
Euler Angles and Rotation Matrix

ü 2D Rotation

 x

y
   Cos Sin

Sin Cos . x
y
   x Cos  y Sin

y Cos  x Sin 

ü Rotation Matrix

Direction Cosine Matrix

ü n: Normal, o: Orientation, a: Approach

 n o a   x y z 

ü Unit Column Vector

n   nx ny nz 
o   ox oy oz 
a   ax ay az 

ü Direction Cosine Matrix

R 





nx ox ax

ny oy ay

nz oz az





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n.o  0
o.a  0
a.n  0

no  a

ü Norm = 1

 n   1
 o   1
 a   1

ü Orthogonal Matrix

RR  I

R  R1

ü 3D orthonormal basis Æ unit vectors

u, v, w

A 





ux vx wx

uy vy wy

uz vz wz





 

 u    v   1
uv  0
uv  w

Roll Pitch Yaw (ZYX) Euler Angle

ü ZYX (Roll-Pitch-Yaw) Angles

X  axisYaw  Rx
Y  axisPitch  Ry
z  axisRoll  Rz

Rx_ :





1 0 0
0 Cos Sin
0 Sin Cos




  MatrixForm

Ry_ :





Cos 0 Sin
0 1 0

Sin 0 Cos



  MatrixForm

Rz_ :





Cos Sin 0
Sin Cos 0

0 0 1




  MatrixForm

Rzyx  RzRyRx
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





Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





1 0 0
0 Cos Sin
0 Sin Cos












Cos Cos Cos Sin  Cos Sin Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin Sin  Cos Sin
Sin Cos Sin Cos Cos

ü n(x): Normal, o(y): Orientation, a(z): Approach

Roll  , 
Pitch    2,  2
Yaw  , 
RPY, ,   Rota, .Roto, .Rotn, 









r11 r12 r13 0
r21 r22 r23 0
r31 r32 r33 0
0 0 0 1














nx ox ax 0
ny oy ay 0

nz oz az 0
0 0 0 1















Cos Sin 0 0
Sin Cos 0 0
0 0 1 0
0 0 0 1






.







Cos 0 Sin 0
0 1 0 0
Sin 0 Cos 0
0 0 0 1






.







1 0 0 0
0 Cos Sin 0
0 Sin Cos 0
0 0 0 1















Cos Cos Cos Sin  Cos Sin Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin Sin  Cos Sin
Sin Cos Sin Cos Cos
0 0 0

Tan  ny

nx

Sin  nz

Tan  oz

az

Roll  ArcTan ny

nx


Pitch  ArcSinnz
Yaw  ArcTan oz


az



ü q={-p/2,p/2}

  ArcTan r21

r11



  ArcSinr31  ArcTan r31


r322  r332


  ArcTan r32

r33



ü q={p/2,3p/2}

  ArcTan r21

r11


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  ArcSinr31

  ArcTan r32

r33



ü q (Pitch)=p/2, Cos[q]ª0

r23  r12  Sin  1Sin  
r13  r22  Sin  1Cos  
r23  r12  Sin  1Sin  
r13  r22  Sin  1Cos  
  ArcTanr13  r22, r23  r12
  ArcSinr31
    ArcTanr13  r22, r23  r12

General Rotation Matrix

ü Angle q and Axis r

r 





rx

ry

rz






 r  rx2  ry2  rz2  1

Sin  ry
rx2  ry2

Cos  rx
rx2  ry2

Sin 
rx2  ry2

rx2  ry2  rz2

rx2  ry2

Cos  rz
rx2  ry2  rz2

 rz

  ArcTan ry

rx



  ArcTan
rx2  ry2


rz



R, r  Rz.Ry.Rz.Ry.Rz
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





Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.






Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





Cos Sin 0
Sin Cos 0
0 0 1






ü Calculation

ü Summary

R, r 





r11 r12 r13

r21 r22 r23

r31 r32 r33














rx
21  Cos  Cos rxry1  Cos  rzSin rxrz1  Cos  rySin

rxry1  Cos  rzSin ry
21  Cos  Cos ryrz1  Cos  rxSin

rxrz1  Cos  rySin ryrz1  Cos  rxSin rz
21  Cos  Cos







R, r  R, r

  ArcCos r11  r22  r33  1


2


r 
1


2Sin 






r32  r23

r13  r31

r21  r12






ü Euler axis

u 





ux

uy

uz






ü Angle



ü Rotation Matrix

R_ :







Cos  ux
21  Cos uxuy1  Cos  uzSin uxuz1  Cos  uySin

uyux1  Cos  uzSin Cos  uy
21  Cos uyuz1  Cos  uxSin

uzux1  Cos  uySin uzuy1  Cos  uxSin Cos  uz
21  Cos







ü Concisely 

R  I Cos  Sinu  1  Cosuu

I 





1 0 0
0 1 0
0 0 1





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u 





0 uz uy

uz 0 ux

uy ux 0






uu 







ux
2 uxuy uxuz

uxuy uy
2 uyuz

uxuz uyuz uz
2







ü Rotation matrix ´ Euler axis/angles

e 





e1

e2

e3






  ArcCos 1

2
A11  A22  A33  1

e1 
A32  A23

2 Sin

e2 
A13  A31

2 Sin

e3 
A21  A12

2 Sin

R.R=R.R=I

In[4]:=





Cos Cos Cos Sin Sin  Cos Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin  Cos Sin Sin
Sin Cos Sin Cos Cos







1 0 0
0 1 0
0 0 1






Rotation matrix ´ Euler angles

XYZ Euler Angle

Rxyz  RxRyRz







1 0 0
0 Cos Sin
0 Sin Cos




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





Cos Sin 0
Sin Cos 0
0 0 1












Cos Cos Cos Sin Sin
Cos Sin Sin  Cos Sin Cos Cos  Sin Sin Sin Cos Si
Cos Cos Sin  Sin Sin Cos Sin  Cos Sin Sin Cos Cos
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Rotation Matrix

ü single rotation about some axis (unit vector)

ü rotation vector

e 





ex

ey

ez




  v  e

Roll: f
Pitch: q
yaw: y






fx

fy

fz




 






u
v
w




 






0 w v
w 0 u
v u 0




.





p
q
r




  g






Sin
CosSin
CosCos






 0 0 g .





