130709_RotationMatrix_EulerAngle.nb

Euler Angles and Rotation Matrix

= 2D Rotation

X’ Cos[e] -Sin[e] X x Cos[e] -y Sin[e]
(y') = (Sin[e] Cos[0] )(y) = (yCos[e] +XSin[e] )

m Rotation Matrix

DirectionCosine Matrix

= n: Normal, o: Orientation, a: Approach

(noajy(xy z)

End-effector

m Unit Column Vector
n=(Nx Ny nz)T

0=(0x Oy 07)7
a=(ax ay az)’

m Direction Cosine Matrix

Ny Ox ax
R=|ny oy ay

n, o, a
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n.o=0
0.a=0
a.n=0
nxo=a
s Norm=1
|n|=1
|O|=1
la] =1

= Orthogonal Matrix
R™R =1

RT = R—l

m 3D orthonormal basis - unit vectors

a, v, w

A=|0y 0 W

0; v, W,

Ox Uy \TVX]

[0 =19]=1
0-v=0
OxvV =W

Roll Pitch Yaw (ZYX) Euler Angle

m ZYX (Roll-Pitch-Yaw) Angles

X -axis (Yaw) ¢ » Ry [¥]
Y - axis (Pitch) e » Ry [6]
z - axis (Roll) ¢ » R, [¢]

1 0 0

Re[#_] := |0 Cos[y] -Sin[¥] | // MatrixForm

0 Sin[y] Cos[¥]
Cos[e] O Sin[e]

Ryl[e_1] := 0 1 0 // MatrixForm
-Sin[e] 0 CosIe]
Cos[¢] -Sin[¢] O

Rz[¢_]1 := | Sin[¢] Cos[¢] O | // MatrixForm

0 0 1

Rzyx = Rz [¢] Ry [9] Rx [W]
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Sin[¢]

Cos[¢]
: [O

-Sin[¢]

Cos[¢]

0

Cos[e] Sin[¢]

[Cos[e] Cos[¢]

-Sin[e]

0
0
1

i

-Cos[y] Sin[¢] + Cos[¢] Sin[e] Sin[y¥]
Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¢]

Cos[e] 0 SinJe]

0 1 0

-Sin[e] 0 CosJe]

Cos[e] Sin[¥]

m n(x): Normal, o(y): Orientation, a(z): Approach

¢ (Roll) » {-x, 7}
e (Pitch) » {-n/2, 7/ 2}

¥ (Yaw) - {-7m, 7}

RPY[¢, 6, ¥] = Rot[a, ¢].Rot[o, 6] -Rot[n, ¥]

ria riz

21 a2

a1 I3z
0 0

Cos[¢]
Sin[¢]
0
0

-Sin[e]
0

Ny
Ny
- nZ
Oz

az

Tan[¢]

Sin[e]

Tan[y¢]

¢ (Roll) = ArcTan[%]
X

iz 0
o3 0
sz 0

0

1

-Sin[¢]

Cos[¢]

0
0

Cos[e] Cos[¢]
Cos[e] Sin[¢]

-Cos[¥] Sin[¢] + Cos[¢] Sin[e] Sin[y¥]
Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¢]

0
0
1
0

Ny
Ny
Nz
0

» O OO

Ox ay
Oy ay
0z az
0O O

O OO

Cos[e]
0
-Sin[e]
0

Cos[e] Sin[¥]

0

e (Pitch) = ArcSin[-n;]

¥ (Yaw) = ArcTan[Z—Z]
Z

n 0={-n/2,7/2}

¢ = ArcTan [ %]
11

© = ArcSin[-ra] = ArcTan|[-

¥ = ArcTan [ %]
33

m 0={n/2,37/2}

¢ = ArcTan [

-r21

-ru

]

a1

VIraz? + ras?

]

0
1
0
0

Sin[e]
0
Cos[e]
0

i

10

0

0 Cos[y¥] -Sin[y]
0 Sin[y] Cos[y]

0
0
0
1

Cos[¢] Cos[y] Sin[e] + Sin[¢] SiI
Cos[¢] Sin[e] Sin[¢] - Cos[¢] SiI
Cos[e] Cos[¥]

0 0
Cos[¢¥] -Sin[y]
Sin[y] Cos[¥]
0 0

OO OoOr
» O OO

Cos[¢] Cos[¥] Sin[e] +Sin[¢] SiI
Cos[¥] Sin[e] Sin[¢] - Cos[¢] SiI
Cos[e] Cos[¥]

0
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6 = ArcSin[-rs1]

¥ = ArcTan[ _:32 ]
-F33

m @ (Pitch)=n/2, Cos[6]~0
r3 -riz = (Sin[e] +1) Sin[¢ - ¥]
riz + Iz = (Sin[e] +1) Cos[¢ - ¥]
ro3 + ri2 = (Sin[e] -1) Sin[¢ + ¢¥]
riz - ro = (Sin[e] +1) Cos[¢ + ¥]
¢ = ArcTan[riz - oz, Faoz + 2]
6 = ArcSin[-ra1]

¥ =¢-ArcTan[riz + oz, a3 - 2]

General Rotation Matrix

m Angle 8 and Axis r

Ix
r= ry
Iz
| r| =«/rx2+ry2+r22 =1
3 r
Sinfa] = —X
\/rx2 +1y2
rx
Cos[a] = —
\/rx2 +1y2
Af 2+ ry?
Sin[B] = =4[ x2 + 12
\/rx2 +Fy2 + 1,2
r
Cos[B] = =r;

z
\/rx2 +Fy2 + 1,2

as= ArcTan[?L]
X

A/ 2 + 1ry?
—|

B = ArcTan [ -
z

R[6, r] =Rz[a]-Ry[B]-Rz[6]-Ry[-B]-Rz[-a]
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[Cos[a] -Sin[a] O][

0s[B] 0 Sin[B]
Sin[a] Cos[a] ]

C

0 1 0
0 0
C

(0]

1 -Sin[B] O Cos[B]
Cos[e] -Sin[e] O
[ 0
1

10 Sin[-a] Cos[-a] 0
-Sin[-B] 0 Cos[-B] 0 0 1

Sin[e] CosJe] .

0s[-B] 0 Sin[-B] Cos[-a] -Sin[-a] O
0 -
0 0 [ ] [

= Calculation
= Summary

Fia ri2 ris
R[6, r] = | ra1 rax rz3
a1 32 I33

ryry (1-Cos[e]) +r,Sin[e] ry? (1-Cos[e]) +Cos[e] ryrz (1-Cos[e]) - rxSin[e]

ry? (1-Cos[e]) + Cos[e] ryry (1-Cos[e]) -r,Sin[e] rxr; (1-Cos[6]) +rySin[e]
[rx r; (1-Cos[e]) -rySin[e] ryr, (1-Cos[e]) +IySin[e] r;2 (1-Cos[e]) + Cos[6]

R[-6, -r] =R[6, r]

11+ V22 +r33-1

r
6= ArcCos[ > ]
1 32 - '3
Fr= —— | s -rIa1
2S8in[e] Fo1 - 1o
m Euler axis
Ux
Q= [ Uy ]
Uz
= Angle
e

