 2 (RS-0
BR=|2(@a-ma) 26-1+2¢8 2 (@@ aa)
2+ ds) 2 (d-hd) 245-1+24qf

2gf-1+2¢ 2 (R@-@d) 2 (% G+ @)
R |2 (@E&+ @) 2-1+2¢ 2 (GE-0w)

2 ew-as) 2lEwrae) 29-1+249

qu_+q22+q§+qf=1

u=§R.au

2gf-1+2¢f 2 (BEm-@G) 2 (@@ s
2 {emrma) 26 -1+2¢ 2 (B%-@®)
Q- mds) 2 (Bd+@md) 2af -1+24f

Vi
Vy

Vz

(-1+2gf+2q) Ve +2 (@G- QL @) Vp+2 (@G + @ W) Va
2 (@ @+ @ de) Vet (-1+20f +2g8) Vp+ 2 (- + 8 Os) Vi
2 (- s+ e ls) Vie+ 2 (G +Gs ) Vp+ (-1+2af+2af) vy

(~(cf +afvaf vaf) +2af +2ad) Vie+ 2 (o Qs -Cl Ga) Vi + 2 (O O + Qo Ga) Vi
2l r ) Vet ((afrafrafraf) +2af +20f) v+ 2 -+ W) Ve
I (- W+ D) Vie+ 2 (e + 0 Q) Vo + (-(af +0f v +af) +2af +2af) v,

(af +af -f -af) Ve +2 (G- D) Ve +2 (0 @+ @) Va
2 () Vit (0f -0f +af -gf) v+ 2 (- + B W) Ve
2 (- s+ s) Vie+ 2 (R + s Ga) Yy + (o -af —af +af) vy

FeFE

Rodrigues formula

Vector

abzaxb

ab=axb-a-b

AxyxZ=(X-Z)¥-(X-7)2

abc=(axb-a-b)c

(axblc-(a-b)c

{{axb)=xc- (axb) -c}-(a-b)c

={{a-c)b-({a-b)ec-(axb)-c}l-(a-b)c

n
o

-c)b-(axb).-c-2({a-b)c

uvu=s (u-u) v-{uxv)-u-2{u-vju

(x=y) -

1
=

-y wv-2{u-wvju

2]

=(2xX) - ¥=(¥=2) -X

uxv) -u=(uxu) -v=(vxu) -u=0



Voe = W COS[B] + (ExV) $in[6] + k (k- v) (1 -Cos[6])

Given a rotation axis represented by aunit vector k and a vector v to rotate about k by the angle &

Vector Projection of v on k

Vparallel = (B - V) k

Vector rejection of v from k

Vorthogemal = V = Vpara11e1 =V - (E- W) k

W=ExV = Ex (Vorthogonal + Vparallel) = E % Vorthogonal + B % Vpara11e1 = K % Vorthogonal

Vorthogomalper = Verthogenal COS[8] +w 5in[8]

= (v- (£-v) k) Cos[B] + (kxV) $in[8]

Vrat = Varth 1 + Vioarallal

= Vorthegenaly oy + Vparallal

= (V- (k-v) k) Cos[6] + (kxV) Sin[6] + (k- v) k

- wCos[B] + (Exv) $in[B] +k (k- v) (1-Cos[8])

0 -k3 ks

K=|k 0 -k ]
E; kO

Kv=kxv

Vegr = VCOS[6] + (Exv) 5in[8] + & (k- v) (1-Cos[6])
= v Cos[6] +K v 3in[8] +k (k- v) (1-Cos[8])
=v-v+vCos[B] +K v Sin[8] +k (k-v) (1-Cos[8])
=v-v(1- Cos[6]) +K v 5in[6] +k (k- v) (1-Cos[8])
=v+Kwv5in[6] + (k (k- v) - v) (1-Cos[6])

ax (bxc) =b{a-c) -c {a-b)

(E(k-v)-v) =(k(E-V)-v (E-%)) =Ex (kxV) =K° v

=V+53Iin[8] K v + (l—Cos[B])sz
=Rw

R=TI+5in[6]K + (1 -Cos[8]) K*
R=exp[8K]

R[EIR[¢] =R[6+¢], R[0] =T

g
I

R(Z|) = cosfF | + sinw &)d
) =3-&=2—(

R(Z) = R(F))+ R(ZL)

R(Z)|) + cosbz | + sin o

(@ 7)a+ cosb(x — (a-x)a)+ sinbw

= coshZ+ (1 —cosh)(a-x)a—+sinf(a x ¥)

8l

=]



X=nh-(N-X)-nx(hxX)

ax(bxc) =b(a-c)-c(a-b)
nx MxxX) =n(n-xX) -x(n-n) =n(n-x) -x
axb=-bxa
X =n-(n-x)+5in[a)] (nxx) -Cos[a] nx (nxx)
X =x+5in[a] Nx+ (1-Cos[a]) P x

