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Euler Angles and Rotation Matrix

m Rotation Matrix

Direction Cosine Matrix

(nh o a)(xy z)

= unit column vector
nN=(Nx Ny Nz )T

0= (0x Oy 07)T
a=(ax ay az )T’

Nx Ox ax
R=[ny oy ay

Nz 0Oz az
n.o=0
0.a=0
a.n=0
In| =1
lo| =1
lal=1

= Orthogonal Matrix
R™R =1

R"=R!
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m ZYX (Roll-Pitch-Yaw) Angles
X -axis (Yaw) ¢ » Rx[¢]
Y - axis (Pitch) e » Ry[6]
z - axis (Roll) ¢ » R, [¥]

Rzyx =Rz [¥] Ry [e] Rx [¢]

Cos[¢] -Sin[y] O Cos[e] 0 Sin[e] 1 0 0
[Sin[z[z] Cos[¥] 0 [0 1 0 ][0 Cos[¢] -Sin[¢] | // MatrixForm
0 0 1 -Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

Cos[e] Sin[y] Cos[¢] Cos[y¥] +Sin[e] Sin[¢] Sin[y] -Cos[y] Sin[¢] + Cos[¢] Sin[e] Sin[y]

Cos[e] Cos[¢] Cos[y¥] Sin[e] Sin[¢] -Cos[¢] Sin[¢y] Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[¥]
[—Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

m XYZ Angles

nyz = Rx[d’] I:Qy [9] Rz[l/f]

1 0 0 Cos[e] 0 Sin[e] Cos[¥] -Sin[y] O
[0 Cos[¢] -Sin[¢] }[ 10 ) [Sin[z//] Cos[¥] 0 | // MatrixForm
0 Sin[¢] Cos[¢] -Sin[e] 0 Cos[e] 0 0 1
Cos[e] Cos[¥] -Cos[e] Sin[y] Sin[e]
[Cos[z[r] Sin[e] Sin[¢] + Cos[¢] Sin[¥] Cos[¢] Cos[y¥] - Sin[e] Sin[¢] Sin[y] -Cos[e] Sin[¢]
-Cos[¢] Cos[y] Sin[e] +Sin[¢] Sin[¢¥] Cos[¥] Sin[¢] + Cos[¢] Sin[e] Sin[¢¥] Cos[e] Cos[¢]

m Rotation Matrix and Small Angels

Cos[a] =1, Sin[a] = a
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Rzyx = RZ [‘I/] Ry [9] RX [d’]

1 -y O 1 0 e 1 0
[l[l 1 O].[O 1 OJ.[O 1
0 o0 1 -6 0 1 0 ¢
1 ed-y O+oY
Rzyx = | ¥ l+eoy —¢+9$]:
-6 ¢ 1
1 0 O 1 0 e
Ryz=|0 1 -¢]_[o 10
0 ¢ 1 -6 0 1
1 -y 5]
nyz= 6d+y l1-6¢y —¢]=
-0+QY P+OY 1

0

-¢ ] // MatrixForm
1

1 -¢ ©

¢ 1 —zl/]

-6 ¥ 1

1 -y O

y 1 0 ] // MatrixForm
0O O 1

1 -y e

v 1 -9 J

-6 ¢ 1

Rotation Matrix to Euler Angles

g ri2 ris
R=]ra1 I Iz

a1 32 I33

m ZYX (Roll-Pitch-Yaw) Angles

n 0={-n/2,%/2}

¥ = ArcTan[rll, ra1]

6 = ArcSin[-rs1]

¢ = ArcTan[raz, raz]
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m 0={n/2,37/2}
¥ = ArcTan[-r11, -ro1]
6 = ArcSin[-ra1]

¢ = ArcTan[-r33, -r32]

m @ (Pitch)=n/2, Cos[0]~0
3 -ri2 = (Sin[e] +1) Sin[y - ¢]
riz + Iy = (Sin[e] +1) Cos[¢ - ¢]
ro3 + 2 = (Sin[e] - 1) Sin[y + ¢]
riz - oo = (Sin[e] + 1) Cos[y + ¢]
¥ = ArcTan[riz - roz, oz + 2]
6 = ArcSin[-rs1]

¢ =y -ArcTan[riz + a2, a3 - '12]
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Euler Angle

Ch = C5[¢1 C3[6] Ca[¥]

Rzyx = Rz [ll’] Ry [e] Rx [d’]

Cos[¥] -Sin[y] O
Sin[y] Cos[¥] 0
0 0 1

i

D, 7,
Cos[e] 0 Sin[e]
0 1 0

-Sin[e]