= Rotation Matrix

R[e_] :=
Cos[e] + Uy? (1 -Cos[e]) Ux Uy (1-Cos[e]) -uzSin[e] uxu; (1-Cos[e]) +uy Sin[e]
[uy Ux (1-Cos[e]) +u; Sin[e] Cos[e] +Uuy? (1-Cos[e]) Uy Uy (1-Cos[e]) - uxSin[e]
Uz Ux (1 -Cos[e]) -uy Sin[e] uyuy (1-Cos[6]) +Ux Sin[e] Cos[e] +u,2 (1-Cos[e])

= Concisely
R =1Cos[e] +Sin[e] [u]l, + (1 -Cos[6]) u®u

100
I=[010]

0 01
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Ux?  UxUy UxUg
U®U = [ UxUy Uy? UyuU,
Ux Uz UyU; UZ2

m Rotation matrix « Euler axis/angles

e1
é = [e2

€3

1
o= ArcCos[E (A11 + A2z + Azz - 1) |

Azz - Az
€= ——
2SiIn[e]
A1z - Az1
€= —
2Sin[e]
A1 - A1z
€3 = ———
2Sin[e]
R*™.R=R.R"=l

Cos[e] Cos[¢] Cos[¥] Sin[e] Sin[¢] -Cos[¢] Sin[¢y] Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[yY
In[4]:= [Cos[e] Sin[¢] Cos[¢] Cos[¢] +Sin[e] Sin[¢] Sin[¢] -Cos[¢] Sin[¢] + Cos[¢] Sin[e] Sin[
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

1 0 O
=[010]

0 0 1

Rotation matrix « Euler angles

XYZ Euler Angle

nyz = Rx [¢] Ry [e] Rz [l/f]

1 0 0 Cos[e] 0 SinJe] Cos[y] -Sin[y] O
= [O Cos[¢] -Sin[¢] ][ 10 ]_[Sin[w] Cos[y] 0
0 Sin[¢] Cos[¢] -Sin[e] 0 Cos[e] 0 0 1

Cos[¢] Sin[e] Sin[¢] + Cos[¢] Sin[¢¥] Cos[¢] Cos[¢] -Sin[e] Sin[¢] Sin[y] -Cos[e] S

Cos[e] Cos[¥] -Cos[e] Sin[y] Sin[e]
[—Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[¢] Cos[¢¥] Sin[¢] + Cos[¢] Sin[e] Sin[¢] Cos[e] Co
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Rotation Matrix

m single rotation about some axis (unit vector)

= rotation vector

u 0 w -v p Sin[e]
v] +[—W 0O u ]_[q] +0 [—Cos[e]Sin[¢]]
w v -u O r -Cos[e] Cos[¢]

Cos[e] O Sin[e]

(00 -9)-[ 0

1

-Sin[e] O 0 Sin[¢]
]
/g

RH

Cos[e] Cos[¢]

Cos[¢] Tan[e]
-Sin[e]
Cos[¢] Sec[eo]

0 Cos[¢]

1 Sin[¢] Tan[e]
[O Sin[¢] Sec[eo]

Sin[e]
Tan[e] = ————
Cos[e]
1
Sec[e] =

Cos[e]

1 0 0
0 ]_[O Cos[¢] -Sin[¢]

] // MatrixForm
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Euler Angle

Ch = C3[¢] C3[0] Ca[¥]

Rzyx = Rz [l/f] Ry [9] Rx [¢]

Cos[¢] -Sin[y] O
Sin[y] Cos[¥] 0
0 0 1

Cos[e] Cos[¥]
Cos[e] Sin[¥]

0 Cos[¢]

1 Sin[¢] Tan[e]
[0 Sin[¢] Sec[o]

¢
é =
¥

D. Z,
Cos[e] 0 Sin[e]

[O 10
-Sin[e] 0 Cos[e]

-Sin[e] Cos[e] Sin[¢]

Wyx é 0 0
wy]=[o]+Cg[¢] éJ+Cg[¢]C§[9] 0
w, 0 0 ¥

Cos[¢] Tan[e]
-Sin[¢]
Cos[¢] Sec[e]

Cos[¥] Sin[e] Sin[¢] - Cos[¢] Sin[¢]
Cos[¢] Cos[y] +Sin[e] Sin[¢] Sin[y]

Wx
wy
Wz

0 Cos[¢]
0 Sin[¢]

-Sin[¢]
Cos[¢]

// MatrixForm

[10 0

Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[y’
-Cos[y] Sin[¢] + Cos[¢] Sin[e] SIn[:
Cos[e] Cos[¢]
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= Derivation
wx P 10
[wy] =0+ [O Cos[¢] —Sln[¢] ]
wz 0 0 Sin[¢] Cos[¢]
1 0 0 Cos[e] O Sin[e] 0
[0 Cos[¢] -Sin[¢]] [ 10 ] 0
0 Sin[¢] Cos[¢] -Sin[e] 0 CosJe] ¥

wy | = | Cos[¢] 6 - Cos[©] ¥ Sin[¢]

wx] ¢ + ¥ Sin[e]
Cos[e] Cos[¢] ¥ + 6Sin[¢]

Wz

0 Cos[¢] -Sin[¢] wy Cos[¢] wy - Sin[¢] w,
0 Sin[¢] Sec[e] Cos[¢] Sec[e] w2 Sec[e] Sin[¢] wy + Cos[¢] Sec[O] w,

] 1 Sin[¢] Tan[e] Cos[¢] Tan[e] Wy wx +SiN[¢] wy Tan[e] + Cos[¢] w, Tan[e]
¥

Solve[{$ == wx + Sin[¢] wy Tan[e] + Cos[¢] w; Tan[e],
6 == Cos[¢] wy - Sin[¢] w;, ¥ == Sec[6] Sin[¢] wy + Cos[¢] Sec[6] w;}, {wx, wy, wz}]

oy ¢ - ¥ Sin[e] é - ¥ Sin[e]
[wy]= % (2Cos[¢]1 6-¢Sin[e-¢] +¥Sin[e+¢]) | = | Cos[¢] & + Cos[e] ¥ Sin[s]
Wz % (Cos[e-¢] i +Cos[e+¢] #-26Sin[¢]) Cos[e] Cos[¢] ¥ - 6 Sin[e]
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10

Analysis on Position And Orientation

m Cartesian coordinate (3 a=} 3% A))

unitvector

__'\_-'

m One Point P Vector

P=P.-R+P.-9+P.-2=pxKX+pyy+pz2

Px
DirectionVector - P = [ pyJ
Pz

=2y
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11

Ty

XA (A}, {B} oA & A P2l 914
Re, V5- 28 = FHA (A} o YR SE FAI8HH
e =R -Xa+Rs - Pa + s - 24
Rg - Ra
Xp = [XB BN ]
Rg - 24

FEA (A} oA 2 99 98 | Direction Vector (%3 HE)

Direction Cosine (.S WE 9 W& 55 #g Alo] 7}e] = ARSI )

V= Vyex+Vyey+Vzey

V-.-e V,
a=Cos[a] = ~ = -

\Y%
v '\/v,%+v)2,+v§
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12

V-e \Y

B =Cos[b] = LA Y
v «/v§+v§,+v§

vV-e Y

¥y = Cos[c] = Z= z

\Y
v «/v§+v§,+v§

Cos[a]? + Cos[b]? + Cos[c]? =1

Ad 7ig f1A
A EE AP, BPe 24
P="P="pxRa+"py Ja +"P; 22
=BP = Bp, kg + Bpy 95 + Bp, 28
{Ast Apy, Ap; : P9 Ra, Yas 2 Wk g5
Bpx, Bpy, Bpz 1 P Rg, 95, 25 HHFAAE