X' =n-(n-x)+58infa] (nxx) - Cosfa] (nx (nxx))

=n-(n-x) +5infa] (hxx) -Co=[a] ((n-x)n-x)

=(l-Cos[a]l)n(n-x) +5in[a] (nxx) + xCos[a]
=xCos[al + (nxx) Sinf[a] +n (n-x) (1-Cos[al)

Cos[26] = 2Cos[8]2 -1

&2 6.2 g2 8.2
Cos[&]_QCos[?] —l_Cos[E] _Sln[E] _1—251n[5]
$in[2 8] = 2 Cos[6] 5in[8]
) -
Sin[8] = 2(‘.03[?] Sln[?]

ab=axb-a-b
abc=(axb-a-b)c
={axb)c-{a-b)c

={(axb)xc- (axb) -c}-(a-b)c

Xxyx2=(X-2)y-(x-7) 2

{[(a-e)b-(a-b)ec-({axb)-el-(a-b)ec
(uxv) -u=(uxu) -v=(vxu) -u=0
=f{a-c)b-(axbk) -c-2(a-k)c

uvu= (u-u) v-fuxv) -u-2{u-vju

=u-upv-2{u-vju
X' =n-(n-x)+58infa] (nxx) - Cosfa] (nx (nxx))
=xCos[al + (n=xx) Sinfa] +n (n-x) (1 -Cos[al)

a2 - - a . a -
=x(Cos[?] —Sln[;] J+ (nxx) (QCDS[E] Sln[g]] +n (n-x) (QS:m[E] ]

2

]

=xCos[§]2+2 (nxx) Cos[%] Sin[%] -{x(n-n) -2n (n-x)) Sin|

(ST -]

a2 @, @ CoLaz
=xCos[E] + (XX +nxX) CDS[E] Sln[;] - ({n-n)x - (nxx) -n-2{n-x)n) Sln[;]

a2 a a o2
=xCos[E] + (nxX - Xxn) CDS[E] Sin[E] - ({in-n)x- (n-x)n- (nxx) -n) - (n-x) n) Sin[E]

a2 a a a2
=xCos[E] + (XX -KxN+X-N-0-X) Cos[?] Sin[E] - ({(nxx)xn- (nxx) -n) - (n-x)n) Sin[E]
=xCos[§]2+ (nxXx-n-x- (Xxn-x-n)) Cos[%] Sin[%] - ((nxx)n- (n-x)n) Sin[%]2
=xCos[§]2+ (nx-xn) Cos[%] Sin[%] - (nxx-n-x) nSin[%]2

=xCos[§]2 +nxCos[§] Sin[g] —xnCos[%] Sin|

ta| 2

]—nanin[%]z
= (Cos[%] +nSin[§]] x (Cos[%] —nSin[g]]
=gxq”

a= Cos[g] +n Sin[g]

- . . . - A~
Axis/Angle — Rotation matrix— Orientation 5
« Axis/Angle — Rotation Matrix = R
T

a= Arch[i—x];

iR =R[¥, £] =Ry [a] .By[F] R [¥].Ry[-£].Re[-al

Cos[a] -Sin[a] 0O Cos[A] 0 Sin[f] Cos[y] -S5in[y] O Cos[-A] 0 Sin[-fA] Cos[-a] -S5in[-a] O
= | 8inf[a] Cos[a] 1] 1] 1 0 .| Sin[y] Ceos[¥] a 1] 10 .| 8in[-a] Cos[-a] 1]
0 0 1 -8in[B8] 0 cCos[g] 0 0 1 -8in[-B] 0 <Cos[-8] 0 0 1

2 (1-Cos[y]) +Cos[y] Ty ry (1-Cos[y]) - rp Sin[y] ¥y rm (1 -Cos[y]) + ry Sin[y]
= | rxry (1 -Cos[y]) +x; Sinfy] rY2 {1-Cos[y]) +Cos[y] Ty ¥g (1-Cos[y]) - r Sin(y]
Ty rp (1-Cos[¥]) -1y 5in[¥] ry ¥y (1-Cos[y]) + 1, Sinly] r.? (1-Cos[y]) +Cos[y]

ri1+ Fa2 +¥s3 -1
[armmem o

¥ = ArcCos



[ Ty 1 Tap - Taz
E= F|= - Tz - Tz
T 25inly] Ty - Ti2

« Orientation = @ — Axis/Angle — Rotation Matrix £ R

Cos[£] = t,] 2o sinpz] s [ 2wn)

d-(m @ @ @)= (Cos[f] wSin[f] rSin[Z] r.sin[X])

