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Position And Orientation

#HEA (A}, {B} oA E A Pe] 91

Px
DirectionVector : P = [ Py ]
Pz

m 3D orthonormal basis = unit vectors

XA’ yA’ 2A

XAX yAx 2Ax
A=|Ray 9ay 2ay

XAZ yAz 2Az

[Ral = 19al=12a1=1
KA -9a=0,92-20=0, 24 -k =0
XAxyA=2A

n AU EE AP, BPo XE

P =P ="pxRa +"Py 9 +"Pz 24
=BP=BpxXB+pryB+sz 28

{Apx, Apy, Apz : PYRa, Yn» 2a ek 8
Bpx pr, Bp, = P Rs, 95, 25 FFAAE

= P =£R.BP
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Apx AP . R, BP . Ra (®px Re + ®py 95 + Pz 28) - Ra

AP = Apy] = [AP-VAJ = [BP-VA = [ (®px R& + ®py 95 + Pz 28) - Ya

Apz AP . 2, Bp . 2, (Bpx 5zB*'pr 9B+sz 2g) - 2a
Re - Xa Y5 -Ra 28 -Rn Bpx
=|R-9a Y8-9a 2B'S7A]- py]
Re - 2n Y5 -2a 28 -2 Bp;

= §R.BP

- Z%A (B} o U5 HH HAPe 91X BP/t ARA (A} & FEFAPE
I AAPE LRE F3to] W3

= Rotation Matrix 4R

FHEA (A} ol i FEA (By 9 FHPH

Rp =Rp - Ra+Kg - Yo + K - 2p

V=96 -Ra+95-Ia+95-2a
2 =25 -Ra+2-Yp+25 - 2p

R -Ra Yg-Ra 2 - Ra
QR=(XB yB 2g) = XB'yA yB'yA 2B'S7A
Re 20 Yg-2a 2B - 2,

Re 95 28 THZ (A} HEAL (R Ja 22) SERIJFHSY 2Ho=
{A} A £ (B} o £

HEA (A} ¢ (B} Ate]e) MB AH o2 (B} of (A} ol NI A TA Bx A HZ
EA B (FhH FHF) € UEd

w 3 APH A RR = 4R = R
ZxA By ol A FEA (A} & IAFH : 8R
FEA (A} ol 3 AEA (B} o FAPA - 4R

Ra - R Jn-Re 2a-Re
RR=|R% 95 9295 2a-9s
Ra-28 Yn-28 2p-28

Re - Ra Y- Ra 28 - Ra
=8R=|R 92 I8 92 28-9a
Re -2n Yg-2n 25- 24

BR = ART

AP = 4R.BP

{BP _BR.AP = *P =4R.BP = 4R.ER.AP = 4R.BR = I

BR = 8R! = gRT

m Cartesian coordinate (%] 2=} 3% A4])

[Ra | = [ Rs | =1



130710_RotationMatrix_AngleAxis_Quaternion.nb

= Inner Product Space

R -Ra= | Reg || Ra | Cos[¥]
= Low of Cosines

| RaXs 12= | Ra [+ | R |2 -2 | Ra || Ra | COS[¥]

2 2 2
(XB, = Xa,)“ + (XB, = Xa, )7 + (X, = Xa,)

Cos =1-
[¥] >

2 2 2
(XB, = Xa,)“ + (Xs, = Xa,)“ + (Xg, = Xa,)

Rp-RKp=1-
B - XA >

= 3 R : Transformation Matrix (H33 )

%6 - %a Ps-Ra 28 - Rn
Re - 9a I8-92 28-9n | =
Re - 2a Y- 2p 28 -2

1- (XBX-XAX) 2+ (XBy-XAy) 2+ (XBz-XAZ) 2 1- (YBX-XAX) 2+ (YBy-XAy) 2+ (YBZz-XAZ) 2
2 2

1- (ZBX-XAX) 2+ (ZBy-XAy) 2 + (ZBz-XAz) 2
2

1- (XBx-YAX) 2+ (XBy-YAy) 2+ (XBz-YAZ) 2 1- (YBX-YAX) 2+ (YBy-YAy) 2+ (YBz-YAZ) 2 1- (ZBx-YAX) 2+ (ZBy-YAy) 2+ (ZBz-YAZ) 2
2 2 2

1- (XBx-ZAX) 2+ (XBy-ZAy) 2+ (XBz-ZAZz) 2 1- (YBX-ZAX) 2+ (YBy-ZAy) 2+ (YBz-ZAz) 2 1- (ZBx-ZAX) 2+ (ZBy-ZAy) 2+ (ZBz-ZAz)?