Rotation Matrix §R
R =Rg - Ra +Rp - Jp + R - 24
V8 =98 - Ra+9s - Ya+ Vs - 2a
25 =25 - Rn + 25 - Ya + 25 - 24

Rp - Ra Y- Ra 2 - Ra
BR=(Re 95 28) =R -9 95 -9a 28-9a
R -2n Yg-2n 2 - 2a

R 95 28 ELAL (A} FEAE (R a0 22) LEXIAFHEY 2T =
(A} A 2 (B} o] 4

FEA (A} & (B} Alo|9] Wiz H o= (B} 9 {A} o WE AU BA £ A S A%
EA Y (U FAF) & verd

= AP =£R._BP

(B} FAFAAHES (A} BZEAANELE WS

Apy AP . Rp P Ra BP . R, (®px Re + Py 95 + Pz 28) - Ra

AP = Apy]=[AP'9A]= P-9a]= BP'yA]=[(BpxxB+pryB+BpZZB)'yA

Apz AP - 2, P2, BP - 2, (®px R + ®py 95 + Pz 28) - 24
Re - Ra Y- Ra 28 - R Bpx
=|Re-9a Y8-9a 2B'YAJ- prJ
Re - 2n Y5 -2a 28 -2 Bp;

AP = 4R.®P
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- ZEA (B} ol i3l L HP 91X Brrl A EA (A} o AR APE
I AAYE {RE Fte] HEHS 9

= AR : TransformationMatrix (&3 4) gt A<
HEA (A} o D3 AFA (B} & IAPH

Rg-Ra Y- Ra 28 - Rp

R -Ya I8-9n 28-9a
Re - 2a Yg-2A 2B -2a

Rp - Xa = | R | | Ra | COs[¥]

2 2 2
(XB, = Xa ) + (XBy = Xa )~ + (X8, = Xa,)
2

Cos[y] =1-

2 2 2
(XB, = Xa ) + (X, = Xpy) 7 + (X8, - Xa,)

2

R - Ka=1-

Low of Cosines

c?=a?+b?-2abCos[y]
aZ2=b?+c?-2bcCos[a]

b2 = a? +c?-2acCos[B]

m Inner Product Space

X.y=|x|]y|Cos[e]
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Y%
Yy
L
LY
[}
Y
'
Y
LY
[}
[}
"
\ o _
[}
= = v
‘\ .-‘-'.
1 -
. Lec”
‘\ ,-" ﬁ a -
T

ZA ’ ZB
HEA (A} 7t 20 FE 71 E02 oW E AT AFAE (B) HL & B WP E RS T3k

BR=|Re-9s 95-9a 28-9a Cos[90° - a] Cos[al Cos[90°]

Re - Ra Yg - Ra 25 - Ra [ Cos[a] Cos[90° +a] Cos[90°]

Re - 2a Y5 -2a 28 -2 Cos[90°] Cos[90°] Cos[0°]
Sin[a] Cos[a] O

0 0 1

= Rot (2, a)

[ Cos[a] -Sin[a] O ]

Cos[y¥] -Sin[y] O
Rot (2, ) = | Sin[y] Cos[y] O
0 0 1

Cos[e] 0 Sin[e]
Rot (9,6) = |0 10
-Sin[e] 0 Cos[e]

10 0
Rot (R, ¢) = | 0 Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]

= Y] A2 GR = AR = 4RY)

FEA By ol e HEA {Ay 9 3|14 : ER
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FEA (Ay ol i@ FZEA (By 9 s|HPFE : gR

Rn-Rg Yo R 25 - R
RR=|R% 95 9295 2a-9s
Rn 28 Yp-28 2p- 28

Rp - Rp Yg-Ra 25 - Ra
‘ﬁéR= Re -9n Y8 -9n 28-9a
R 27 Yg:2n 2B - 2

BR = 4RT

AP = AR_BP

{BP _tR.AP = *P =4R.BP = 4R.ER.AP = 4R.BR = I

7 M2 25 -] Arg THE ol A AR A (A} 9 (B}

B

AP = Arg + BP (incorrect!)

AP, BPO x, y, ZAEES AZ HYILUE HEA 7|22 dF ] o] AH g3 A 5 k.
AP = Arg + §R.BP (correct!)

Arg : FFHEA Aol AAT == A9 == HA (Translation)

AR - T & XA Aol 9] AFA (Rotation)

(T)-(o% 0 T)(1)



130709_RotationMatrix_EulerAngle.nb

16

AP = gT.BP

AT : B2 ¥ &3 F (homogeneous transformation matrix)

#EA By 2 EEE ¥H (°P) & AFTA (A} ol i8] A= FFHF
(Coordinate Transformation) 224, & XA (B} & FEA (A} ol & s A3PA (3x3)
I FFA (A} o EHAA F1A (B} o AHAA ] BAHE (3x1) EXFsI=4x4P3E

1 0 0 Apy
0 1 0 Apy
T =Trans y ” =
[Px. Py, PzI 00 1 *p,
0 00 1
Cos[a] -Sin[a] 0 Apx
AT - Sin[a] Cos[a] O “py
0 0 1 Ap;
0 0 0O 1
1 0 0 “px Cos[a] -Sinfa] 0 O
|0 1 0 *py Sin[a] Cos[a] O O
“lo o 1 Ap, |° 0 0 10
000 1 0 0 01

=Trans[px, Py, Pz]-Rot[za, a]
8T = Trans[px, Py, Pz]-Rot[za, a]

9] » gT # Rot[za, a] -Trans[px, Py, Pz]

S & (Inverse Transformation)
inverse transformation for agiven g§T = 8T
AP = AT.BP & BP =BT AP - (AT) '.AP

8T=¢N

H1

AP = ArB +éR.BP
BRT.AP = gR".Arg + §RT.ER.5P
BRT.AP = GRT.Arg + BP

BP = gR™."rg - gRT.AP

Bp /B\RT _ART_ArB Ap
(1)=(ooo 1 )(1)
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Bp = BT.AP

e an - (o8 5 )

0 0O 1

Wake] B4 (AT = 4T.87)

T, a7k Fol A& o) AP HEA (A} A NS EH AP

{C}

'” . ’.'-

{BP = BT.CP
AP = AT.BP

AP = AT.BP = AT.BT.CP = AT.CP

AT = 4T.8T
s AR WA R o] g0 vX o) MBS TE MBS Aol BAE BN AL 5
et
A& FAE: Ao AT A

» °]FZF A (moving frame)

WS (3 d == o A3 AFA DA = FHEA

n A FE A (fixed frame)

W3] #Aglo] A3 FL3A 1A E A

» A A3 (absolute transform)

A A o) W] BAL] FEABE

ARZH#FA R FH3= A
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n AT HE (relative transform)

7 A9 HE F AR 2L HF A o] FHEA o st T o] £33 He A

« HTAAIHB} AFole] RBL YeE E4agg

8T = Trans[px, Py, Pz]-Rot[za, a]

Y,
2{’? Jl
F 3
Zp
=
ND
( -l -
> Z,
HeH 1
(Ao g

.é;,B
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» O: IRAHRAFAE W} 3 H F uZHEA 9 ) B