+

%.:Cos[%] =t\/@

qz:r,‘sm[%]ﬂrx\/@
%:rysm[%]qry@
qq:r,sm[%]ﬂrs\/@

. 2
3 1+ Cos[y]
2
1-Cos
22 [¥]
2
2 2 1-Cos[y]
1-Cos
2=r: [¥]
2
= 3

Cos[y] =2gf -1
2 (1-Cos[¥]) = 2 ¢
¥, (1-Cos[¥]) - 2

2 (1-cos[y]) =2}

Sinfy] =“jl—CDS[7]2 =V(1-Cos[y]) {1+ Cos[¥]) =*\,12q;|2_ {1 -Cos[¥])

Sinfy] = 42 @ 1-Cos[y]

e
4 1-Cos[y]

Ty =

R EL N
Al 1-Cos[y]

Ty =

’V’E%
4 1-Cos[y]

T =

sinfy] = ¥2 @ V1 - cos[y]

12 (1-Cos[y]) +Cos[y] Ty Ty (1-Cos[y]) - rp Sin[y] ¥ ¥ (1 -Cos[y]) + ry Sin[y]
gR = | rury (1-Cos[y]) + ry Sin[y] rYZ {1-Cos[y]) + Cos[¥] Ty ¥p (1 -Cos[y]) - ry Sinfy]
Ty ¥z (1-Cos[¥]) - ry Sin[y] Ty rz (1-Cos[¥]) + 1y Sinly] r:? (1-Cos[y]) +Cos[y]

e Sz e e e e
2gi+2gi-1 =% T % (1-Cos - 2% /3 4/1-Cos =% T % (1_Cos 2% af2 g 4/1-Cos
Ereh 1-o=[w] 1-los[w] ( [Y] ) 1-LCos[w] @ [-:”] 1-los[w] 1-los[w] ( [V] ) * 1-LCos[w] @ [-:{]

A g NE g NE q 2 2 e e e -
=% T % (1-Cos 2% 43 g 4/1-Cos 2 2gf-1 =% T % (1-Cos - 2% 4l gy 4f1-Cos f/ FullSimplify // Together //
W 1fes[x] W 1Ces[x] ( o) + 1 fas[] @ e E+oh W 1lCes[x] A 1-Los[w] ¢ ¥ 1 fes[¥] @ bl | /7 T i0Te o

AT g dE g 7 g e e e 2 2
_Mi® M () _Cos 2T af2 /1 _Cos =B "% (1-Cos 2% a2 4f1-Cos 2 2qf-1
W 1fes[x] W 1Ces[x] ( b 1 fas[] @ [ W1l Ces[w] A 1-Ces[w] t ¥1) + 1 fas[+] @ (x] G

MatrixForm

“1+2gf+ 20 2 (@ds-mds) 2 (G +d Ga)
R=|2(@eraw) -l+2¢+2¢ -2 (@QE-Ga)
2B G- ®) 2(ma G -1+2q+2qf

(th o o ) =(1 S Sy €))7

Sli2qgs2g? 2 (ds-tds) 2 (chds+deds)
2 (g Os + Ch Gy ) —1+2q]2_+2q32 -2 (e Oz - g5 q) |/ MatrixForm
2 E-ed) 2(@dk+Esa) -l+2g+24

207+ &) -1 2(exey-ne) 2 (Exem+neEy)
RN, €]l= |2 (ex€p+Ne) 2 (P +€3) -1 2 (Ep€:-TE)

2 (Ex€x-Mey) 2 (epex+ned 2(nf+€l) -1

. . A o~ =~ . ~ ~
Orientation 5 94 — Roll @ Xz,Pitch 8¥s,Yaw p Zs
¢ around ¥y, & around Jg, ¢ around Zg

“1+2gis2gl 2(ea-ad) 2(0dE+ o)
S2(@mramd) -1+2af+2@ -2 (ME-Ga)
2@ s-wd) 2(mEraa) -1+2g+2q

rm Tz Tis
Tyl Tix Tos
Tzl Tix Taz

g

b= Ar'c'I'an[g'R33, g’R32] = Arc'I'an[Qqu_—l+2q*2, 2 (gs q.;—qlq_-z}l]

8= —ArcTa.n['\,'l 1-#RE §‘R31] = Arc.Sin[-%Rn] = —ArcSin[2 (g gy + @ @) ]



¥ = ArcTan[fRn, fRiz] = ArcTan[2qf - 1+2a5, 2 (& % - @ @) ]