2 2

z/l » zﬁ

2
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jzB'VA YB'VA 2B'yA

K- Ra Yg:Ra 2 - Ra
R -
R 27 Yg:2a 2B - 2p

Cos[90° - a] Cos[a] Cos[90°] Sin[a] Cos[a] O

[ Cos[a] Cos[90° + a] Cos[90°]] {Cos[a] -Sinfa] O
Cos[90°] Cos[90°] Cos[0°] 0 0 1

Euler Angle (Roll ¢ Xg, Pitch 8yg, Yaw ¢ Zg, ZYX)

= n(x): Normal, o(y): Orientation, a(z): Approach

End-effector

= Unit Column Vector
n=(Nx Ny nz )T

0= (0x Oy 07)7
a=(ax a az)"

m Direction Cosine Matrix
Ny Oy ax
R = [ny Oy ay]
n, o, a,
n.o=o0.a=a.n=0
Nxo =a

In]=1]0|=]a]=1

= Orthogonal Matrix

RT™.R=R.R"=1, RT=R1!
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m Z-Y-X Euler Angle (°]%5 FEA)

» X-Y-Z (Roll-Pitch-Yaw) (43 &% A))

44 244 P V8

z; L] 4 a

Vi s # s

:/_..-'.. Ya o g Y4 P Y4
. ""x' ¥
X, ‘ X, " x4 :
x4 X5
=] I %] =

Euler Angle (Roll ¢ Xg, Pitch 8yg, Yaw ¢ Zg, ZYX) < Rotation matrix 4R

m Euler Angle (Roll ¢ Xg, Pitch 8yg, Yaw ¢ Zg, ZYX) - Rotation Matrix &R

Xaxis (Roll) ¢ » R [¢] » {-m, 7}
Y axis (Pitch) 6 >Ry [6] » {-7/2, n/2}
Zaxis (Yaw) ¢ » R, [¢] » {-m, 7}

Rzyx = Rz [llf] Ry [9] Rx [d’]
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=|F21 F22 I23

g Iz r13]
a1 I32 I33

Cos[y] -Sin[y] O Cos[e] 0 SinJe] 1 0 0
= | Sin[¢y] Cos[y] O] [O 10 ][O Cos[¢] -Sin[¢]
0 0 1 -Sin[e] O Cos[e] 0 Sin[¢] Cos[¢]

Cos[o] Cos[¢] Cos[y¢] Sin[e] Sin[¢] -Cos[¢] Sin[y¥] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin

= | Cos[e] Sin[¢¥] Cos[¢] Cos[¢¥] +Sin[e] Sin[¢] Sin[¢] -Cos[¢¥] Sin[¢] +Cos[¢] Sin[e] Sii

-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

= Rotation Matrix 4R - Euler Angle (Roll ¢ Xg, Pitch 8yg, Yaw ¢ Zg, ZYX)

n 0={-n/2,7/2}

¢ (Roll) = ArcTan[?]
33

a1
]

V322 + ra3?

e (Pitch) = ArcSin[-r3;] = ArcTan|-

r
¥ (Yaw) = ArcTan[r—Zl]
1

m 0={n/2,37/2}

¢ = ArcTan[ 32 ]

-I33
6 = ArcSin[-rai]
-l’zl]
_rl

¥ = ArcTan [
1

m 6 (Pitch)=n/2, Cos[6]~0
ro3 + 2 = (Sin[e] -1) Sin[¢ + ¢¥]
riz - ry = (Sin[e] - 1) Cos[¢ + ¥]
rio - raz = (Sin[e] +1) Sin[¢ - ¥]
riz + o2 = (Sin[e] +1) Cos[¢ - ¥]
¢+ ¢ = ArcTan[riz - 2, s + 2]
6 = ArcSin[-rsz;]

¢ -¢ = ArcTan([riz + o2, iz - 3]
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Rotation matrix §R < Euler Axis f / Angle y

m Angle y and Axis r

Pl =a/r2+ry2+r;2 =
y

r r
Y , Cos[a] = X

\/rXZ +1y2 A/ 2 + ry2
Af 2+ ry? ry

Sin[B] = » Cos[B] =

\/rx2 +Fy2 + 1,2 A[ 2 + ry2 + 152

as= ArcTan[%]
X

Sin[a] =

ry2 + Iy?

1‘7
N
[a—

B = ArcTan [

m Axis/Angle - Rotation Matrix §R

Rl¥, r] =Rz[a]-Ry[B]-Rz[¥]-Ry[-B]-Rz[-a]

Cos[a] -Sin[a] O
Sin[a] Cos[a] 0 0 10
1
0

-Sin[B] 0 Cos[B]
] [Cos[—/s] 0 Sin[—/S]J [Cos[—a] -Sin[-a] OJ

] [Cos[ﬁ] 0 Sin[B]]