A §
Ryl

HE 3
(Hzh

ARHEAE w2 WA F aAGF7RA A R A

Y
Yy
h
/‘rﬂ
2 _
-
M3l 4

(A

3 - o) FFREA N R HA 5 o] FZHEA W) FA
8 IAREA N R IA - nA(FFEA A& HA

74 255U A3} 4TS Lehd

8T = Trans[px, Py, Pz]-Rot[a, B, ¥]

=AY F (post - multiply)

347 HAS Yehl = A go) FANTE AR &5 o= FaAof gt
A F& (pre - multiply)

W2 d g HE@ P o] FAXTE oz £ o2 F Aok

a
ArD= b]
(o]
a
BI"D= bJ
C

Arps = §T.%rp



130709_RotationMatrix_EulerAngle.nb 20

348 E 3x38E) > HEFAEALL Y vit} 9 7§ 9] A2E A3 Folok &

e 5o P o2 H9lE BT S gk, wob aDd

n 292 Z (Euler angle)¥ &-3]7]- 2 (Roll-Pitch-Yaw) %
EX Y E ASE AHY AT 2 I 5 Yo 3 HPE Bt g &FH o2 Y E R Esh= Y

27t 271 PN E dehle AEAE o FREA
F2ol o) A% 02 AW A0 A5l 54 49 Lol Py

2-3X - 298 : 2AVEHEA tis) A5 02 AW AL ste] A PAE HASHE Y

%7 AR E AAT A= o 3 A9 3 HAF3 A
Aol Hez 9 /HE dE ok st S d AL W) a&F o).

HUEH I HEFE3 A FEE THTLEAN EEWHAE 7IE 7 A He 24

Z}7} 12 71A] @Y &4

mZ-Y-Zod8 Z+
FxA (A} Y zE) 3] o A F
ol AEA Z A FAdAA NZL FEA (B} o YZo el ptE I AT F,

THA AEA o1 FEA (1FREA) (B7) 9 25 oh3)
Y A&H 02 30 S sl 59 B Hehlls FEA (8) & 9B

EE 3ol o] T HRA e 3 AS o] &3 A Mol n2 I ABPL S YoM FH SR FT).

AT = Rot[2, a] .Rot[9, B].Rot[2, ¥]

Sin[a] Cos[a] 0 0 10
0 0 1 -Sin[B] O Cos[B]

Sin[y] CosIy] 0

Cos[a] -Sin[a] O Cos[A] 0 Sin[B]
[ ][ 0 0 1

[Cos[y] -Sin[y] O

Cos[B] Cos[y] Sin[a] +Cos[a] Sin[y] Cos[a] Cos[y] -Cos[B] Sin[a] Sin[y] Sin[a] Sir
-Cos[¥] Sin[B] Sin[p] Sin[y] Cos[B]

[Cos[a] Cos[B] Cos[y] -Sin[a] Sin[y] -Cos[y] Sin[a] -Cos[a] Cos[B] Sin[y] Cos[a] Sir
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A

=

é.a(:;-'ﬂ')

A

if/\

mZ-Y-X 2d¥ &
FEA (A} & 2Z0) B aFF HA F
NEREA S JAF A A2 FEA (B} 9 YEl U8 it 3)

g,

A A EA B FEA (I FREA) (87} ¢ xZ s
v DS 02 AL ol SPPAE Uehis AEA (B) & D& B

2E 3 Ho] o] T AFEAN N I AE o] 8F FHAF| B2 JF A PL S ol A FE TAH 2 F.

8T = Rot[2, a] .Rot[y, B].ROL[R, ¥]

0 Sin[g] 1 0 0
]_[O Cos[y] -Sin[y]

Cos[a] -Sin[a] O Cos[RB]
= [Sin[a] Cos[a] O] [O 1 0
0 0 1 -Sin[B] 0O Cos[B] 0 Sin[y] Cos[y]
Cos[a] Cos[y] SIn[B] +Sin[a] Sir

-Cos[y] Sin[a] + Cos[a] SIin[B] Sin[y]
Cos[a] Cos[y] + Sin[a] SIin[B] Sin[y] Cos[y] Sin[a] Sin[B] - Cos[a] Sir
Cos[B] Cos[y]

Cos[B] Sin[a]
Cos[B] Sin[y]

Cos[a] Cos[B]
[—Sin[l-’»]
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&a)
|
"2
"\-q....-f
Do)
-]
o)

m X-Y-Z (E-9A-8)

IR7)EFEA (A} 9 XFol &l yTHE I %

G2
DAHEA YR B3 pkE BT F,
DAHREA 259 U B F AL 02 AL o] LS Yehie AEA (B) & 2= Y

RE 3Ho) 14 7| FEA @ J AL o8
AR Bz T WRBDL AN RH Fo 2 JEo2 FUT,

Z-Y-X24d89 54

8T = Rot[2, a] .Rot[y, B].ROL[R, ¥]

Cos[a] -Sin[a] O Cos[B] 0 Sin[B] 1 0 0
= [Sin[a] Cos[a] O] [O 1 0 ][O Cos[y] -Sin[y]
0 0 1 -Sin[B] 0O Cos[B] 0 Sin[y] Cos[y]

Cos[a] Cos[y] SIn[B] +Sin[a] Sir
Cos[y] Sin[a] Sin[B] - Cos[a] Sir
Cos[B] Cos[¥]

Cos[a] Cos[B] -Cos[y] Sin[a] +Cos[a] SIin[B] Sin[y]
[Cos[ﬁ] Sin[a] Cos[a] Cos[y] +Sin[a] SIin[B] Sin[y]
-Sin[R] Cos[B] Sin[y]
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Z“i 1
Z' »
A
' o
Vi
r f/ yA
" i
xl x.l

YA

L =]

ﬂ Ya

Unit Quaternion
n:Cos[—Z—]

€ =Sin[—g-] r

€x
€ = €y
€z

n2+e§+e§+e§=l

2(n?+e€2)-1 2 (exey-ne;) 2 (exez+ney)
R[N, €l = |2 (exey+nez) 2(n*+ef) -1 2 (eyez-nex)
2 (exez-ney) 2 (eyez+nex) 2 (n?+e€2) -1

21 22 I23

[rn iz |’13J
a1 I32 I33

1
77=E‘/r11+r22+l’33+1

Sign[raz - ras] Vrii-ro-raz+1
Sign[riz-rai]l Ve -ragz-ri+1

Sign[rzi - ri2l Vraz-rii-rp+1

2

R—l =RT

Qt={n, -e}
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Q1 ={m, €1}, Q2 = {n2, ez}

Q1®Q2={mnz2-€e1"e2, n1€2+M2€1 +€1x€2}

Rotation Matrix and Small Angels
Cos[a] =1, Sin[a] = a

Rzyx = RZ [llf] Ry [e] RX [¢]

1 -y O 1 0 e 1 0 O
[l[l 1 OJ_ 0 1 0]_[0 1 —¢]//MatriXFOrm
0 O 1 -e 0 1 0 ¢ 1
1 e¢-¢y O+¢¥ 1 -¢ o
Ryx=|¥ 1l+0¢y -¢+ew]= 6 1 -z/;]
-6 ¢ 1 -e ¥y 1
100 1 0 e 1 -¢ O
Ryz=|0 1 -¢]_{o 1 o]_ v 1 0]// MatrixForm
0 ¢ 1 -e 0 1 0 O 1