Cos 0 Sin
0 1 0

Sin 0 Cos



.





1 0 0
0 Cos Sin
0 Sin Cos




  MatrixForm

x 











 






1 SinTan CosTan
0 Cos Sin
0 SinSec CosSec




.





p
q
r






Tan  Sin

Cos

Sec  1

Cos
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Euler Angle

Cn
b  C3

bC2
3Cn

2
Rzyx  RzRyRx






Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





1 0 0
0 Cos Sin
0 Sin Cos




  MatrixForm






Cos Cos Cos Sin Sin  Cos Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin  Cos Sin Sin
Sin Cos Sin Cos Cos





x

y

z




 









0
0





  C3
b






0




0




  C3

bC2
3






0
0




































1 SinTan CosTan
0 Cos Sin
0 SinSec CosSec









x

y

z





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ü Derivation





x

y

z




 









0
0





 





1 0 0
0 Cos Sin
0 Sin Cos




.





0




0




 






1 0 0
0 Cos Sin
0 Sin Cos




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





0
0














x

y

z




 









 


Sin
Cos   Cos  Sin
Cos Cos    Sin

































1 SinTan CosTan
0 Cos Sin
0 SinSec CosSec




.




x

y

z




 






x  Sin y Tan  Cos z Tan
Cos y  Sin z

Sec Sin y  Cos Sec z







Solve  x  Sin y Tan  Cos z Tan,



 Cos y  Sin z, 


 Sec Sin y  Cos Sec z, x, y, z





x

y

z




 









 


Sin
1
2
2 Cos    Sin     Sin  

1
2
Cos     Cos     2 


Sin
















 


Sin
Cos   Cos  Sin
Cos Cos    Sin






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Analysis on Position And Orientation

ü Cartesian coordinate (직교좌표계)

unit vector

ü One Point P Vector

P  Px  P y  P z  pxx
  pyy

  pzz


Direction Vector : P 





px

py

pz





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위치 표현

좌표계A, B에서본점 P의위치

xB, yB, zB를좌표계 A의좌표성분으로표시하면
xB  xB xA  xB  yA  xB zA

xB 





xB xA

xB yA

xB zA







좌표계A에서본벡터의방향 , Direction Vector방향벡터

Direction Cosine (\단위벡터의 내적Æ두 벡터 사이 가의 코사인 값)

v  vxex  vyey  vzez

  Cosa  vex
 v  

vx
vx

2  vy
2  vz

2
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  Cosb  vey
 v  

vy
vx

2  vy
2  vz

2

  Cosc  vez
 v  

vz
vx

2  vy
2  vz

2

Cosa2  Cosb2  Cosc2  1

상대 개념 위치

상대위치표현 AP, BP의표현

P  AP  Apxx


A  Apyy


A 
Apzz


A

 BP  Bpxx


B  Bpyy


B 
Bpzz


B


Apx, Apy, Apz : P의 xA, yA, zA 방향성분
Bpx, Bpy, Bpz : P의 xB, yB, zB 방향성분

Rotation Matrix B
AR

xB  xB xA  xB  yA  xB zA

yB  yB xA  yB  yA  yB zA

zB  zB xA  zB  yA  zB zA

B
AR   xB yB zB  






xB xA yB xA zB xA

xB yA yB yA zB yA

xB zA yB zA zB zA







xB yB zB 를각각 A좌표성분  xA yA zA 으로표현한식들의조합으로
A에서본 B의표현식
좌표계A와B사이의변환행렬으로 B의 A에대한상대관계또는상대회전량
물체의방위상대적회전량를나타냄

 AP  B
AR.BP

B좌표계성분을 A좌표계성분으로변환

AP 






Apx
Apy

Apz





 






AP xA
AP yA
AP zA





 





P xA

P yA

P zA





 






BPxA
BPyA
BPzA





 





Bpxx


B  Bpyy


B 

Bpzz


BxA

Bpxx


B  Bpyy


B 
Bpzz


ByA

Bpxx


B  Bpyy


B 
Bpzz


BzA














xB xA yB xA zB  xA

xB yA yB yA zB  yA

xB zA yB zA zB  zA





.






Bpx
Bpy

Bpz






AP  B

AR.BP
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좌표계 B에대해표현된점P의위치 BP가좌표계 A의좌표값 AP로
회전전행렬 B

AR을통하여변환됨을의미

 B
AR : Transformation Matrix변환행렬라고정의

좌표계A에대한좌표계B의회전행렬

ü B
AR






xB xA yB xA zB xA

xB yA yB yA zB yA

xB zA yB zA zB zA







xB xA   xB  xA  Cos

Cos  1 
xBx  xAx2  xBy  xAy2  xBz  xAz2


2

xB xA  1 
xBx  xAx2  xBy  xAy2  xBz  xAz2


2

Low of Cosines

c2  a2  b2  2 a b Cos
a2  b2  c2  2 b c Cos
b2  a2  c2  2 a c Cos

ü Inner Product Space

x.y   x  y  Cos
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방위의 표현: 회전행렬

좌표계A가 zA축을기준으로 만큼회전한좌표계를 B라고할경우회전행렬 B
AR을구하라.

B
AR 






xB xA yB xA zB xA

xB yA yB yA zB yA

xB zA yB zA zB zA





 





Cos Cos90Î   Cos90Î

Cos90Î   Cos Cos90Î
Cos90Î Cos90Î Cos0Î













Cos Sin 0
Sin Cos 0

0 0 1






 Rotz, 

Rotz,  





Cos Sin 0
Sin Cos 0
0 0 1






Roty,  





Cos 0 Sin
0 1 0
Sin 0 Cos






Rotx,  





1 0 0
0 Cos Sin
0 Sin Cos






ü 회전행렬의 성질 (A
BR  B

AR1  B
AR)

좌표계B에대한좌표계A의회전행렬 : A
BR
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좌표계A에대한좌표계B의회전행렬 : B
AR

A
BR 






xA xB yA xB zA xB

xA yB yA yB zA yB

xA zB yA zB zA zB





  B
AR 






xB xA yB xA zB xA

xB yA yB yA zB yA

xB zA yB zA zB zA







A
BR  B

AR


AP  B

AR.BP
BP  A

BR.AP
 AP  B

AR.BP  B
AR.A

BR.AP  B
AR.A

BR  I

A
BR  B

AR1  B
AR

동차변환을 이용한 좌표변환

 AP  ArB  B
AR.BP

방위가서로다르고원점이 ArB만큼떨어진좌표계 A와B

AP  ArB  BP incorrect
AP, BP의 x, y, z성분들은서로방위가다른좌표계기준으로표현되어있어직접더해질수없다.