0 0

Cos[y] -Sin[y]
[ 0 1 0 Sin[-a] Cos[-a] 0

-Sin[-B] 0 Cos[-p8] 0 0 1

Sin[y] Cos[y] 0
0 0 1

ry?2 (1 -Cos[y]) + Cos[y] ryry (1-Cos[y]) -r-Sin[y] rxrz (1-Cos[y]) +rySin[y]
rkry (1-Cos[y]) + rzSin[y] ry2 (1 -Cos[y]) +Cos[y] ry rz (1-Cos[y]) - rx Sin[y]
rkrz (1-Cos[y]) -rySin[y] ryrz (1-Cos[y]) +rxSin[y] r;2 (1 -Cos[y]) + Cos[y]

g riz2 ris
= | F21 V22 I23
a1 32 I33

= Rotation Matrix §R - Axis/Angle

r11+r22+r33—1]

¥ = ArcCos[ >
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iz -ra;
21 -riz

x 1 32 - I'23
? = ry = —
r 2Sin[y]
V4

rZ+ri+rz=1

m Axis/Angle -» Rotation Matrix 4R - Euler Angle (Roll ¢ Xg, Pitch 8y, Yaw ¢ Zg,
ZYX)

Sin[y] rx+ (-1+Cos[¥]) ryr;

¢ (Roll) =ArcTan[_ ]

-Cos[y] + (-1 +Cos[y]) rz

a1

Vraz? + ra3?

e (Pitch) = ArcSin[Sin[y] ry + (-1 +Cos[y]) rx ;] = ArcTan[—

-(-1+Cos[y]) rxry+Sin[y] r;

¥ (Yaw) = ArcTan| Cos[y] - (-1 +Cos[¥]) r2 ]

Axis/Angle & Rotation Matrix 4R < Quaternion £§ < Euler Angle (Roll ¢
Xg, Pitch 8yg, Yaw ¢ Zg, ZYX)

m Axis/Angle
Z
A ~ A
~B \
A
\
\ A~
\ 0 A N
\ 5 IB
— -
\ - R
AY
“
~
A * A
A Ip

= Arotationofangle e around an axis *f defined in frame A

AP = (Irx Iy Iz)
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m Axis/Angle » Quaternion 4§

= An arbitrary orientation of frame B relative to frame A
80=(0d1 92 O3 Ga) = (Cos[5] -rxSin[5] -rySin[5] -r;Sin[$])

q12 +C]22 +q32 +q42 =1

= Quaternion §§ - Rotation Matrix §R

g riz2 ris
o1 o2 23
31 32 I33

2097-1+203 2 (9203+0104) 2 (0204 - 01 J3)
2(0203-010sa) 29i-1+203 2 (93 Qa+0102)
2(0204+0103) 2(d30a-0102) 203-1+207

ry? (1-Cos[e]) + Cos[e] ryry (1-Cos[e]) -r,Sin[e] ryxr; (1-Cos[e]) +rySin[e]
ryry (1-Cos[e]) +r;Sin[e] ry? (1-Cos[e]) +Cos[6] ryr; (1-Cos[e]) - rxSin[e]
ryrz (1-Cos[e]) -rySin[e] ryr; (1-Cos[6]) +rxSin[e] r,2 (1-Cos[e]) + Cos[e]

m Half-Angle Identities

Cos[g] i} ,1+Cgs[e]
Sin[g] = 1_CO—SM
2 V 2

= Rotation Matrix §R - Quaternion 5§

N

1
q1=—2-Vr11+r22+r33+1

Sign[raz - ras]
gz = T Vri-rp-raz+l

_ Sign[ris - rai]

> VI -r3z-rip+1

ds =

Sign[rz; - riz]
ga = T Vrags-rii-rp+l

= Quaternion §§ - Euler Angle (Roll ¢ Xg, Pitch 8y, Yaw ¢ Zg, ZYX)

8Ra2
fRa3

2 (g3 ds - d1 92) ]
202-1+203

¢ = ArcTan[ ] = ArcTan[

e = -ArcTan| ] = -ArcSin[2 (92 gs + 01 03) ]
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A
gR21

2 (g2 93 - 01 94) ]
BR11

z/,:ArcTan[ 1.2

] = ArcTan [

= Euler Angle (Roll ¢ Xg, Pitch 8yg, Yaw ¢ Zg, ZYX) - Quaternion 4§

Rzyx = Rz [l/f] Ry [9] Rx [¢]

riz ri2 ris Cos[y] -Sin[y] O Cos[e] 0 Sinj[e] 1 0 0
= [ ro1 oo I3 J = [Sin[llf] Cos[¥] 0 ] [O 1 O ] . [O Cos[¢] -Sin[¢]
zp I3 I33 0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

Cos[e] Cos[¢] Cos[¢] Sin[e] Sin[¢] -Cos[¢] Sin[¢y] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin
= [Cos[e] Sin[y] Cos[¢] Cos[¢¥] +Sin[e] Sin[¢] Sin[¢] -Cos[¢¥] Sin[¢] + Cos[¢] Sin[e] Sil