Ryyz= |0+ ¥ l-e¢y¢y -9 /g 1 -¢
-6+0Yy oP+0Y 1 -6 ¢ 1

1 -y eJl—zlfe]
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An efficient orientation filter for inertial
and inertial/magnetic sensor arrays

Quaternion representation

m A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A

24
. Za
=B
0
\
\ Ax
N ) 1
\ 5 IB
— -
\ -~ .
= > Y4
A
Y
~
A * -
A IR

= Arotationofangle e around an axis*f defined in frame A

AP = (Irx Iy Iz)

m normalized four-dimensional vector

80=(d1 02 O3 Ga) = (Cos[Z] -rxSin[£] -rySin[Z] -r;Sin[$])

= the quaternion paramentrization obeys

Q2+ 2% +q3?+qa? =1
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= hypercomplex numbers {i,j,k}

a+bi+cj+dk

i2=j2=k2=—1

ij=-Ji=k
jk=-kj=i
Ki=-ik=]j

= A quaternion conjugate

0" =%a=(m -92 -g93 -q4)

m A quaternion product ®

= Hamilton rule

a®b= (a1 a; az as)® (b1 by bs

b1 by
=(ay a; as az) ~bz by
= 1 2 3 - _b3 b4
-bs -bs

a;b;-axby-azbz-asbs
a1b2+a2b1+a3b4—a4b3
albg—a2b4+a3b1+a4b2
a1b4+a2b3-a3b2+a4b1

m Euler axis

m Vector's Elements

e
q1=Cos[E]

)
J2 =eXS|n[—2-]

)
as =eyS|n[E]

e
Ja =eZSin[E]

T

b4)

b3
~bs
by
b

bs

b3
-b,

by



130709_RotationMatrix_EulerAngle.nb

= A three dimensional vector

By = éq ®Au®éq*

= The orientationf - The rotation matrix

29f-1+20d2 2(9293+d104) 2 (204 - Q1 03)
8R=12(0203-0104) 203-1+203 2 (g3 0s + 01 02)
2(02024+0103) 2(dzOa-0102) 203-1+207

m Euler Angle
¢ around Rz, © around ¥y, ¥ around 2z

¢ = ArcTan[gRas, §Rs2] = ArcTan[29f -1+203, 2 (4s Ga - 01 02) ]

© = -ArcTan[4/1-4R3; , gRa1]| = -ArcSin[2 (g2 da + d1 03) ]

¥ = ArcTan[gR11, gR12] = ArcTan[20f -1+203, 2 (02 Oz - 01 0a) ]

Filter derivation

Qrientation from angular rate

m A tri-axis gyroscope

m The angular rate

Sw=(0 wx wy wy)
m The quaternion derivative
1
gq = > 205w

m The quaternion derivative measured at time t

1
s s s
Eduw,t = > Elest,t-1® 0wt

m The orientation of the earth frame at time t

s _s s
BOw,t = EQest,t-1 + Elw,t AT
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The samling period At

Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth* s magnetic field

= A quaternion

89=(01 92 O3 Q)

m A predefined reference direction

Bd= (0 dyx dy dz)

m The measured direction

S§=(0 sx sy s7)

m The objective function

f[8q, Fa, 5] =£q"e"d®Eq - 55

m A quaternion may be found

H S E S
qnin f[2a, *d, °s]

The gradient descent algorithm

= An orientation estimation of 24,,,,

vf[ga, *d, 5]
20ks1 = 20k - M ,k=0,1, .,n
| v¥[za. 3. s¢] |

A step-size u
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m The gradient of the solution surface (General form)
vF[2ax., Fd, 8] = JT[Eax, FA] F[Eqx, 4, 58]
m A objective function

2dx (3 -08-0F) +2dy (d104+0203) +20dz (02 Ga - Ga G3) - Sx
F[20k, B4, 8] = | 2dx (0203 -0104) +2dy (5 -3 -0F) +2d; (4192 + 3 Ga) - Sy
2dx (G103 +020G4) +20dy (GsGa -0102) +2d; (3 -03-03) -5,

= Jacobian

2dygs-2d;03 2dy gz +2d; 04 -4dxg3+2dyg2-2d, 01 -4dxgs+2dyds+2d;0Q2
[—deq4+2dzqz 2dxgs-4dygz+2d; 0z 2dyg2+2d; 04 -2dx 01 -4dyds+2d; 03
2dx03-2dy02 2dxgs-2dyqgi-4d;02 2dxdr+2dyqgs-4d;03 2dx 02 +2dyQs

|

The direction of gravity (the vertical axis, z axis)

m An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

m Normalized accelermeter measurement

Sa=(0 ax ay az)

m A objective function

2 (9294 - 01 93) - ax
fy189, Sa] = [2 (4192 + 03 da) -ayJ
2(3-03-093) -

= Jacobian
-203 20qs -201 ZQ2]

Jg[EQ]=[2CI2 2091 209z 203
0 —4Q2 —4Q3 0
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The earth's magnetic field (one horizontal axis, the vertical axis)

m An appropriate convention (the equations simplify)

Eb= (0 by 0O by)

m Normalized accelermeter measurement

Si= (0 mey my my)

m A objective function

2by (3 -093-03) +2b; (G204 - 01 03) - My
fy[20, 56, SM] = | 2bx (A203 - 01 04) +2bz (41 02 + 03 Ga) - My
2by (G103 +0204) +2b; (3 -03-03) -m,

= Jacobian
-2b; Qs 2b;qa -4byQqsz-2b;q1 -4bydsa+2b, Q2
Jb[20, 6] = | -2bxQa+2b, G2 2bxgs+2b, a1 2bcg2+2b,ds -2byqy+2b, 0
2 by g3 2by0s-4b,0q2 2bxai-4b;0s 2 by g2

The solution surface -» minimum

= The objective function

5089, sa
aolia. a6, < N

fy[20, 56, SA]
= Jacobian

Jg"[2A]
Jg,b[EQ1 EB] - [ ¢} Eq ]

JvT[24, 6]

The estimate orientation Eqv,t

S S
Ov.t = £Q - Kt
E EMest,t | vT |

m The convergence rate governed by y; = the physical rate

A previous estimate of orientation qust,tfl
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m The objective function gradient

Jg"[E0est, t-1] Fo[EQest,t-1- Sat]

vf =
{Jg,bT[EQest,t—li EB] fg.b[EQest,t—11 sa, E61 Sm]

The convergence rate of Eqv,t

The physical orientation rate £q,

= An optimal value of the step-size

ut=a|Eqw’t|At,a>1

Filter fusion algorithm

= An estimated orientation
S _ S S
Bdest,t = ¥t E0v,t + (1 - ¥t) Bdo,t>» O s yes 1

L
At

The weighted divergence of g, == The weighted convergence of £qy
B He

At

= The magnitude of a quaternion derivative == The gyroscope measurement error

Ht
1- = —
(1-vt) B=vt it
B
Yt = L

At

m The optimal fusion

= the convergence rate of gy = a » the physical rate of change of orientation
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m Simplify