Roll ¢ X5, Pitch 6 y5, Yaw ¥ Zp

Rotation Matrix 2R

Axis / Angle

s
L]
-
[]
Quaternion 4
Axis/Angle
=« A rotation of angle & around an axis 2f defined in frame A
Riﬂ:(r,( Ty Tz )
Bpy By
p_ Rp:[, ,BP= Bp:{
Apg By
Bt By Az,
Ra=|Mxy |, Fa= | My | B | P2y
g By, Rz,
Bt By Bz,
g = Bx'_'( s F8 = B'!y  Ep = Bzy
P Bys Pz,
Ea %
Fa|r | Te
2 Zp
A A B
P=,R"°P
p =RP=Pp g+ gn s B i
=Br=Fpap +Ppyip+Pra i
Bpy| [RPiz) [Pany [FPEg) Crusp +Ppy S5 +Fra 88 %) r2p 2. tp2a 5 3a) (FPu)
Boo | Bpp | = |2pgn | =|2sa ] = |Breal =] Bruss +Bry i5 +Fm 85 2 =l£-5‘_:-a £5ta % dn|-|Fry|=ErEe
Bpo ] \Reag | \PEal 1Brg,] (Brusp +Ppy 95 *Fpodp) 85 35 Ea ¥ A 3B Ea) |Fpg
Sp%n §E2n SpEa) (D Px) (25 ) Bpu® (G %) Ppy+ (35 2) Fpg ) [ CPxp ¢ TRy in +Tra i) 22 Begn) (®an) (REEa) [ Pe)
%RBP‘I*BQR gnin fndn | [ Pre| = | (5 fa) Bt (Gp $a) Pv e (35 $2) Brg | = | Oredn ¢ Py fn ¢ Pra Bp) Fa [ = |PPia ] = | Poa | = |RRga | < [Frr [P
#pEn PREn EBEA) |Bpo| | (% 3x) Prut (95 %a) Pry ¢ (55 22) Prs ) | Cpusp ¢ Ppp 05 +Pps 85) 85 ) (FPEg| (PEaS \Reg | | |
%p Xp FeEa Zp Ep Y11 i Fis
R=|%fa Ts7a Z6da =[1“21 Tz 1“23]
¥ 2a 5 Za 25 Za Tzl Tap Ta3
R R . A
Axis/Angle — Rotation Matrix s R
r.
{I:A_FCTBI][—Y];
r)(
*Ty
B = ArcTan| ]:
Ty
Rlw, r] = Rala] .By [B].Ra [7] . By [-5] .Bg [-at]
Cos[a] -Sin[a] O Cos[B] 0 3in[f] Cos[y] -Sin[y] O Cos[-B] 0 Sin[-fA] Cos[-a] -Sin[-a] O
= | Sinf[a] Cos[a] 1] 1] 1 0 .| Sin[y] Cos[¥] a 1] 10 .| S3in[-a] Cos[-a] 1]
0 0 1 -5in[B] 0 Cos[B] 0 0 1 -5in[-B] 0 <Cos[-§] 0 0 1
1 Tz T r2 (1-Cos[y]) +Cos[¥] ¥ ¥y (1-Cos[¥]) - r: Sinfy] ¥ ¥z (1-Cos[y]) + ry Sinfy]
gR = [rﬂ Taz T ] = | T ¥y (1-Cos[y]) + ¥z 5infy] ryz {1-Cos[y]) +Cos[y] Ty Ty (1-Cos[y]) - ry Sinfy]
Tl i T T ¥ (1-Cos[y]) - ¥, Sin[y] ¥, rz (1-Cos[y]) +r,Sin[y] r:* (1-Cos[¥]) +Cos[¥]

Axis/Angle — Roll @ %z, Pitch 8 ¥, Yaw y 2&, ZYX

¢ around ¥y, & around Fg, ¢ around g

@ (Roll) = ArcTan[rss, rs3:] = ;B_rc.Ta.n[n,2 (1-Cos[¥]) +Cos[y], ry s (1 -Cos[y]) + 1y Sin[};]]

§ (Pitch) = ArcSin[-rs] = ArcSin[r, 5in[y] -, ¥z (1 -Cos[¥])]

¥ (Yaw) = ArcTan[ryy, Fyo] = A‘c‘c‘.Tan[r:‘,(2 (1-Cos[y]) +Cos[¥], ryu Ty (1-Cos[y]) +1g Sin[}f]]

. . A o
Axis/Angle — Quaternion = 4
An arbitrary orientation of frame B relative to frame A
Ao ) ) )
M-lwm @ o @)= (Cs[F] -mSin[f] -rSin[X] -rSin[Z

2 2 2 2
@t v =1

1)



Euler Angle (Roll ¢ %z, Pitch 8 ¥s, Yaw y Zs, ZYX) — Rotation Matrix 5 R

X axis (Roll) & —» By [¢] - {-m, m}
Yaxis (Pitch) 6 R, [6] » {-m/2, m/2]}

Z axis (Yaw) ¢ - B [¢] = {-m, 7}

mmm]