-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]
1
O1 = E*/r11+r22+r33+1

= -;- 41+ Cos[e] Cos[¢] + Cos[6] Cos[¥] + Cos[é] Cos[¢] +Sin[e] Sin[¢] Sin[y]

Sign[raz - ras]

Oz = - > Vri-rop-raz+l
1
=-3 Sign[Cos[e] Sin[¢] + Cos[¢] Sin[¢] - Cos[¢] Sin[e] Sin[¢]]
/1 -Cos[e] Cos[¢] + Cos[8] Cos[¢] - Cos[¢] Cos[¢] - Sin[e] Sin[é] Sin[y]
Sign[riz-r
QS=-M VI -raz-rip+1
1 . _ _ _ _
= oy Sign[Sin[e] + Cos[¢] Cos[¥] Sin[e] +Sin[¢] SIn[¥]]
/1 -Cos[e] Cos[¢] - Cos[e] Cos[¢] + Cos[¢] Cos[y¢] +Sin[e] Sin[¢] Sin[¥]
Sign[rz; -r
q4=—M\/r33—rn—r22+l

2

1
=-3 Sign[-Cos[y¥] Sin[e] Sin[¢] + Cos[e] Sin[¥] + Cos[¢] SIin[¢¥]]

/1 +Cos[e] Cos[¢] - Cos[8] Cos[¢] - Cos[¢] Cos[¢] - Sin[e] Sin[é] Sin[y]

= Quaternion §§ - Axis/Angle

gR = 2(0203-0104) 207-1+203 2 (4304 +0102)

2(0204+0103) 2 (ds3Ga-0102) 203-1+207

21 22 I23

29f-1+2093 2 (9203 +0d10a) 2(qu4—q1q3)J
31 I3z I33

ria riz r13]

11+ r2+r3z-1

r
o= ArcCos[ >

] = ArcCos[-2+3 0] +q3 +q3 + 03] = ArcCos[2qf - 1]

1 [r32—r23] [Z(Q3Q4-Q1C|2)-2(Q3Q4+Q1Q2)J 1 -2(11(12]
———— | F13-T31 | = ———— [ 2 (0204 -0103) -2 (029a+ 01 03) | = ——— | -201 03
25081 {ryyory, ) 251001 (2 (g q5-a10a) -2 (2 s+ aa) ) 10T |24,
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e ’1 C )
q1=Cos[E]= %S[]
Sin[—?-]— 1-Cos[e] _\/1_—2

> —1’——2 = a1

80= (a1 -rxy1-03 -ryy/1-62 -ra/1-02 )

e = 2 ArcCos[q;] = ArcCos[2 q:? - 1]

Ix 1 (S]]
= ry = — C]3
r; 1-g% \a4

Quaternion

= Quaternion conjugate

80" =80=(01 -02 -0z -0a)

m Quaternion product ®

= Hamilton rule

a®b= (a1 az az az)®(by bz bz by)

by by bz by
-b, by -bs bz
-bs bs by -by
-bs -bsz by bg

(ap a az asg ).

{ay b1 - {az, asz, as}-{b2, bz, bs},
a; {bz, bz, b} + by {a2, a3z, as} + {az, az, az} x {b2, bz, bs}}

ai by -axby-azbz-asby
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

(abl ab, abz abs ) =

m 3D Vector
Pv =08 verq”
(0 Buy Buy Buy )= (01 02 O3 02 )@ (0 Aux Auy Puz )@ (01 -Q2 -0z -0a)

= (0O2b2-0g3bz3-qgabs gib2+Q3bs-04bs gqibs-gobs+qgsbz gibs+gzbz-qsbz)
®(0J1 -02 -Q3 -Qs)
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= {(d2b2-0d3 bz -0dsabs) dr + (qu b2 + gz bsa - g4 b3) g2 +
(41 bz -d2b4 + s b2) gz + (d1 bs + g2 bz - gz b2) qa,
-(d2b2-093b3-04b4) g2 + (41 b2 + g3 bs - g4 b3) 01 -
(dr bz -2 bs +dq4 b2) ds + (q ba + g2 b3 - g3 b2) ds,
-(d2b2-093bz-040b4) gz + (g1 b2 + g3 bs - gs b3) g4 +
(41 bz -d2bs +0ab2) g1 - (41 bs + g2 bz -z b2) g2,
-(d2b2-093b3-04b4) ga - (d1 b2 + g3 bs -qs bz) gz +
(qr bz -2 b +dq b2) d2 + (41 bsa + g2 b3 - gz b2) ds}