AP  ArB  B
AR.BP correct

ArB : 두좌표계사이의상대거리또는전위또는병진 Translation

B
AR :두좌표계사이의상대회전Rotation





AP
1


  

 B
AR ArB

0 0 0 1


.


BP
1



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AP  B
AT.BP

B
AT :동차변환행렬homogeneous transformation matrix

ü 동차 변환행렬의 구조와 표현

B
AT  

 B
AR ArB

0 0 0 1




좌표계B로표현된벡터BP를좌표계A에대해표현하는좌표변환
Coordinate Transformation으로서, 좌표계B의좌표계A에대한회전행렬33
과좌표계A의원점에서좌표계B의원점까지의병진벡터31를포함하는 44행렬

T  Transpx, py, pz 






1 0 0 Apx

0 1 0 Apy

0 0 1 Apz

0 0 0 1







B
AT 







Cos Sin 0 Apx

Sin Cos 0 Apy

0 0 1 Apz

0 0 0 1















1 0 0 Apx

0 1 0 Apy

0 0 1 Apz

0 0 0 1






.







Cos Sin 0 0
Sin Cos 0 0

0 0 1 0
0 0 0 1







 Transpx, py, pz.RotzA, 

B
AT  Transpx, py, pz.RotzA, 
주의  B

AT  RotzA, .Transpx, py, pz

역변환 (Inverse Transformation)

inverse transformation for a given B
AT  A

BT

AP  B
AT.BP  BP  A

BT.AP  B
AT1.AP

A
BT  B

AT1

ü 유도

AP  ArB  B
AR.BP

B
AR.AP  B

AR.ArB  B
AR.B

AR.BP

B
AR.AP  B

AR.ArB  BP

BP  B
AR.ArB  B

AR.AP





BP
1


  

 B
AR B

AR.ArB

0 0 0 1


.


AP
1



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BP  A
BT.AP

A
BT  B

AT1
 
 B

AR B
AR.ArB

0 0 0 1




변환의 합성 (C
AT  B

AT.C
BT)

C
BT, B

AT가주어졌을때점P의좌표계A에대한표현 AP


BP  C

BT.CP
AP  B

AT.BP

AP  B
AT.BP  B

AT.C
BT.CP  C

AT.CP

C
AT  B

AT.C
BT

ü 변환 방정식: 페루프 이용으로 미지의 변환을 다른 변환들 사이의 관계를 통해서 얻을 수 
있다.

연속좌표변환: 절대변환과 상대변환

ü 이동좌표계 (moving frame)

변환회전또는병진에의해새롭게얻어지는좌표계

ü 고정좌표계 (fixed frame)

변환에관계없이처음과동일하게고정된좌표계

ü 절대변환 (absolute transform)

전단계의변환에관계없이후속변환을계속초기의고정된기준좌표인고정좌표계에대해수행하는것

130709_RotationMatrix_EulerAngle.nb 17



ü 상대변환 (relative transform)

각단계의변환후얻어진새로운좌표계인이동좌표계에대하여다음변환이수행되는것

ü 좌표계{A}와{B} 사이의 변환을 나태내는 동차변환행렬

B
AT  Transpx, py, pz.RotzA, 

ü O: 이동좌표계를 따라 병진 후 이동좌표계에 대해 회전

ü X: 이동좌표계를 따라 회전 후 이동좌표계에 대해 병진
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ü O: 고정좌표계를 따라 회전 후 고정좌표계에 대해 병진

ü X: 고정좌표계를 따라 병진 후 고정좌표계에 대해 회전

ü 올바른 변환을 나타내는 조합

상대변환 : 이동좌표계에대한병진  이동좌표계에대해회전

절대변환 : 고정좌표계에대한회전  고정좌표계에대해병진

두가지모두동일한결과 B
AT를나타냄

B
AT  Transpx, py, pz.Rot, , 
상대변환의구현 post  multiply
회전과병진을나타내는변환행렬이앞에서부터뒤로순차적으로곱해져야함

절대변환의구현pre  multiply
반대로해당변환행렬이뒤에서부터앞으로순차적으로곱해져야함

ArD 





a
b
c






BrD 





a
b
c




 

BrD'

ArD'  B
AT.BrD'
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ArC'  B
AT.BrC'

방위의 다른 표현

ü 방위의 표현

회전행렬3 3행렬 다른방위를지정할때마다 9개의원소를지정해주어야함.

작은수의입력으로방위를표시할수있다면, 보다효과적

ü 오일러 각 (Euler angle)과 롤-피키-요(Roll-Pitch-Yaw) 방법

물체의방위를연속된세번의회전만으로표현할수있어회전행렬보다효율적으로방위를표현하는방법

오일러각 : 초기방위를나타내는좌표계를이동좌표계의
주측에대해연속적으로세번회전을수행하여특정방위를얻어내는방법

롤 피치 요방법 : 고정기준좌표계에대해연속적으로세번회전을하여원하는방위를표시하는방법

초기좌표를세번만회전하므로매회전시의회전량 3개만
정의하면되므로 9개를입력해야하는회전행렬에비해효율적이다.