§R=Rm=[r21 Tzz Toz
Tzl Tsp T3z

=R [W].RBy [8] . Ry [¢]

10 0

0 Cos[¢] -Sin[¢]
0 Sin[¢] Cos[é]

Cos[8] O Sin[8]
0 10
-8in[6] 0 Cos[8]

Cos[¢] -Sin[y] O
// MatrixForm

sin[4] Cos[W] O
0 0 1

Cos[¢] Cos[i] 5in[6] + Sin[¢] Sin[y]
_Cos[¢] Sin[¢] + Cos[¢] 5in[6] Sin[¥]
Coz[8] Cos[¢]

Cos[6] Cos[#] Cos[¢] 5in[8] Sin[¢] - Cos[@] Sin[y]
Cos[6] 5in[#] Cos[#] Cos[d] + $in[8] Sin[a] Sin[¥]
_8in[8] Cos[6] Sin[¢]

Euler Angle (Roll ¢ %=, Pitch 8 ¥=5, Yaw y 2=, ZYX) — Axis/Angle
Cos[8] Cos[i] +Cos [¢] Cos[¥] + $in[8] Sin[¢] Sin[¥] + Cos[6] Cos[$] - 1

¥ = ArcCos [%] = ArcCos| 2

(Cos[6] 5in[¢]) - (-Cos[¥] Sin[#] + Cos [¢] 5in[86] Sin[¥])

L% 1 T3z — Ta3 1
Fo|rp|oo— |-t | =——— {Cos [¢] Cos [] Sin[6] + Sin[¢] Sin[¥]) - (-Sin[8])
r.) SO () _n, ) 25IBIV] { (cose) Sin[¥]) - (Cos[¥] Sin[8] Sin[¢] - Cos [¢] Sin[¥])

Euler Angle (Roll ¢ %=, Pitch 8 ¥=, Yaw g Z=s, ZYX) — Quaternion = &

1
*Z:L=E VT +Top + ez o+ 1
Sign[rsp - Tp3]
Gp=-——————— W -Tp-Tn+l

2
Sign[ris -Tsl Y —
G- Vrm-ms-me+l

Signlry - T Y ——
- rzz-Trpn-Tram+l

q =
* 2

VI + Tz + s+ 1

=

ta|

% 41 +Cos[8] Cos[¢] + Cos[6] Cos[if] + Cos[¢] Cos[y] + 5in[6] 5in[¢] Sin[y]

signirs -ts] ———— —
o= NP - -Tm+l

2

- Sign[Cos[8] Sin[¢] + Cos[¥] Sinlg] - Cos[¢] $in[6] Sin[y]] 41 _Cos[8] Cos[¢] + Cos[B] Cos[¢] - Cos[¢] Cos[¢] - Sin[6] Sin[4] Sin[y]

Signlrys -rs] Y ——
G- VT -T-mnel

2

- 5ign[$in[6] + Cos[¢] Cos[¥] 5in[6] + Sin[¢] Sin[¥]] v/ 1 - Cos[6] Cos[¢] - Cos [6] Cos[¢] + Cos[¢] Cos[¥] + 5in[6] Sin[¢] Sin[¥]

Signlry - Tl N ——
= rsz-Trpn-Trm+l

2

- sign[-Cos[¢] 5in[6] 5in[¢] + Cos[6] Sin[¥] +Cos[¢] 5in[i]] 4/ 1 + Cos[6] Cos [¢] - Cos [6] Cos[i] - Cos[¢] Cos [¥] - 5in[6] 5in[e¢] Sin[i]

- A o~ . . A
Quaternion & € — Rotation Matrix s R
gq‘:(ql © @& gy ) = (Cos[%] —r,(Sin[%] -r_,‘,Sin[%] —¥, Sin[%])

Cos[%]=i EL:[Y] , Sin[%]ﬂ JL:[‘”

m Tz Tz
;1 Ty Toz
Tzl Tsp T3z

R =

Ty ¥y (1 -Co=[8]) + ry 5in[8]
Ty ¥g (1-Cos[8]) - r, Sin[8]
r.? (1-Cos[8]) +Cos[8]

Ty ry (1 -Cos[8]) - r; 5in[6]
r;? (1-Cos[8]) +Cos[8]
ry rp (1 -Cos[8]) + r, 5in[6]

2 (1-Cos[8]) + Cos[6]
T Ty (1-Cos[8]) + ry 5in[8]
¥y rp (1 -Cos[6]) - ry 5in[6]

2(eEm+m ) 2 (ha-n0s)
205 -1+2¢ 2 (@ +@ @)
2gf —1+24q2

2¢gf —1+242
2 (B @G- @@
2w+ m®) 2 (Ba- o ®)

Quaternion = & — Euler Angle (Roll ¢ %=, Pitch 8 ¥z, Yaw y £, ZYX)