= An estimated orientation

s B At vT S s
EQest,t = [-Ilt ) + (1-0) (EQest,t-1 + £, ¢ ATL)
Mt | vF |
vf
EQest,t = -8B TYET At + E0esp, .1 + EU,, ¢ AL

vT
| vF |

At

s s s
Edest,t = Elest,t-1 + EYu,t AL - B

vf
EQest,t = E0est,t-1 + (Eqm,t -B VT ] ) At

Bestc = ose e+ (Ee -8 —op | o€
, est,t-1 w,t | vf |

s s s sS4
BOest,t = 20est, -1 + (BUu,e - BEAc ¢) AL

S S S
EQest,t = EQest,t-l + EQest,t At

vf
| vF |

1
qust.t = EQest,t—l + (E EQest,t—1®Swt -B ) At
The estimated orientation rate ¢ject
The rate of change of orientation measured by the gyroscopes £q,,

The direction of the estimated error 4.

m Simplified to equation
EQest,t = EQest,t-l + qust,t At
m The estimated rate of change of orientation

S S SA
EQest,t = EQw,t -B qu,t

m The quaternion derivative measured at time t

1
s s s
Elu,t = > Elest, -1 ® 7wt

m The direction of the error of qust,t

vT
| vE |

S
EQe,t =
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m The objective function

fy[20, ®a
ool a5« [ B )

fy[20, 56, ]
= Jacobian

3,7 S
3.0 [20 6] = [ @ [E4] ]

JoT[2Q, 6]
m The gradient of the solution surface (General form)
vF=JFf

Vg0 = g0 [20. E6]" Fy0[20. 52, 6, 5]

Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth® s surface (Heading)

m [nclination errors

The vertical plane : the earth® s surface (Sensor " s attitude)

= The measured direction of the earth’s magnetic field in the earth frame at time t
®he = (0 hx hy Nz ) =BQecr,e-1®°Me ®R0cst, t1

“be=(0 4/RZ+hz 0 h;)

Gyroscope bias drift compensation

= With temperature and with motion

Karman - based approaches - estimate the gyroscope bias

Mahony et al -» gyroscopebiasdrift (the integral feedback of the error)

The normalized direction of the estimated error in the rate of change of orientation 4.
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= The gyroscope bias Swy,

Swp,t = € ste,t At
t
The integral gain ¢
= DC component of Sw,
Swe,t = 2 20ese,v-1 ®0c ¢

= Gyroscope measurements Swc

S S S
Wc,t = "Wt - "Wp,t

Filter gains

The estimated mean zero gyroscope measurement error of each axis ag
m The filter gain
1 - 3 .
B = EQ@(O wp Wp wB)l= Z—w,g
The estimated rate of gyroscope bias drift in each axis @,

m The filter gain

’37
=2 Zw:
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Block diagram

= [IMU

Accelerometer °a; —

TG~ A -
Jg (%qest,t—i)fg(%qest,t—l 3 Sa‘ﬁ)

v
VI
IVE

Gyroscope " w; —»

1
5 4 5
§Eqsst,t—1 @ 7wy

|

|

= MARG

4

=

r

g .
EQBst?t

........................

g - 5. S sk
EQect -1 @7y ®EQQst,t—1

[0 hg+‘hg 0 th

Magnetometer ~ 77,

Accelerometer “&; —»

T 9~ By g - S~ Ey 8 -~
Jg,b(qust,t—ia bﬁ)fg,b(qust,t—ia a, bﬁ: m)

S oAk
2qust,t—1

R
sdlINE

3

. Gyroscope drift

Gyroscope Swt—i->_<

1s.

> 5 b
'§qust}ﬁ—1® ot +

»

. Magnetic distortion

3

T

h

[0

L 4

2

F

S .
EQ.est,t
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MATLAB

= Quanternion Conjugate
qConj = quaternConj (q)

gqConj = (01 -O2 -O3 -0Oa)

qConj=[q(:,1)-q(:.2)-q(:.3)-q(:4)];

= Quanternion Product

ab = quaternProd (a, b)

ab(:,1)=a(:,1).*b(:,1)-a(;,2).*b(;,2)-a(;,3).*b(:,3)-a(:,4).*b(:,4);

ab(:,2)=a(:,1).*b(:,2)+a(:,2).*b(:,1)+a(:,3).*b(:,4)-a(:,4).*b(:,3);
ab(:,3)=a(:,1).*b(:,3)-a(:,2).*b(:,4)+a(:,3).*b(:,1)+a(:,4).*b(:,2);
ab(:,4)=a(:,1).*b(:,4)+a(:,2).*b(:,3)-a(:,3).*b(:,2)+a(:,4).*b(:,1);

= Quanternion to Rotation Matrix

R = quatern2rotMat (q)

R(1,1,)) = 2.%q(:,1)."2-1+2.%q(:,2)."2;
R(1,2,:) = 2.%(q(:,2).*q(:,3)+q(:,1).*q(:,4));
R(1,3;) = 2.4(a(:2)-*q(:,4)-q(:,1).*a(:,3));
R(2,1;1) = 2.4(a(:,2).*q(:,3)-a(:,1).*a(:,4));
R(2,2,)) = 2.%q(:,1)."2-1+2.%q(:,3)."2;
R(2,3,) = 2.%(q(:,3).*q(:,4)+a(:,1).*a(:,2));
R(3,1,) = 2.%(q(:,2).*q(:,4)+a(:,1).*a(:,3));
R(3,2;1) = 2.4(q(:,3)-*q(:,4)-q(:,1).*a(:,2));
R(3,3,) = 2.*q(;,1)./2-1+2.%q(:,4)./2;

= Quanternion to Euler

euler = quatern2euler (q)

R(1,1,:)=2.*q(:,1)."2-1+2.*q(:,2)."2;
R(2,1,))=2.4(a(:,2).*a(:3)-a(:,1).*a(:,4));
R(3.1,)=2.4(q(:,2).*a(:4)+a(:,1).*a(:,3));
R(3,2,)=2.%(q(:,3)-*q(:4)-a(:,1)-*a(:,2));
R(3,3,)=2.%q(;,1).A2-1+2.%q(:,4)./2;

phi=atan2(R(3,2,:),R(3,3,3));
theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:).%2));
psi=atan2(R(2,1,:),R(1,1,));

euler=[phi(1,:)" theta(1,:)' psi(1,:)'];
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m Euler to Rotation Matrix

R = euler2rotMat (phi, theta, psi)

R(1,1,:)=cos(psi).*cos(theta);
R(1,2,:)=-sin(psi).*cos(phi)+cos(psi).*sin(theta).*sin(phi);
R(1,3,:)=sin(psi).*sin(phi)+cos(psi).*sin(theta).*cos(phi);

R(2,1,:)=sin(psi).*cos(theta);
R(2,2,:)=cos(psi).*cos(phi)+sin(psi).*sin(theta).*sin(phi);
R(2,3,:)=-cos(psi).*sin(phi)+sin(psi).*sin(theta).*cos(phi);

R(3,1,:)=-sin(theta);
R(3,2,:)=cos(theta).*sin(phi);
R(3,3,:)=cos(theta).*cos(phi);

m Rotation Matrix to Quanternion

g = rotMat2quatern (R)

[row col numR]=size(R);
g=zeros(numR,4);