={2b20102, b2 (42-093-093-03) +2 (b3 (4203 - 01 0s) +bs (G103 + 02 0a) ) ,
bs (Gf -5 +05-0F) +2 (D201 04 +bs (-1 02+ 03 G4)) »
bs (42-095-093+03) +2 (-b2 0193 + b3 (4192 + 43 da) ) }

m Rotation Matrix -» Quaternion

Ri1 + R22 + Ra3 R23 - Ra2 Ra1 - Ri3 Ri2 - Ra1

1 Rz - R32 Ri1 - R22 - Rs3 Ra21 + Ri2 Ra1 + Ris

3 Ra1 - Ris R21 + Raz R22 - R11 - Rss Rs2 + Ra3
Riz - Ra1 Ra1 + Ris Rs2 + Ro3 Rs3 - R11 - Ra»

Qrientation from angular rate

m A tri-axis gyroscope

= The angular rate

Sw=(0 wx wy wy)

m The quaternion derivative

1
0= 5 240%

= The quaternion derivative measured at time t

1

s s s
Eldu,t = ) Elest,t-1® 0wt

m The orientation of the earth frame at time t

s 5 s
BOw,t = Blest,t-1 + £¥0, ¢ AT

The samling period At
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Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth* s magnetic field

= A quaternion

20=(01 92 O3 Qa)

m A predefined reference direction

Bd= (0 dx dy dy)

m The measured direction

S§=(0 sy sy s7)

m The objective function

f[2q, Fa, 5] =2q"e"deEq - 55

= A quaternion may be found

Ergeillg4 f[2q, Fd, °8]

The gradient descent algorithm

= An orientation estimation of 24,,,,

vF[2q, £a, 58]
[ vr[Ea <a, 58] |

20ke1 = B0k - M k=0,1, .,n

A step-size u
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m The gradient of the solution surface (General form)
vF[2ax., Fd, 8] = JT[Eax, FA] F[Eqx, 4, 58]
m A objective function

2dx (3 -08-0F) +2dy (d104+0203) +20dz (02 Ga - Ga G3) - Sx
F[20k, B4, 8] = | 2dx (0203 -0104) +2dy (5 -3 -0F) +2d; (4192 + 3 Ga) - Sy
2dx (G103 +020G4) +20dy (GsGa -0102) +2d; (3 -03-03) -5,

= Jacobian

2dygs-2d;03 2dy gz +2d; 04 -4dxg3+2dyg2-2d, 01 -4dxgs+2dyds+2d;0Q2
[—deq4+2dzqz 2dxgs-4dygz+2d; 0z 2dyg2+2d; 04 -2dx 01 -4dyds+2d; 03
2dx03-2dy02 2dxgs-2dyqgi-4d;02 2dxdr+2dyqgs-4d;03 2dx 02 +2dyQs

|

The direction of gravity (the vertical axis, z axis)

m An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

m Normalized accelermeter measurement

Sa=(0 ax ay az)

m A objective function

2 (9294 - 01 93) - ax
fy189, Sa] = [2 (4192 + 03 da) -ayJ
2(3-03-093) -

= Jacobian
-203 20qs -201 ZQ2]

Jg[EQ]=[2CI2 2091 209z 203
0 —4Q2 —4Q3 0
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The earth's magnetic field (one horizontal axis, the vertical axis)

m An appropriate convention (the equations simplify)

Eb= (0 by 0O by)

m Normalized accelermeter measurement

Si= (0 mey my my)

m A objective function

2by (3 -093-03) +2b; (G204 - 01 03) - My
fy[20, 56, SM] = | 2bx (A203 - 01 04) +2bz (41 02 + 03 Ga) - My
2by (G103 +0204) +2b; (3 -03-03) -m,

= Jacobian
-2b; Qs 2b;qa -4byQqsz-2b;q1 -4bydsa+2b, Q2
Jb[20, 6] = | -2bxQa+2b, G2 2bxgs+2b, a1 2bcg2+2b,ds -2byqy+2b, 0
2 by g3 2by0s-4b,0q2 2bxai-4b;0s 2 by g2

The solution surface -» minimum

= The objective function

5089, sa
aolia. a6, < N

fy[20, 56, SA]
= Jacobian

Jg"[2A]
Jg,b[EQ1 EB] - [ ¢} Eq ]

JvT[24, 6]

The estimate orientation Eqv,t

S S
Ov.t = £Q - Kt
E EMest,t | vT |

m The convergence rate governed by y; = the physical rate

A previous estimate of orientation qust,tfl
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m The objective function gradient

Jg"[E0est, t-1] Fo[EQest,t-1- Sat]

vf =
{Jg,bT[EQest,t—li EB] fg.b[EQest,t—11 sa, E61 Sm]

The convergence rate of Eqv,t

The physical orientation rate £q,

= An optimal value of the step-size

ut=a|Eqw’t|At,a>1

Filter fusion algorithm

= An estimated orientation
S _ S S
Bdest,t = ¥t E0v,t + (1 - ¥t) Bdo,t>» O s yes 1