¢ = ArcTan|[FRss, pRsz| = ArcTan[2qf -1+2qf, 2 (@ @ - L @) |
= -ArcSin[2 (gads + Q1 Gs) ]

6= ArcSin[-#Ru] =

¥ = ArcTan[fRu, pRaz ] = ArcTan[2af -1+24a3, 2 (G @ - G G |

Quaternion = & — Axis/Angle

. 1
T -1
«{:Amcos[%]
2gf-1+24f 2gi-1+2¢f 2gf-1+2¢d) -1
=MGCDS[(<11 +2q3) + (2@ ; @)+ 2y -1+205) ]
=ArcCos[—2+3q]2_+q22+q§+q.f]
= ArcCos[2qf - 1]
. 2
[I’x 1 T3z - Taz
F=|¥p|=—o0—— [f3-T2
2 5i
Iy infy]l Ty - Tz




2 (tsds - k) -2 (5 + k)

1
=m 2 (Uodls —Ch Us) -2 (U +Ch )
VU loee-aw -2 (@asraw)
1 -2q @
s | faws
Sin[y] Do

ql=.305[%] ot w
fl—Cos[}(] 2z
— =331 -

2 * a

sin[y] = 2Sin[%] ch[%] —ogg1-a

+

Sin[%] =

20 (@ -nl-gf -n/t-df -nat-qf)

¥ = 2 ArcCos[a] = ArcCos[2q” - 1]

[rx] 1 —2‘h‘12]
f=|tp|=—|-2@a@®
T, Sinfy] 2@
1 2@ &
— |2a®
2@l-gf \-2a@

-1 2

= ds5

1-gf L

M-lw @ & ®)=(qg ral-@@ rpyl-@@ mafi-a)

¥ = ArcCos|2 @ - 1]

) g% -1 Oz
F=|rp| = o)

I, 1-gf \da

. 6
T -1

y:hrctos[%]=ArcCos[—2+3q]2_+q22+q§+qf]=ArcCos[2q]2_—l]

Tx 1 T3z - Ta3 2 (s da - o) -2 (45 Ga + <0 ) 1 -2 @
Bo |1y = venT | 2| TemnT 2 (e Qe - Os) -2 (U Qs+ &) pirTeT 2 | =

T, T e -1 Tl es-aw) -2 (@araa) Tl oqma

Rotation Matrix s R — Euler Angle (Roll ¢ £z, Pitch 8 ¥s, Yaw g 2z, ZYX)

¢ = ArcTan[rss, rs:]
8= ArcSin[-r=]
¥ = ArcTan[ryy, Tl

= 0={-n/2,m/2}
¢ (Roll) = ArcTan[rss, Ts2]
@ (Pitch) = ArcSin[-r=]
¥ (Yaw) = ArcTan[ryy, ra]

. 0={n/2,37/2}
¢ = ArcTan[-rsz, -rsz]
8= ArcSin[-r=]
¥ = ArcTan[-r11, -T2

= 0 (Pitch)=n/2, Cos[0]=0
T2z + 12 = (SIn[6] - 1) Sinl¢ + ]
T1s - rez = (Sin[6] - 1) Cos[¢ +¥]
riz - Tz = (5in[8] + 1) Sin[¢ -]
Tos + Foz = (5in[6] + 1) Cos[¢ -]
P+ = ArcTan([rys - Tog, Tom + T2
8= ArcSin[-rs]

@ - = ArcTan[rys + raz, iz - T

Rotation Matrix s R — Axis/Angle

r11 + Ty +‘f33-1]

¥ = ArcCos| >

[rx 1 Tz - Ta3

Be | Tyl = |f5-T
2 5in

Iy [ Ty - Tiz

t‘i+ T§,+ 'r: =

= Angle yand Axis r



T T
¥ ; Coslal = il

Al 0P+ 1t Aol 12
RV S T,

Sin[f]- —— =~ Cos[f] =

A nd et ern? RVE S S

Sinfal =

= Rotation matrix — Euler axis/angles

= Angle

T+ Ty +Tsz -1
[————1]

¥ = ArcCos 2

= Euler axis

r.\:
¥= [ ry
r!
T3z - I3
Tyy= ———
2 8in[v¥]
T1s - sl
Ty= ———
2 3in[y]
1 -T2
Tg= —————
2 8in[y]

= Rotation - concisely
RE=I.Cog[8]+58in[8]u, + (1-Cos[f])uen

100
1:[010]

001

w? oweu, woug

ueus fuuy ut Wy
weup wpup  ug?