K=zeros(4,4);

for i=1:numR
K(1,1)=(1/3)*(R(1,1,i)-R(2,2,i)-R(3,3,i));
K(1,2)=(1/3)*(R(2,1,)+R(1,2,i));
K(1,3)=(1/3)*(R(3,1,)+R(1,3,i));
K(1,4)=(1/3)*(R(2,3,i)-R(3,2,i));
K(2,2)=(1/3)*(R(2,1,)+R(1,2,i));
K(2,2)=(1/3)*(R(2,2,i)-R(1,1,i)-R(3,3,i));
K(2,3)=(1/3)*(R(3,2,)+R(2,3,i));
K(2,4)=(1/3)*(R(3,1,i)-R(1,3,i));
K(3,1)=(1/3)*(R(3,1,)+R(1,3,i));
K(3,2)=(1/3)*(R(3,2,i)+R(2,3,));
K(3,3)=(1/3)*(R(3,3,i)-R(1,1,i)-R(2,2,i));
K(3,4)=(1/13)*(R(1,2,i)-R(2,1,i));
K(4,1)=(1/3)*(R(2,3,i)-R(3,2,i));
K(4,2)=(1/3)*(R(3,1,i)-R(1,3,i));
K(4,3)=(1/3)*(R(1,2,i)-R(2,1,i));
K(4,4)=(1/3)*(R(1,1,)+R(2,2,))+R(3,3,i));
[V.D]=eig(K);

%p=find(max(D));

%g=V(:p);

a@i,)=V(.4);

q(i,)=[a(i,4) a(i,1) q(i,2) a(.3));

end

m Axis Angle to Quanternion

q = axisAngle2quatern (axis, angle)

g0=cos(angle./2);
gl=-axis(;,1)*sin(angle./2);
g2=-axis(:,2)*sin(angle./2);
g3=-axis(:,3)*sin(angle./2);
g=[q0 q1 g2 q3];
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m Rotation Matrix to Euler

euler = rotMat2euler (R)
phi=atan2(R(3,2,:),R(3,3,3));
theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:).72));
psi=atan2(R(2,1,:),R(1,1,));

euler=[phi(1,:)" theta(1,:)' psi(1,:);

m AXis Angle to Rotation Matrix

R = axisAngle2rotMat (axis, angle)

kx=axis(:,1);
ky=axis(:,2);
kz=axis(:,3);
cT=cos(angle);
sT=sin(angle);
vT=1-cos(angle);

R(1,1,:)=kx.*kx.*vT+cT;

R(1,2,:)=kx.*ky.*vT-kz.*sT;
R(1,3,:)=kx.*kz.*vT+ky.*sT;
R(2,1,:)=kx.*ky.*vT+kz.*sT;
R(2,2,:)=ky.*ky.*vT+cT;

R(2,3,:)=ky.*kz.*vT-kx.*sT;
R(3,1,:)=kx.*kz.*vT-ky.*sT;

R(3,2,:)=ky.*kz.*vT+kx.*sT;
R(3,3,:)=kz.*kz.*vT+cT;

m Update

obj = Update (obj, Gyroscope, Accelerometer, Magnetometer)

= 9% short name local variable for readability

q = obj -Quaternion;

m % Normalise accelerometer measurement

if (norm (Accelerometer) == 0), return; end % handle NaN
Accelerometer = Accelerometer / norm (Accelerometer) ; % normal ise magnitude

= % Normalise magnetometer measurement

if (norm (Magnetometer) == 0) , return; end % handle NaN
Magnetometer = Magnetometer / norm (Magnetometer) ; % normal ise magnitude
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m 9 Reference direction of Earth's magnetic feild

h = quaternProd (q, quaternProd ([0 Magnetometer], quaternConj (q))):
b=[0norm ([h (2) h(3)])0h (4)];

= % Gradient decent algorithm corrective step

F =

2% (q (2) *q (4) -9 (1) *qg (3)) - Accelerometer (1)
2% (q (1) *q (2) +q (3) *q (4)) - Accelerometer (2)
2% (0.5-9 (2)*"2-q (3)~2) - Accelerometer (3)
2xb (2) * (0.5-q (3)"2-q (4)"2) +2xb (4) * (9 (2) *q (4) -q (1) g (3)) - Magnetometel
2xb (2) * (Q (2) *xq (3) -q (1) *xq (4)) +2xb (4) = (4 (1) xg (2) +9 (3) *q (4)) - Magnetomet
2xb (2) * (q (1) *q (3) +q (2) *xq (4)) +2xb (4) * (0.5-q9 (2) "2 -9 (3) "2) - Magnetometel

J:
-2xq (3) 2xq (4) -2xq (1)
2%q (2) 2%q (1) 2%xq(4)
0 -4x%q (2) -4x%q (3)
-2xb (4) *xq (3) 2xb (4) xq (4) -4xb (2) xq (3) -2%b ¢
-2xb (2) xq (4) +2xb (4) xq (2) 2xb (2) xq (3) +2xb (4) xq (1) 2xb (2) *xq (2) +2%b (-
2xb (2) *xq (3) 2xb (2) *xq (4) -4xb (4) xq (2) 2xb (2) xq (1) -4=xb (.

step= (J"xF);

= % normalise step magnitude

step = step/norm (step) ;

= % Compute rate of change of quaternion

qbot =
0.5xquaternProd (q, [0 Gyroscope (1) Gyroscope (2) Gyroscope (3)]) -obj.Betaxstep”;

= 9% Integrate to yield quaternion

q =q+gDotxobj.SamplePeriod;
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= % normalise quaternion

obj.Quaternion =q/norm (q) ;

= [MU

function obj=UpdatelMU(obj,Gyroscope,Accelerometer)
g=obj.Quaternion;% short name local variable for readability

% Normalise accelerometer measurement
if(norm(Accelerometer)==0),return;end % handle NaN
Accelerometer=Accelerometer/norm(Accelerometer);% normalise magnitude

% Gradient decent algorithm corrective step

F=[2*(q(2)*q(4)-q(1)*q(3))-Accelerometer(1) 2*(q(1)*q(2)+q(3)*q(4))-Accelerometer(2) 2*(0.5-q(2)"2-q(3)"2)-Accelerometer(3)];
J=[-2%q(3).2*q(4),-2*q(1),2*q(2) 2*q(2),2*q(1),2*q(4),2*q(3) 0,-4*q(2),-4*q(3),0];

step=(J"*F);

step=step/norm(step);% normalise step magnitude

% Compute rate of change of quaternion
gDot=0.5*quaternProd(q,[0 Gyroscope(1) Gyroscope(2) Gyroscope(3)])-obj.Beta*step’;

% Integrate to yield quaternion
g=g+gDot*obj.SamplePeriod;
obj.Quaternion=g/norm(q);% normalise quaternion
end

Kalman Filter

m System Model
C1 = -Sin[e]
C, = Sin[¢] Cos[e]
Cs = Cos[¢] Cos[e]

Ci=-6 Cos[e] = w, Cy - Wy Cs

C, = ¢ Cos[¢] Cos[e] - 6Sin[¢] Sin[e] = -w, C; wy Cs3

C3 = -¢Sin[¢] Cos[e] -6 Cos[¢] Sin[6] = wy C1 - wy C

C1 0 Wz —Wy C1
C2 = -Wz 0 Wy [ C2 + W
Ca wy -wx O Cs

FoovPaswlyxvP-gP=|V+ru-PpPw -gSin[¢] Cos[e]
W - qu + pv -gCos[¢] Cos[e]