L
At

The weighted divergence of g, == The weighted convergence of £qy
B He

At

= The magnitude of a quaternion derivative == The gyroscope measurement error

Ht
1- = —
(1-vt) B=vt it
B
Yt = L

At

m The optimal fusion

= the convergence rate of gy = a » the physical rate of change of orientation
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Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth® s surface (Heading)

m [nclination errors

The vertical plane : the earth® s surface (Sensor " s attitude)

m The measured direction of the earth's magnetic field in the earth frame at time t
EAe = (0 hx hy hz) =EQesr, 1.1 @M ®Eqest, 11

“be=(0 +/Rz+hz 0 h,)

Gyroscope bias drift compensation

m With temperature and with motion

Karman - based approaches - estimate the gyroscope bias

Mahony et al -» gyroscopebias drift (the integral feedback of the error)

The normalized direction of the estimated error in the rate of change of orientation g4,
= The gyroscope bias Swy,
Swp,e =& ste,t At
t
The integral gain ¢
m DC component of Sw,
Swe,t = 2 20ast,t-1 ®F0c ¢

= Gyroscope measurements Swc

S S S
Wc,t = "Wt - "Wp,t



130710_RotationMatrix_AngleAxis_Quaternion.nb

Filter gains

The estimated mean zero gyroscope measurement error of each axis ag
m The filter gain
1 o 3
B = —EQ®(O wp Wp wB)l= Z—w,g
The estimated rate of gyroscope bias drift in each axis @,

m The filter gain

’37
£=¢ 7

An efficient orientation filter for inertial and inertial/magnetic sensor
arrays

m An estimated orientation

s B At vf s s

EQest,t = (—Ht ) + (1-0) (EQest,t-1 + 2w, ¢ AT)
Ut | vF |

2Qest,t = -B vt At +2Q +2q, ¢ At

E s | vT | EMest,t-1 T EMw,t

Sqest t = Sq + Sq At-B vt At

E s EMest,t-1 T EMw,t | vT |

>

vT
Elest,t = 20est,t.1 + (Eqw,t -B ) At

s _s s
Elest,t = Blest,t-1 + (Eqw,t -

E0est, t = £Qest,t-1 + (EUu,t - BEAc 1) AL

S S S
EQest,t = EQest,t—l + E0est,t AT

1 vt
s s s s
Elest,t = Blest,t-1 + (-" Blest,t-1®°we - B V| )

2
The estimated orientation rate 2Qest

The rate of change of orientation measured by the gyroscopes £q,,

The direction of the estimated error 4.
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m Simplified to equation

EQest,t = EQest,t—l + qust,t At
m The estimated rate of change of orientation
qust,t = EQw,t -B Ede,t

m The quaternion derivative measured at time t

1

s s s
Eu,t = > Elest,t-1® 0wt

m The direction of the error of qust,t

vt

SA _
EQe,t_ | Vf |

m The objective function

(4. Sa
faolia. a6, o) - N

[0, ®6, ]
= Jacobian

J,7 S
30.0[50. 6] = [ o [£Q] ]

Jo"[20. ©6]

m The gradient of the solution surface (General form)

vi=J"f

vfy.b = Jg.0[20, 5] Fg.p B4, ®a, b, °M]
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Block diagram

= [IMU

~ Trs - 5o 5o P
Accelerometer Sat - ¥ Jg (qust,t—i)fg(qust,t—la at)

v
VI
V£ 1

s S A g - - y — > 24
Gyroscope “w; —» EEqsst,t—l'@' Wi —NJ/'—P/dt 4]l > Best
4 --S . F y
Eest t -1

= MARG

h 4

»

g - 5. S sk
EQect -1 @7y ®EQQst,t—1

Y

[0 h9-|—‘h? 0 h]|

. Magnetic distortion

........................

Magnetometer ~ 77,

3

IT = EIA o S . By S .

e el(}[“eter . —» ( ) g ( est, - m)
A_ | S~ g,b qu i,E & j }b Eq b [ A bi‘.
CC & ? 2 2 a

A H258 ., 1 ® 5, , e
/ qust,tl qu,t : ||Vf||

. -1
T T+ :
S R Gyroscopedrift: i
Gyroscope Swt_"';>_< .'L%%éest}t—l®ch,t_'—_‘f—f..:—b/'dt > ﬁ > %@est,t
‘ Blects | o
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MATLAB

= Update

obj = Update (obj, Gyroscope, Accelerometer, Magnetometer)