0 -uz u,
u, = | ug a —u,(]
Uy Uy 1]

Cos[8] +1,2 (1-Cos[6]) Uy Uy (1-Cos[8]) -u; 3in[8] u,u; (1 -Cos[8]) +uy 5in(8]
R=|u,uy (1-Cos[B]) +u, 5in[8] Cos[8] +u._.‘,2 (1-Cos[8]) Uy Uz (1-CoS[6]) - 1w, 5in[8]
U U (1-Cos[8]) -up Sin[8] upug (1-Cos[8]) +u, 5in(8] Cos[8] +1.2 (1 -Cos[6])

Cos[6] +1,.° (1 - Cos[8]) Uy Uy (1-Cos[8]) -1 S3in[&] uy uz (1 -Cos[8]) +u, 5in[8]
R[8_] = |upu, (1-Cos[8]) +u; 5in[8] Coz[8] +u7(,2 {1-Co=[8]) Uy Uy (1-Cos[B]) - u,5in[8]
Ug Wy (1-Cos[8]) -uySin[F] ug uy (1 -Cos[B]) +u, 5in[8] Cos[8] +ug® (1 -Cos[8])

= Example

Cos[6] + 1,7 (1-Cos[8]) W, 0y (1-Cos[8]) -1 5in[8] u, 1, (1-Cos[6]) +u, 5in[6]
(o, vy, ug} = {0, 0, 1}; | upuy, (1-Cos[8]) +u; 3in[8] Cos[6]+u.i,2 (1-Cos[8]) Uy Uy (1-Cos[8]) —-u, Sin([8] |.
Ug U, (1-Cos[8]) -u, 5in[8] gy u, (1 -Cos[6]) +u, 5in[6] Cos[6] +11,% (1 -Cos[8])

Ax
Ay
Az

// MatrixForm

o

‘Ax Cos[8] - Ay Sin]|
Ay Cos[8] + Ax 53in[5]
\AZ

Cos[8] +1,2 (1 - Cos=[8]) Uy Up (1 -Co2[8]) -u; Sin[8] w, u; (1-Ces[8]) +u; 5in[8]

Ax
Uy Uy (1 -Cos[6]) +ug Sin[6] Cos[8] +u._,l.2 (1-Cos[6]) Uy Uy (1-Cos[68]) -u,5in[8] (.| Ay | // FullSimplify // InputForm
Up W, (1-Cos[8]) -u,5in[6] ug u, (1 -Cos[5]) +u,5in[6] Cos[6] +1u.? (1 -Cos[6]) Az
{{Ax*Cos[0] + Az*Sin[B]*Subscript[u, y] - (-1 + Cos[8])*Subscript[u, x]*
(Ax*Subscript[u, X] + Ay*Subscript[u, y]) -
(Ay*Sin[B] + Az*(-1 + Cos[B])*Subscript[u, x])*Subscript[u, z]},
{Ay*Cos[0] - Subscript[u, x]*(Az*Sin[0] + Ax*(-1 + Cos[B])*Subscript[u, y]) +
Ax*Sin[B]*Subscript[u, z] - (-1 + Cos[0])*Subscript[u, y]*
(Ay*Subscript[u, y] + Az*Subscript[u, z])},
{Az*Cos[B] + Ay*Sin[O]*Subscript[u, x] - Ax*Sin[B]*Subscript[u, y] -
(-1 + Cos[B])*(Ax*Subscript[u, x] + Ay*Subscript[u, y])*Subscript[u, z] -
Az*(-1 + Cos[B])*Subscript[u, z]*2}}
Ry [¢ ] := // MatrixForn
Co=[8] 0 5in([8]
R,[6 1 := 0 1 i // MatrixForm
_5in[8] 0 Cos[8]
Coz[y] -Sin[y] O
B[y ] :=|[3in[¢] Cos[y¥] 0] J/ MatrixForm
1] 1] 1
Cos[y] -Sin[y] 0 Cos[p] 0 Sin[p] 1 1] u] Wx
Sin[y] Cos[y] O 0 1 1] .| 0 Cos[r] -Sin[r] |.| Wy | // MatrixForm
1] i 1 -5in[p] 0 Ceos[p] 0 Sin[r] <Cos[r] Wz
'WxCos[p] Coa[v] + Wy (Cos[v¥] Sin[p] Sin[r] - Cos[r] Sin[y]) + Wz (Coa[r] Cos[¥] Sin[p] + Sin[r] Sin[¥v])
WxCos[p] Sin[y] + Wz (-Cos[¥] Sin[r] + Cos[r] Sin[p] Sin[y]) + Wy (Cos[r] Cos[y¥] + 3in[p] Sin[r] Sin[y])
\Wz Cos[p] Coa[r] -Wx Sin[p] + Wy Cos[p] Sin[r]
Cos[p] 0 Sin[p] 1 1] o] Wi
a 1 1] .| 0 Cos[r] -Sin[r] |.|VHW
-S5in[p] 0 Cos[p] 0 Sin[r] Cos[r] Vz
{{VxCos[p] + V2 Cos[r] Sin[p] + V¥ Sin[p] Sin[r]}, {Vy¥yCos[r] - V2 Sin[r]}, {VzCos[p] Cos[r] -Vx Sin[p] + V¥ Coa[p] Sin[r]}}
1 1] o] TUx
0 Cos[r] -Sin[r] (.| Uy
0 S8in[r] Cos[r] Tz
[{Ux}, {OyCos[r] -Uz Sin[r]}, {UzCos[r] +Uy Sin[r]}}
1 a 1] Cos[-p] 0 Sin[-p] Cos[-y] -Sin[-y] O Xx
0 Cos[-r] -S5in[-r] |. u] 1 1] .| 3in[-y] Cos[-y] O0|.| Xy
0 Sin[-r] Ceos[-r] -5in[-p] 0 Ces[-p] 1] 1] 1 Hz
[[XxCoa[p] Cos[vy] -Xz Sin[p] + Xy Cos[p] Sin[v]}, {¥z Cos[p] Sin[r] + Xx (Cos[v] Sin[p] Sin[r] - Coa[r] Sin[v]) + Xy (Coa[r] Cos[v] +Sin[p] Sin[r] Sin[v]) ],
[¥z Cos[p] Cos[r] + ¥y {-Cos[¥] Sin[r] +Cosa[r] Sin[p] Sin[y]) + Ex (Cos[r] Cos[¥] Sin[p] + Sin[r] Sin[¥])}}