U-ru+qw [ gSin[e]
+
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L % u
[fy]= VJ_
L W

qu - pv

-SinJ[e]
= -0 [ Sin[¢] Cos[e6] ] =-g

Cos[¢] Cos[e]

ru - quw
—ru+pw]+[

-gSin[¢] Cos[e]
-gCos[¢] Cos[e]

Cy
Ca

+g Sin[e] ]

. 100y (C
[fy]=-g[0 1 o]_[c2]+v
f, 00 1) \cs

Kalman Filter

= Gyro Angler Rate (p, g, r) » Euler Angle ¥3}& (¢, 6, ¢)

¢ 1 Sin[¢] Tan[e]
6l=10 Cos[¢]

@ 0 Sin[¢] /Cos[e]
¢ ¢ +dtxo
Ol=|e+dtx6

¢ p+dtxo

Cos[¢] Tan[e]
-Sin[¢]
Cos[¢] / Cos[e]

B

m Accelerometer (fy, fy, T;)

Linear Rate (u, v, w), Linear Acceleration (u, v, w), AnglerRate (p, q, r), Gravity (g)

p Sin[e]
]_ [q] +0 [—Cos[e] Sin[¢]

L u 0 w -v

[fy]= vi+|-w 0 u

L W v -u O
L Sin[e]

o | Fy _g{—Cos[e] Sin[¢]
T, -Cos[e] Cos[¢]

e:ArcSin[%]

_ i i
o= ArcSm[—gC—osy[g]—]

m Sensor Fusion

a1 0 -p -q -r
| _1|p O r -q
| 219 -r 0 p
As raq -p 0

r

|

-Cos[e] Cos[¢]

a1
qz
as
Q4

|
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da 0O -p -q -r a:
gz i} I+At-—]l p 0 r -qg | %
Js 219 -r 0 p g3
A4 /g1 r qg -p O qa /
O -p - -r
1 -
A=t+at. = |P ©c r -g
219 -r 0 p
r q -p O
@ C(_)s[%]Cos[-g-]Cos[-;L]+Sin[-‘§]8in[§-]8fn[%]
dz | _ Sin[£]Cos[5]Cos[4]-Cos[£]Sin[£]Sin[£]
gs Cos[£1Sin[Z]Cos[£]+Sin[£]Cos[<]Sin[%]
4 Cos[£]Cos[2]Sin[£]-Sin[£]Sin[Z] Cos[¥]
m Euler Angle

¢ around Rz, © around ¥y, ¥ around 2g
¢ = ArcTan[1-2 (g5 +03), 2 (43 Qs + 01 G2) ]
6 = -ArcSin[2 (02 ds -1 03) ]

@ =ArcTan[1-2 (g3+03), 2 (42 03 + 01 Ga) ]

m Algorithm start

1000
0100
H=10 01 0

0001

0.0001 0 0 0
0 0.0001 0 0
Q= 0 0 0.0001 0
0 0 0 0.0001
10 0 0 O

0 10 0 O
R=10 0 10 0

0 0 0 10

1

0
X=1lo

0

1000

0100
P=lo 01 0

0001
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n KF
d1
g2 - x
ds
Q4
@ Cos[£]1Cos[$]Cos[£] +Sin[%]Sin[$]Sin[%]
| . Sin[%]Cos[$]Cos[4]-Cos[$]Sin[$]Sin[%]
ds Cos[%]Sin[$]Cos[4]+Sin[+]Cos[5]Sin[%]
Qa Cos[£]Cos[2]Sin[£]-Sin[£]Sin[Z] Cos[%]
Xp =A.X
O -p -q -r
A=teat. = [P O T
qg-r 0 p
r q -p O

Pp=A.P.AT+Q
K =Pp.H".Inverse[H.Pp.H™ + R]
X = Xp + K. (Zz-H.-xp)
P =Pp-K.H.Pp
ArcTan[1-2 (95 +03), 2 (43 Ga + 01 02) ]

¢
[e] = [ -ArcSin[2 (g2 04 - d1 03) ]
@ ArcTan[1-2 (g3 +07), 2 (4203 + 01 Ca) ]

Essential Kalman Filter

off

p
rates = [q ]

r

0 Cos[¢] -Sin[¢] q

¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e] p
@ 0 Sin[¢] /Cos[e] Cos[¢] /Cos[e] r

qCos[¢] - rSin[¢]

p+rCos[¢] Tan[e] + g Sin[¢] Tan[e]
= + W
[ r Cos[¢] Sec[e] + g Sec[o] Sin[¢] ]

=TF[x] +w

100, (®
z= (g 1 o)'[e]”’
(]

=HX+V
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m Algorithm start

of, of, of1

o a6 17}
A= | of of2 of
- o a6 1%
of3 of3 of3
T
100
H=(o 1 o)
0.0001 0 0
Q=[ 0 0.0001 O
0 0 0.1
6 0
R=(o 6)

0 O 10
m EKF
]
[9] =X
]
p
q] = rates
r

A = Ajacob[x, rates, dt]

A =
gCos[¢] Tan[e] - r Sin[¢] Tan[e] g Sin[¢] Sec[6]? + r Cos[¢] Sec[6]? 0
-qSin[¢] - r Cos[¢] 0 0
qCos[¢] Sec[e] -r Sin[¢] Sec[e] (qSin[¢] Sec[e] Tan[e] + r Cos[¢] Sec[e] Tan[e] O
A=1+AtxA

xp = fX[x, rates, dt]
p+rCos[¢] Tan[e] +qSin[¢] Tan[e]
xp = Fx[x, rates, dt] = | gCos[¢] - r Sin[¢]
r Cos[¢] Sec[e] + q Sec[6] Sin[¢]
Pp=A_P.AT+Q
K =Pp.H".Inverse[H.Pp.H" + R]
X = Xp + K. (Zz - H#*Xxp)

P=Pp-K.H.Pp
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Axes Transformations

angle2dcm - Create directioncosine matrix from rotationangles
angle2quat - Convert rotationangles to quaternion
dcm2alphabeta - Convertdirectioncosine matrix to angle of attack and sideslipangle
dcm2angle - Create rotationangles fromdirection cosine matrix
dcm2latlon - Convertdirection cosine matrix to geodetic latitude and longitude
dcm2quat - Convertdirectioncosine matrix to quaternion
dcmbody2wind - Convertangle of attack and sideslipangle todirection cosine matrix
dcmecef2ned - Convertgeodetic latitude and longitude to direction cosine matrix
ecef2lla - ConvertEarth - centered Earth -
Tixed (ECEF) coordinates to geodetic coordinates
flat2lla - Estimate array of geodetic latitude,
longitude and al titude coordinates from flat Earth position
geoc2geod - Convertgeocentric latitude to geodetic latitude
geod2geoc - Convertgeodetic latitude to geocentric latitude
igrfllmagm - Calculate Earth® s magnetic field using
11 th generation of International Geomagnetic Reference Field
I1a2ecef - Convertgeodetic coordinates to Earth -
centered Earth - fixed (ECEF) coordinates
11a2flat - Estimate flat Earth position fromgeodetic latitude, longitude, and altitude
quat2angle - Convertquaternion to rotationangles
quat2dcm - Convertquaterniontodirection cosine matrix