= 9% short name local variable for readability

q = obj -Quaternion;

m % Normalise accelerometer measurement

if (norm (Accelerometer) == 0), return; end % handle NaN
Accelerometer = Accelerometer / norm (Accelerometer) ; % normal ise magnitude

m % Normalise magnetometer measurement

if (norm (Magnetometer) == 0) , return; end % handle NaN
Magnetometer = Magnetometer / norm (Magnetometer) ; % normal ise magnitude

m 9% Reference direction of Earth's magnetic feild

h = quaternProd (q, quaternProd ([0 Magnetometer], quaternConj (q))):
b=[0norm ([h (2) h (3)1) 0h (4)];

m % Gradient decent algorithm corrective step

F =

2% (g (2) *q (4) -q (1) xq (3)) - Accelerometer (1)
2% (g (1) *q (2) +q (3) *q (4)) - Accelerometer (2)
2% (0.5-9 (2)*2-q9 (3)~2) - Accelerometer (3)
2xb (2) * (0.5-q (3)"2-q (4)"2) +2xb (4) * (9 (2) *q (4) -q (1) xq (3)) - Magnetometel
2xb (2) * (q (2) *q (3) -q (1) *xq (4)) +2xb (4) = (q (1) *q (2) +q (3) *q (4)) - Magnetomet
2xb (2) * (Q (1) *q (3) +q (2) *xq (4)) +2xb (4) » (0.5-q9 (2) "2 -0 (3) "2) - Magnetometel
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J=
-2xq (3) 2xq (4) -2xq (1)
2xq (2) 2xq (1) 2xq (4)
0 -4%q (2) -4%q (3)
-2xb (4) xq (3) 2xb (4) xq (4) -4xb (2) xq (3) -2xb ¢
-2xb (2) xq (4) +2xb (4) *xq (2) 2xb (2) xq (3) +2xb (4) *xq (1) 2xb (2) xq (2) +2xb (.
2xb (2) xq (3) 2xb (2)*xq (4) -4xb (4)xq (2) 2x*b (2) *xgq (1) -4=*b (

step= (J"%xF);

m % normalise step magnitude

step = step/ norm (step) ;

= % Compute rate of change of quaternion

qDot =
0.5*quaternProd (q, [0 Gyroscope (1) Gyroscope (2) Gyroscope (3)]) - obj.Betaxstep”;

= % Integrate to yield quaternion

q =q +gDotxobj.SamplePeriod;

= % normalise quaternion

obj.Quaternion =q/norm (q) ;
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= [MU

function obj=UpdatelMU(obj,Gyroscope,Accelerometer)
g=obj.Quaternion;% short name local variable for readability

% Normalise accelerometer measurement
if(norm(Accelerometer)==0),return;end % handle NaN
Accelerometer=Accelerometer/norm(Accelerometer);% normalise magnitude

% Gradient decent algorithm corrective step

F=[2*(q(2)*q(4)-q(1)*q(3))-Accelerometer(1) 2*(q(1)*q(2)+q(3)*q(4))-Accelerometer(2) 2*(0.5-q(2)"2-q(3)"2)-Accelerometer(3)];
J=[-2*q(3),2*a(4),-2*q(1),2*a(2) 2*a(2),2*q(1),2*q(4),2*a(3) 0,-4*q(2),-4*a(3),0];

step=(J"*F);

step=step/norm(step);% normalise step magnitude

% Compute rate of change of quaternion
gDot=0.5*quaternProd(q,[0 Gyroscope(1) Gyroscope(2) Gyroscope(3)])-obj.Beta*step’;

% Integrate to yield quaternion
g=q+qgDot*obj.SamplePeriod;
obj.Quaternion=g/norm(q);% normalise quaternion
end

Kalman Filter

m System Model
C1 = -Sin[e]
C, = Sin[¢] Cos[e]
C3 = Cos[¢] Cos[e]

G

-6 Cos[e] = w, Cy - Wy Cs

C, = ¢ Cos[¢] Cos[e] - 6Sin[¢] Sin[6] = -w, C; wy C3

C3 = -¢Sin[¢] Cos[e] -6 Cos[¢] Sin[6] = wy C1 - wy C

C2 = Cz +W

C1 [O wy -wy [Cl
Ca Cs

U-ru+qw [ gSin[e]
+

o =vPywlyxvP-gP=|v+ru-pPw -gSin[¢] Cos[e]
-ru + pw -gSin[¢] Cos[e]

W-qu+pv -gCos[¢] Cos[e]
i u
[fy] ) . )
f, W qu - pv -g Cos[4] Cos[6]

-Sin[e] Ci
= -0 { Sin[¢] Cos[e] ] = -g [Cz]

Cos[¢] Cos[e] C3

ru- quw J [ +g Sinf[e] J
+
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Kalman Filter

= Gyro Angler Rate (p, g, r) » Euler Angle ¥3}& (¢, 6, ¢)

|

¢ 1 Sin[¢] Tan[e]
6l=10 Cos[¢]
0 Sin[¢] /Cos[e]

¢ d+dtx¢
Ol=|e+dtxé
¢ o+dtx¢

Cos[¢] Tan[e]
-Sin[¢]
Cos[¢] /Cos[e]

m Accelerometer (fy, fy, T,)

p

q
r

Linear Rate (u, v, w), Linear Acceleration (u, v, w), AnglerRate (p, q, r), Gravity (g)