머니뮬레이터말단부를 3자유도로구성함으로써모든방위를구현할수있게되는근거

각각 12가지표현법존재

ü Z-Y-Z 오일러 각

좌표계A의 Z축에대해 만큼회전후

이동좌표계즉회전후얻어진새로운좌표계 B'의 Y축에대해 만큼회전한후,

다시새롭게얻어진좌표계이동좌표계B"의 Z축에대해
만큼연속적으로회전을하여특정방위를나타내는좌표계 B를얻는방법
모든회전이이동좌표계에대한회전을이용한상대변환이므로해당변환행렬을앞에서부터순차적으로곱한다.

B
AT  Rotz, .Roty, .Rotz, 







Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





Cos Sin 0
Sin Cos 0
0 0 1












Cos Cos Cos  Sin Sin Cos Sin  Cos Cos Sin Cos Sin
Cos Cos Sin  Cos Sin Cos Cos  Cos Sin Sin Sin Sin
Cos Sin Sin Sin Cos

130709_RotationMatrix_EulerAngle.nb 20



ü Z-Y-X 오일러 각

좌표계 A의 Z축에대해 만큼회전후

이동좌표계즉회전후얻어진새로운좌표계B'의 Y축에대해 만큼회전한후,

다시새롭게얻어진좌표계이동좌표계B"의 X축에대해
만큼연속적으로회전을하여특정방위를나타내는좌표계B를얻는방법
모든회전이이동좌표계에대한회전을이용한상대변환이므로해당변환행렬을앞에서부터순차적으로곱한다.

B
AT  Rotz, .Roty, .Rotx, 







Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





1 0 0
0 Cos Sin
0 Sin Cos












Cos Cos Cos Sin  Cos Sin Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin Sin  Cos Sin
Sin Cos Sin Cos Cos
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ü X-Y-Z (롤-피치-요)

고정기준좌표계A의 X축에대해 만큼회전후

고정좌표계의 Y축에대해 만큼회전한후,

고정좌표계의 Z축에대해 만틈연속적으로회전을하여특정방위를나타내는좌표계B를얻는방법
모든회전이고정기준좌표계에대한회전을이용한

절대변환이므로해당변환행렬을뒤에서부터앞으로역순으로곱한다.

Z  Y  X오일러와동일

B
AT  Rotz, .Roty, .Rotx, 







Cos Sin 0
Sin Cos 0
0 0 1




.





Cos 0 Sin
0 1 0
Sin 0 Cos




.





1 0 0
0 Cos Sin
0 Sin Cos












Cos Cos Cos Sin  Cos Sin Sin Cos Cos Sin  Sin Sin
Cos Sin Cos Cos  Sin Sin Sin Cos Sin Sin  Cos Sin
Sin Cos Sin Cos Cos
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Unit Quaternion

  Cos 
2


  Sin 
2
r

 




x

y

z






2  x
2  y

2  z
2  1

R,  






22  x
2  1 2xy   z 2xz   y

2xy   z 22  y
2  1 2yz   x

2xz   y 2yz   x 22  z
2  1








R 





r11 r12 r13

r21 r22 r23

r31 r32 r33






 
1

2



r11  r22  r33  1

 
1

2








Signr32  r23
r11  r22  r33  1

Signr13  r31
r22  r33  r11  1

Signr21  r12
r33  r11  r22  1







R1  R
Q1  , 
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Q1  1, 1, Q2  2, 2
Q1 Q2  12  12, 12  21  1 2

Rotation Matrix and Small Angels

Cos  1, Sin  
Rzyx  RzRyRx






1  0
 1 0
0 0 1




.





1 0 
0 1 0
 0 1




.





1 0 0
0 1 
0  1




  MatrixForm

Rzyx 





1        
 1        
  1




 






1  
 1 
  1






Rxyz 





1 0 0
0 1 
0  1




.





1 0 
0 1 0
 0 1




.





1  0
 1 0
0 0 1




  MatrixForm

Rxyz 





1  
    1     
        1




 






1  
 1 
  1





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An efficient orientation filter for inertial 

and inertial/magnetic sensor arrays

Quaternion representation

ü A quaternion is a four-dimensional complex number

ü  An arbitrary orientation of frame B relative to frame A

B
Aq

 A rotation of angle  around an axis Ar defined in frame A

Ar   rx ry rz 

ü normalized four-dimensional vector

B
Aq   q1 q2 q3 q4    Cos 

2
 rxSin 

2
 rySin 

2
 rzSin 

2
 

ü the quaternion paramentrization obeys

q1
2  q2

2  q3
2  q4

2  1
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ü hypercomplex numbers {i,j,k}

a  b i  c j  d k

i2  j2  k2  1

i j  j i  k

j k  k j  i

k i  i k  j

ü A quaternion conjugate

B
Aq


 A

Bq   q1 q2 q3 q4 

ü A quaternion product ƒ

C
Aq  C

Bq B
Aq

ü Hamilton rule

a b   a1 a2 a3 a4   b1 b2 b3 b4 

  a1 a2 a3 a4 .







b1 b2 b3 b4

b2 b1 b4 b3

b3 b4 b1 b2

b4 b3 b2 b1















a1b1  a2b2  a3b3  a4b4

a1b2  a2b1  a3b4  a4b3

a1b3  a2b4  a3b1  a4b2

a1b4  a2b3  a3b2  a4b1








ü Euler axis

e 





ex

ey

ez






ü Angle



ü Vector's Elements

q1  Cos 
2


q2  exSin 
2


q3  eySin 
2


q4  ezSin 
2

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ü A three dimensional vector

B  B
Aq A B

Aq


 The orientation B
Aq  The rotation matrix

B
AR 






2q1

2  1  2q2
2 2q2q3  q1q4 2q2q4  q1q3

2q2q3  q1q4 2q1
2  1  2q3

2 2q3q4  q1q2
2q2q4  q1q3 2q3q4  q1q2 2q1

2  1  2q4
2







ü Euler Angle

 around xB,  around yB,  around zB

  ArcTanB
AR33, B

AR32  ArcTan2q1
2  1  2q4

2, 2q3q4  q1q2

  ArcTan
1  B

AR31
2 , B

AR31  ArcSin2q2q4  q1q3

  ArcTanB
AR11, B

AR12  ArcTan2q1
2  1  2q2

2, 2q2q3  q1q4

Filter derivation

Qrientation from angular rate

ü A tri-axis gyroscope

ü The angular rate

S   0 x y z 

ü The quaternion derivative

E
Sq 

1

2
E
Sq S

ü The quaternion derivative measured at time t

E
Sq,t 

1

2
E
Sqest,t1 

St

ü The orientation of the earth frame at time t

E
Sq,t  E

Sqest,t1  E
Sq,tt
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The samling period Dt