Rotation Matrix = R — Quaternion 5 &

2 -1+2¢ 2 (@@+@d) 2 (@d@-d9 )

o F T
BR=|ra T T [=|2(@e-a@w) 2¢-1+2¢ 2(@@m+aw)
Tzl Tz Taz

2@ radm) 2(G@-aa 26 -1+2qg



Mslm & ® @)

2 2 2 2
@t v =1

Fip + Pop + P+ 1

= (2af-1+2a) + (2af -1+2af)+ (2af -1v2qf) 41

=2 (-le2f+frBref ) =2 (-1+2q +1)

—agg

T -Fop - Pz + 1

=2 -1+2) - (2 -1+2¢) - (2af -1+20f) 41

=2 (-l+f-Frf ) =-2(-1-2F +F+B+F ) =-2 (-1-24 +1)
=aqk
STy +Tg —Ta 41

=-(2af -1+2¢f) + (2af-1+2¢) - (2§ -1+24f) +1

=2 (- lef+f - eag) =2 (-1-2 vl v v ) =2 (-1-245 +1)
a4
-T1] -Tee +T¥35 + 1
=-(2af-1+2¢f) - (2gf-1+2¢) + (2gf-1+2q) 1

=2 (-leef+efraf-a) =-2(-1-2a5+af+af+af +f) = -2 (-1-24F +1)

1
4= VPl + Tz + Faz+ 1

signirs —tsl ——————
wm=-——————— Wrn-rm-rss+l

2

Signlrys -rs] N —
B VT -T-mnsl

2

Signlry -] N ———
g = - ————— T3z -Trp-Tp+l

2

Calibration

IR =R [¥].Ry[6] .Re[¢]

Cos[#] -Sin[#] O
Sin[$] Cos[¥] O
0 0 1

Cos[8] O Sin[8]
0 10
-8in[6] 0 Cos[8]

10 i
0 Cos[¢] -Sin[¢] | // MatrixForm
0 Sin[¢] Cos[é]

Cos[8] Cos[#] Cos[¢] Sin[8] Sin[¢] - Cos[¢] Sin[w] Cos[¢] Cos[d] Sin[8] + Sin[¢] Sin[¥]
Cos[8] 5in[] Cos[#] Cos[d] + Sin[6] Sin[4] Sin[w¥] -Cos[¥] Sin[$] + Cos[d] Sin[6] Sin[¥]

_8in[e] Cos[8] 5in[¢] Cos[8] Cos[¢]
B

i -Ir.kR;

rayy Tays Tags thyy s rhps

[!‘321 ragy rags | .| rby rhoe rhey |T// MatrixForm

Tazy Tase Tass th=1 ths: rhes

rapy Yln + Tagy rhos + rags this  ragm rhgg + rags thyp + Tags rhes ragpy rhmy + Tags rhea + rags rhas

[rau Thnq + rage rhos + rags rims rapy rheg + rags rhos + Tags rhos ragy rhsy + rags rheo + Tags rhss
rasy Yl + Yasp Yooy + Yass Ty Tasy rhyy + Yas; ¥hyp + rass rhys ras) rhsy + rasp rhsy + Fass rhss

Created by Mathematica (June 26, 2015)

~ XHTML
- 1.1


http://www.wolfram.com/