Ty u 0O w -v

[fy]= v|i+|-w O u]

T, W v -u O
L Sin[e]

o | Ty _g{—Cos[e] Sin[¢]
L -Cos[e] Cos[¢]

e:ArcSin[%]

_ T
¢ = ArcSm[-m]

m Sensor Fusion

r

|

4 0O -p -q -r d1
@|_1|p O r -q| |
4z 219 -r 0 p ds
Ay r qg -p 0 a4
g: 0O -p -q -r J:
1 -
92 = |l+At. — PO r d . 92
ds 219 -r 0 p g3
A4 /st r g -p O da
O -p - -r
1 _
A=1+At. — p O r q
219 -r 0 p
r q -p O

p Sin[e]
. [q] +Q [—Cos[e] Sin[¢]

-Cos[e] Cos[¢]
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Cos[%]Cos[$]Cos[4]+Sin[$]Sin[£]Sin[%]

1
dz | _ Sin[%]Cos[$]1Cos[£]-Cos[$]Sin[5]Sin[%]
ds Cos[£1Sin[Z]Cos[£] +Sin[£]Cos[+]Sin[%]
Q4 - - -
Cos[£]Cos[$]Sin[%£]-Sin[$]Sin[Z]Cos[£]
m Euler Angle

¢ around Rz, © around yg, ¥ around 2
¢ =ArcTan[1-2 (g5 +03), 2 (A3 Ga + g1 02) ]
6 = -ArcSin[2 (4294 - g1 gs) ]

@ =ArcTan[1-2 (g3+03), 2 (42 03 + 01 Ga) ]

m Algorithm start

1000
|0 100
“loo1o0
0001
0.0001 0 0 0
_ 0 0.0001 0 0
Q= 0 0 0.0001 0
0 0 0 0.0001
10 0 0 O
R.|0 10 0 0
lo 0 10 ©
0O 0 0 10
1
_lo
*=1lo
0
1 000
p_|01 00
“lo 010
0 001
n KF
da
S - x
s
Q4
o Cos[%]Cos[5]Cos[4]+Sin[£]Sin[$]Sin[%]
||, Sin[£]1Cos[$]Cos[%£] -Cos[£]Sin[$]Sin[%]
ds Cos[%]1Sin[$]Cos[4]+Sin[$]Cos[$]Sin[%]
Q4

Cos[%]Cos[5]Sin[4]-Sin[£]Sin[$] Cos[%]

Xp = A.X
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-p -9 -r
0 r -q
-r O p
qg -p O

= Qo T O

Pp=A.P.AT+Q
K =Pp.H".Inverse[H.Pp.H" + R]
X = Xp + K. (z -H.xp)
P=Pp-K.H.Pp

¢ ArcTan[1-2 (g5 +03), 2 (03 Oa + J1 02) ]
[e] = -ArcSin[2 (g2 04 - g1 03) ]
) ArcTan[1-2 (95 +03), 2 (02 03 + g1 0a) ]

Essential Kalman Filter

ff

p
rates = | q

r

0 Cos[¢] -Sin[¢] q
0 Sin[¢] /Cos[e] Cos[¢] /Cos[e] r

¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e] p
[0

gCos[¢] - r Sin[¢]

p+rCos[¢] Tan[e] + g Sin[¢] Tan[e]
+ W
r Cos[¢] Sec[e] +q Sec[o] Sin[¢] ]

=F[X] +w
(1 00 Z
Z‘(o 1 o)' *v
®
=HX+V

m Algorithm start

of, of, of1

o a6 17}
A= | o2 of2 ofy
- 3¢ EE) =)
of3 of3 of3
26 o8 oo
100
H = (o 1 o)
0.0001 0 0
Q= 0 0.0001 O

0 0 0.1
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m EKF

p
q | = rates
r

A = Ajacob[x, rates, dt]

A=
qCos[¢] Tan[e] - r Sin[¢] Tan[e] g Sin[¢] Sec[e]? + r Cos[¢] Sec[o]? 0
[ -gqSin[¢] - r Cos[¢] 0 0
qCos[¢] Sec[e] -r Sin[¢] Sec[e] (qSin[¢] Sec[e] Tan[e] + r Cos[¢] Sec[e] Tan[e] O
A=1+AtxA

xp = FX[X, rates, dt]
p+rCos[¢] Tan[e] + g Sin[¢] Tan[e]
xp = Fx[x, rates, dt] = | gCos[¢] - r Sin[¢]
r Cos[¢] Sec[e] +q Sec[6] Sin[¢]
Pp=A_P.AT+Q
K =Pp.H".Inverse[H.Pp.H" + R]
X = Xp + K. (z - H*Xxp)

P=Pp-K.H.Pp

Rotation Matrix

SAPA S-S o] &7 S