Orientation from vector observations

ü A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

ü A tri-axis magnetometer (Local magnetic flux and distortions)

the earth's magnetic field

ü A quaternion

E
Sq   q1 q2 q3 q4 

ü A predefined reference direction

Ed

  0 dx dy dz 

ü The measured direction

Ss   0 sx sy sz 

ü The objective function

fE
Sq, Ed


, Ss  E

Sq

 Ed


 E

Sq  Ss

ü A quaternion may be found

min
E
Sq 4

fE
Sq, Ed


, Ss

The gradient descent algorithm

ü An orientation estimation of E
Sq
`

n+1

E
Sqk1  E

Sqk  
fE

Sq, Ed


, Ss

 fE

Sq, Ed


, Ss 
, k  0, 1, …, n

A step-size m
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ü The gradient of the solution surface (General form)

fE
Sqk, Ed


, Ss  JE

Sqk, Ed
fE

Sqk, Ed


, Ss

ü A objective function

fE
Sqk, Ed


, Ss 







2dx 1
2
 q3

2  q4
2  2dyq1q4  q2q3  2dzq2q4  q1q3  sx

2dxq2q3  q1q4  2dy 1
2
 q2

2  q4
2  2dzq1q2  q3q4  sy

2dxq1q3  q2q4  2dyq3q4  q1q2  2dz 1
2
 q2

2  q3
2  sz







ü Jacobian

JE
Sqk, Ed

 






2dyq4  2dzq3 2dyq3  2dzq4 4dxq3  2dyq2  2dzq1 4dxq4  2dyq1  2dzq2

2dxq4  2dzq2 2dxq3  4dyq2  2dzq1 2dxq2  2dzq4 2dxq1  4dyq4  2dzq3

2dxq3  2dyq2 2dxq4  2dyq1  4dzq2 2dxq1  2dyq4  4dzq3 2dxq2  2dyq3







The direction of gravity (the vertical axis, z axis)

ü An appropriate convention (the equations simplify)

Eg   0 0 0 1 

ü Normalized accelermeter measurement

Sa   0 ax ay az 

ü A objective function

fgE
Sq, Sa 







2q2q4  q1q3  ax

2q1q2  q3q4  ay

2 1
2
 q2

2  q3
2  az







ü Jacobian

JgE
Sq 





2q3 2q4 2q1 2q2

2q2 2q1 2q4 2q3

0 4q2 4q3 0





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The earth's magnetic field (one horizontal axis, the vertical axis)

ü An appropriate convention (the equations simplify)

Eb

  0 bx 0 bz 

ü Normalized accelermeter measurement

Sm   0 mx my mz 

ü A objective function

fbE
Sq, Eb


, Sm 







2bx 1
2
 q3

2  q4
2  2bzq2q4  q1q3  mx

2bxq2q3  q1q4  2bzq1q2  q3q4  my

2bxq1q3  q2q4  2bz 1
2
 q2

2  q3
2  mz







ü Jacobian

JbE
Sq, Eb

 





2bzq3 2bzq4 4bxq3  2bzq1 4bxq4  2bzq2

2bxq4  2bzq2 2bxq3  2bzq1 2bxq2  2bzq4 2bxq1  2bzq3

2bxq3 2bxq4  4bzq2 2bxq1  4bzq3 2bxq2






The solution surface Æ minimum

ü The objective function

fg,bE
Sq, Sa, Eb


, Sm  




fgE
Sq, Sa

fbE
Sq, Eb


, Sm





ü Jacobian

Jg,bE
Sq, Eb

  



JgE
Sq

JbE
Sq, Eb






The estimate orientation E
Sq,t

E
Sq,t  E

Sqest,t  t
f

 f 

ü The convergence rate governed by mt  ≥ the physical rate

A previous estimate of orientationE
Sqest,t1
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ü The objective function gradient

f   JgE
Sqest,t1fgE

Sqest,t1, Sat
Jg,bE

Sqest,t1, Eb
fg,bE

Sqest,t1, Sa, Eb


, Sm

The convergence rate ofE
Sq,t

The physical orientation rateE
Sq,t

ü An optimal value of the step-size

t    E
Sq,t  t,   1

Filter fusion algorithm

ü An estimated orientation

E
Sqest,t  tE

Sq,t  1  tESq,t, 0  t  1

ü b, mtÄÄÄÄÄÄÄ
Dt

The weighted divergence ofESq  The weighted convergence ofESq
 t

t

ü The magnitude of a quaternion derivative == The gyroscope measurement error

1  t  t
t

t

t 


t
t

 

ü The optimal fusion

 the convergence rate of E
Sq    the physical rate of change of orientation

E
Sq,t  t

f
 f 

t 
 t

t
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ü Simplify

ü An estimated orientation

E
Sqest,t 

 t

t


t

f
 f 



  1  0E

Sqest,t1  E
Sq,tt

E
Sqest,t  

f
 f  t  E

Sqest,t1  E
Sq,tt

E
Sqest,t  E

Sqest,t1  E
Sq,tt  

f
 f  t

E
Sqest,t  E

Sqest,t1 


E

Sq,t  
f

 f 


 t

E
Sqest,t  E

Sqest,t1 


E

Sq,t  
f

 f 


 t

E
Sqest,t  E

Sqest,t1  E
Sq,t  E

Sq

,t t

E
Sqest,t  E

Sqest,t1  E
Sqest,tt

E
Sqest,t  E

Sqest,t1 


 1

2
E
Sqest,t1 

St  
f

 f 


 t

The estimated orientation rate E
Sqest

The rate of change of orientation measured by the gyroscopes E
Sq

The direction of the estimated error E
Sq



ü Simplified to equation

E
Sqest,t  E

Sqest,t1  E
Sqest,tt

ü The estimated rate of change of orientation

E
Sqest,t  E

Sq,t  E
Sq

,t

ü The quaternion derivative measured at time t

E
Sq,t 

1

2
E
Sqest,t1 

St

ü The direction of the error of E
Sqest,t

E
Sq

,t 

f
 f 
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ü The objective function

fg,bE
Sq, Sa, Eb


, Sm  




fgE
Sq, Sa

fbE
Sq, Eb


, Sm





ü Jacobian

Jg,bE
Sq, Eb

  



JgE
Sq

JbE
Sq, Eb






ü The gradient of the solution surface (General form)

f  Jf
fg,b  Jg,bE

Sq, Eb
fg,bE

Sq, Sa, Eb


, Sm

Magnetic distortion compensation

ü Declination errors

The horizontal plane : the earth's surface Heading

ü Inclination errors

The vertical plane : the earth's surface Sensor's attitude

ü The measured direction of the earth's magnetic field in the earth frame at time t

Eh


t   0 hx hy hz   E
Sqest,t1 

Smt  E
Sqest,t1



Eb


t   0 hx
2  hy

2 0 hz 

Gyroscope bias drift compensation

ü With temperature and with motion

Karman  based approaches  estimate the gyroscope bias

Mahony et al  gyroscope bias drift the integral feedback of the error

The normalized direction of the estimated error in the rate of change of orientation E
Sq


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ü The gyroscope bias Sb

Sb,t  
t

S,tt

The integral gain z

ü DC component of S

S,t  2E
Sqest,t1


 E

Sq

,t

ü Gyroscope measurements Sc

Sc,t  St  Sb,t

Filter gains

The estimated mean zero gyroscope measurement error of each axis 

ü The filter gain

 


1

2
q  0    

 
3


4


The estimated rate of gyroscope bias drift in each axis 

ü The filter gain

  3

4



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Block diagram

ü IMU

ü MARG

Gyroscope drift

Magnetic distortion
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MATLAB

ü Quanternion Conjugate

qConj  quaternConjq
qConj   q1 q2 q3 q4 

qConj=[q(:,1)-q(:,2)-q(:,3)-q(:,4)];

ü Quanternion Product

ab  quaternProda, b
ab(:,1)=a(:,1).*b(:,1)-a(:,2).*b(:,2)-a(:,3).*b(:,3)-a(:,4).*b(:,4);

ab(:,2)=a(:,1).*b(:,2)+a(:,2).*b(:,1)+a(:,3).*b(:,4)-a(:,4).*b(:,3);

ab(:,3)=a(:,1).*b(:,3)-a(:,2).*b(:,4)+a(:,3).*b(:,1)+a(:,4).*b(:,2);

ab(:,4)=a(:,1).*b(:,4)+a(:,2).*b(:,3)-a(:,3).*b(:,2)+a(:,4).*b(:,1);

ü Quanternion to Rotation Matrix

R  quatern2rotMatq
R(1,1,:) = 2.*q(:,1).^2-1+2.*q(:,2).^2;

R(1,2,:) = 2.*(q(:,2).*q(:,3)+q(:,1).*q(:,4));

R(1,3,:) = 2.*(q(:,2).*q(:,4)-q(:,1).*q(:,3));

R(2,1,:) = 2.*(q(:,2).*q(:,3)-q(:,1).*q(:,4));

R(2,2,:) = 2.*q(:,1).^2-1+2.*q(:,3).^2;

R(2,3,:) = 2.*(q(:,3).*q(:,4)+q(:,1).*q(:,2));

R(3,1,:) = 2.*(q(:,2).*q(:,4)+q(:,1).*q(:,3));

R(3,2,:) = 2.*(q(:,3).*q(:,4)-q(:,1).*q(:,2));

R(3,3,:) = 2.*q(:,1).^2-1+2.*q(:,4).^2;

ü Quanternion to Euler

euler  quatern2eulerq
R(1,1,:)=2.*q(:,1).^2-1+2.*q(:,2).^2;

R(2,1,:)=2.*(q(:,2).*q(:,3)-q(:,1).*q(:,4));

R(3,1,:)=2.*(q(:,2).*q(:,4)+q(:,1).*q(:,3));

R(3,2,:)=2.*(q(:,3).*q(:,4)-q(:,1).*q(:,2));

R(3,3,:)=2.*q(:,1).^2-1+2.*q(:,4).^2;

phi=atan2(R(3,2,:),R(3,3,:));

theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:).^2));

psi=atan2(R(2,1,:),R(1,1,:));

euler=[phi(1,:)' theta(1,:)' psi(1,:)'];
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ü Euler to Rotation Matrix

R  euler2rotMatphi, theta, psi
R(1,1,:)=cos(psi).*cos(theta);

R(1,2,:)=-sin(psi).*cos(phi)+cos(psi).*sin(theta).*sin(phi);

R(1,3,:)=sin(psi).*sin(phi)+cos(psi).*sin(theta).*cos(phi);

R(2,1,:)=sin(psi).*cos(theta);

R(2,2,:)=cos(psi).*cos(phi)+sin(psi).*sin(theta).*sin(phi);

R(2,3,:)=-cos(psi).*sin(phi)+sin(psi).*sin(theta).*cos(phi);

R(3,1,:)=-sin(theta);

R(3,2,:)=cos(theta).*sin(phi);

R(3,3,:)=cos(theta).*cos(phi);

ü Rotation Matrix to Quanternion

q  rotMat2quaternR
[row col numR]=size(R);

q=zeros(numR,4);

K=zeros(4,4);

for i=1:numR

K(1,1)=(1/3)*(R(1,1,i)-R(2,2,i)-R(3,3,i));

K(1,2)=(1/3)*(R(2,1,i)+R(1,2,i));

K(1,3)=(1/3)*(R(3,1,i)+R(1,3,i));

K(1,4)=(1/3)*(R(2,3,i)-R(3,2,i));

K(2,1)=(1/3)*(R(2,1,i)+R(1,2,i));

K(2,2)=(1/3)*(R(2,2,i)-R(1,1,i)-R(3,3,i));

K(2,3)=(1/3)*(R(3,2,i)+R(2,3,i));

K(2,4)=(1/3)*(R(3,1,i)-R(1,3,i));

K(3,1)=(1/3)*(R(3,1,i)+R(1,3,i));

K(3,2)=(1/3)*(R(3,2,i)+R(2,3,i));

K(3,3)=(1/3)*(R(3,3,i)-R(1,1,i)-R(2,2,i));

K(3,4)=(1/3)*(R(1,2,i)-R(2,1,i));

K(4,1)=(1/3)*(R(2,3,i)-R(3,2,i));

K(4,2)=(1/3)*(R(3,1,i)-R(1,3,i));

K(4,3)=(1/3)*(R(1,2,i)-R(2,1,i));

K(4,4)=(1/3)*(R(1,1,i)+R(2,2,i)+R(3,3,i));

[V,D]=eig(K);

%p=find(max(D));

%q=V(:,p)';

q(i,:)=V(:,4)';

q(i,:)=[q(i,4) q(i,1) q(i,2) q(i,3)];

end

ü Axis Angle to Quanternion

q  axisAngle2quaternaxis, angle
q0=cos(angle./2);

q1=-axis(:,1)*sin(angle./2);

q2=-axis(:,2)*sin(angle./2);

q3=-axis(:,3)*sin(angle./2);

q=[q0 q1 q2 q3];
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ü Rotation Matrix to Euler

euler  rotMat2eulerR
phi=atan2(R(3,2,:),R(3,3,:));

theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:).^2));

psi=atan2(R(2,1,:),R(1,1,:));

euler=[phi(1,:)' theta(1,:)' psi(1,:)'];

ü Axis Angle to Rotation Matrix

R  axisAngle2rotMataxis, angle
kx=axis(:,1);

ky=axis(:,2);

kz=axis(:,3);

cT=cos(angle);

sT=sin(angle);

vT=1-cos(angle);

R(1,1,:)=kx.*kx.*vT+cT;

R(1,2,:)=kx.*ky.*vT-kz.*sT;

R(1,3,:)=kx.*kz.*vT+ky.*sT;

R(2,1,:)=kx.*ky.*vT+kz.*sT;

R(2,2,:)=ky.*ky.*vT+cT;

R(2,3,:)=ky.*kz.*vT-kx.*sT;

R(3,1,:)=kx.*kz.*vT-ky.*sT;

R(3,2,:)=ky.*kz.*vT+kx.*sT;

R(3,3,:)=kz.*kz.*vT+cT;

ü Update

obj  Updateobj, Gyroscope, Accelerometer, Magnetometer

ü % short name local variable for readability

q  obj.Quaternion;

ü % Normalise accelerometer measurement

ifnormAccelerometer  0, return; end % handle NaN
Accelerometer  AccelerometernormAccelerometer; % normalise magnitude

ü % Normalise magnetometer measurement

ifnormMagnetometer  0, return; end % handle NaN
Magnetometer  Magnetometer normMagnetometer; % normalise magnitude
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ü % Reference direction of Earth's magnetic feild

h  quaternProdq, quaternProd0 Magnetometer, quaternConjq;
b  0 normh2 h3 0 h4;

ü % Gradient decent algorithm corrective step

F 







2 q2q4  q1q3  Accelerometer1
2 q1q2  q3q4  Accelerometer2

2 0.5  q2^2  q3^2  Accelerometer3
2b2 0.5  q3^2  q4^2  2b4q2q4  q1q3  Magnetometer

2b2q2 q3  q1q4  2b4q1q2  q3q4  Magnetomete
2b2 q1 q3  q2q4  2 b40.5  q2^2  q3^2  Magnetometer







J 







2 q3 2q4 2q1
2 q2 2q1 2q4

0 4q2 4q3
2 b4 q3 2 b4q4 4 b2q3  2 b

2 b2 q4  2 b4 q2 2 b2q3  2 b4q1 2 b2q2  2 b4
2 b2 q3 2 b2q4  4 b4q2 2 b2q1  4 b4







step  J' F;

ü % normalise step magnitude

step  step normstep;

ü % Compute rate of change of quaternion

qDot 

0.5quaternProdq, 0 Gyroscope1 Gyroscope2 Gyroscope3  obj.Betastep';

ü % Integrate to yield quaternion

q  q  qDotobj.SamplePeriod;
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ü % normalise quaternion

obj.Quaternion  q normq;

ü IMU

function obj=UpdateIMU(obj,Gyroscope,Accelerometer)

q=obj.Quaternion;% short name local variable for readability

% Normalise accelerometer measurement

if(norm(Accelerometer)ã0),return;end % handle NaN

Accelerometer=Accelerometer/norm(Accelerometer);% normalise magnitude

% Gradient decent algorithm corrective step

F=[2*(q(2)*q(4)-q(1)*q(3))-Accelerometer(1) 2*(q(1)*q(2)+q(3)*q(4))-Accelerometer(2) 2*(0.5-q(2)^2-q(3)^2)-Accelerometer(3)];

J=[-2*q(3),2*q(4),-2*q(1),2*q(2) 2*q(2),2*q(1),2*q(4),2*q(3) 0,-4*q(2),-4*q(3),0];

step=(J'*F);

step=step/norm(step);% normalise step magnitude

% Compute rate of change of quaternion

qDot=0.5*quaternProd(q,[0 Gyroscope(1) Gyroscope(2) Gyroscope(3)])-obj.Beta*step';

% Integrate to yield quaternion

q=q+qDot*obj.SamplePeriod;

obj.Quaternion=q/norm(q);% normalise quaternion

end

Kalman Filter

ü System Model

C1  Sin
C2  SinCos
C3  CosCos

C


1  

Cos  zC2  yC3

C


2  

CosCos  SinSin  zC1xC3

C


3  

SinCos  CosSin  yC1  xC2






C


1

C


2

C


3





 





0 z y

z 0 x

y x 0










C1

C2

C3




  W

fb  vb  nb
b vb  gb 






u  ru  qw

v  ru  Pw

w  qu  pv





 





g Sin
g SinCos
g CosCos





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




fx

fy

fz




 






u

v

w





 





ru  q
ru  p
qu  pv




 






g Sin
g SinCos
g CosCos






 g





Sin
SinCos
CosCos




  g






C1

C2

c3











fx

fy

fz




  g






1 0 0
0 1 0
0 0 1




.





C1

C2

C3




  V

Kalman Filter

 Gyro Angler Ratep, q, r  Euler Angle변화율, 


, 

















 





1 SinTan CosTan
0 Cos Sin
0 Sin Cos Cos Cos




.





p
q
r

















 






  dt



  dt


  dt







 Accelerometer fx, fy, fz
Linear Rateu, v, w, Linear Accelerationu, v, w, Angler Ratep, q, r, Gravityg






fx

fy

fz




 






u

v

w





 





0 w v
w 0 u
v u 0




.





p
q
r




  g






Sin
CosSin
CosCos












fx

fy

fz




  g






Sin
CosSin
CosCos






  ArcSin fx

g


  ArcSin fy

g Cos 

ü Sensor Fusion







q1

q2

q3

q4








1

2








0 p q r
p 0 r q
q r 0 p
r q p 0






.







q1

q2

q3

q4






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





q1

q2

q3

q4






k1








I  t

1

2








0 p q r
p 0 r q
q r 0 p
r q p 0












.







q1

q2

q3

q4






k

A  I  t
1

2








0 p q r
p 0 r q
q r 0 p
r q p 0













q1

q2

q3

q4














Cos 
2
Cos 

2
Cos 

2
  Sin 

2
Sin 

2
Sin 

2


Sin 
2
Cos 

2
Cos 

2
  Cos 

2
Sin 

2
Sin 

2


Cos 
2
Sin 

2
Cos 

2
  Sin 

2
Cos 

2
Sin 

2


Cos 
2
Cos 

2
Sin 

2
  Sin 

2
Sin 

2
Cos 

2








ü Euler Angle

 around xB,  around yB,  around zB

  ArcTan1  2q2
2  q3

2, 2q3q4  q1q2
  ArcSin2q2q4  q1q3
  ArcTan1  2q3

2  q4
2, 2q2q3  q1q4

ü Algorithm start

H 







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







Q 







0.0001 0 0 0
0 0.0001 0 0
0 0 0.0001 0
0 0 0 0.0001







R 







10 0 0 0
0 10 0 0
0 0 10 0
0 0 0 10







x 







1
0
0
0







P 







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1






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ü KF







q1

q2

q3

q4






 x

z 







q1

q2

q3

q4














Cos 
2
Cos 

2
Cos 

2
  Sin 

2
Sin 

2
Sin 

2


Sin 
2
Cos 

2
Cos 

2
  Cos 

2
Sin 

2
Sin 

2


Cos 
2
Sin 

2
Cos 

2
  Sin 

2
Cos 

2
Sin 

2


Cos 
2
Cos 

2
Sin 

2
  Sin 

2
Sin 

2
Cos 

2








xp  A.x

A  I  t
1

2








0 p q r
p 0 r q
q r 0 p
r q p 0







Pp  A.P.A  Q

K  Pp.H.InverseH.Pp.H  R
x  xp  K.z  H.xp
P  Pp  K.H.Pp












 






ArcTan1  2q2
2  q3

2, 2q3q4  q1q2
ArcSin2q2q4  q1q3

ArcTan1  2q3
2  q4

2, 2q2q3  q1q4






Essential Kalman Filter

x 













rates 





p
q
r























 





1 SinTan CosTan
0 Cos Sin
0 Sin Cos Cos Cos




.





p
q
r




  w







p  r Cos Tan  q Sin Tan
q Cos  r Sin
r Cos Sec  q Sec Sin




  w

 fx  w

z   1 0 0
0 1 0

.











  v

 H x  v

130709_RotationMatrix_EulerAngle.nb 43



ü Algorithm start

A 







f1


f1


f1


f2


f2


f2


f3


f3


f3








H   1 0 0
0 1 0



Q 





0.0001 0 0
0 0.0001 0
0 0 0.1






R   6 0
0 6



x 





0
0
0






P 





10 0 0
0 10 0
0 0 10






ü EKF












  x






p
q
r




  rates

A  Ajacobx, rates, dt
A 






q CosTan  r SinTan q SinSec2  r CosSec2 0
q Sin  r Cos 0 0

q Cos Sec  r SinSec q SinSecTan  r CosSecTan 0






A  I  t A

xp  fxx, rates, dt

xp  fxx, rates, dt 





p  r Cos Tan  q Sin Tan
q Cos  r Sin
r Cos Sec  q Sec Sin






Pp  A.P.A  Q

K  Pp.H.InverseH.Pp.H  R
x  xp  K.z  H xp
P  Pp  K.H.Pp
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Axes Transformations

angle2dcm  Create direction cosine matrix from rotation angles
angle2quat  Convert rotation angles to quaternion
dcm2alphabeta  Convert direction cosine matrix to angle of attack and sideslip angle
dcm2angle  Create rotation angles from direction cosine matrix
dcm2latlon  Convert direction cosine matrix to geodetic latitude and longitude
dcm2quat  Convert direction cosine matrix to quaternion
dcmbody2wind  Convert angle of attack and sideslip angle to direction cosine matrix
dcmecef2ned  Convert geodetic latitude and longitude to direction cosine matrix
ecef2lla  Convert Earth  centered Earth 

fixed ECEF coordinates to geodetic coordinates
flat2lla  Estimate array of geodetic latitude,
longitude and altitude coordinates from flat Earth position
geoc2geod  Convert geocentric latitude to geodetic latitude
geod2geoc  Convert geodetic latitude to geocentric latitude
igrf11magm  Calculate Earth's magnetic field using

11th generation of International Geomagnetic Reference Field
lla2ecef  Convert geodetic coordinates to Earth 

centered Earth  fixed ECEF coordinates
lla2flat  Estimate flat Earth position from geodetic latitude, longitude, and altitude
quat2angle  Convert quaternion to rotation angles
quat2dcm  Convert quaternion to direction cosine matrix
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