0 Cos[e]

i

1 0
0 Cos[¢]
0 Sin[¢]

0
-Sin[¢]
Cos[¢]

// MatrixForm
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Cos[e] Cos[¢] Cos[¢] Sin[e] Sin[¢] -Cos[¢] Sin[y] Cos[¢] Cos[¥] Sin[e] +Sin[¢] Sin[y]

Cos[e] Sin[y] Cos[¢] Cos[¥] +Sin[e] Sin[¢] Sin[¢y] -Cos[¢¥] Sin[¢] + Cos[¢] Sin[e] Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

Wy ¢ 0 0

wy] = [o] +C8[¢] é] +C8[e]1 C3re] | O

Wz 0 0 lﬂ

¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e] Wy

6l = [O Cos[¢] -Sin[¢] [wy]

" 0 Sin[¢] Sec[e] Cos[¢] Sec[e] Wz

= Derivation

Wx ® 10 0 0 10 0 Cos[e] 0 Sin[e] 0
wy | = 0J+[0 Cos[¢] —Sin[¢])_[é]+[0 Cos[¢] —Sin[d:]]_[o 1 0 ][0

Wz 0 0 Sin[¢] Cos[¢] 0 0 Sin[¢] Cos[¢] -Sin[e] 0 Cos[e] ¥
wx ¢ + ¥ Sin[e]

wy | = | Cos[¢] 6 - Cos[©] ¥ Sin[¢]

wz

Cos[e] Cos[¢] ¥ + 6Sin[¢]

0 Cos[¢] -Sin[¢] wy Cos[¢] wy - Sin[¢] w;
0 Sin[¢] Sec[e] Cos[¢] Sec[e] Sec[e] Sin[¢] wy + Cos[¢] Sec[O] w,

¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e] wx wx + SIN[¢] wy Tan[e] + Cos[¢] w, Tan[e]
é ) [ ] [ ] ) [ ]
b Wz

Solve[{¢ == wx + Sin[¢] wy Tan[e] + Cos[¢] w, Tan[e], 6 == Cos[¢] wy - Sin[$] w,, ¥ == Sec[6] Sin[¢] wy + CoS[¢] Sec[6] w.}, {wx, wy, wz}]

oy ¢ -¥Sin[el é -¥Sin[e]
[wy] = | 7 (2Cos[¢16-¥Sin[e-¢] +¥Sin[e+¢]) | = | Cos[e] 6 + Cos[e] ¥ Sin[g]
vz + (Cos[e-¢] ¥ +Cos[e+¢] ¥-26Sin[e]) Cos[6] Cos[¢] ¥ - & Sin[¢]
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Kalman Filter

m System Model
Ci1 = -Sin[e]
C, = Sin[¢] Cos[e]
C3 = Cos[¢] Cos[e]
C1=-6Cos[e] =w, C; - wy C3
C> = ¢ Cos[¢] Cos[O] -6Sin[¢] Sin[6] = -w, C1 wy C3
Cs = -4 Sin[¢] Cos[0] - 6 Cos[¢] SIN[6] = wy C1 - wx Cp
[ClJ 0 w -uwy Ci
C | = [—wz 0 Wy [Cz

Ca wy -wx O Cs

+W

oovPaiwlyxvP-gP=|Vv+ru-Pw

W -qu + pv
Ty u ru-qw +g Sin[e]
[fy] =|v]|- [—ru+pw] + [—gSin[¢] Cos[e] ]
LE W qu - pv -gCos[¢] Cos[e]
-Sin[e] Ci1
x -(g [ Sin[¢] Cos[e] ] =-g [CZJ
Cos[¢] Cos[e] Ca

u-ru+qu [ gSin[e]
+

-gSin[¢] Cos[e]
-gCos[¢] Cos[e]
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Analysis on Position And Orientation

m Cartesian coordinate (23} 3% A))

unitvector
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= One Point P Vector

P=P.-R+P.9+P-2=pxXR+pyy+pz2

Px
Direction Vector : P = [ py]
Pz
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11
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HEA (A}, {B} oA E A pe] 91

Re, P, 28 = FHEA (A} o ARHELE A

Re = Rp - Ra +Rp - Pa + Rp - 24

Rg - Ra
Rg = [ Rg - Ya

Rp - 24

HEA (A} A B #@E 9 83 | DirectionVector (33 #H)

Dirction Cosine (-~ 98 43>

V= Vyex+Vyey+Vz ey,

V- ex Vx
a=Cos[a] = =
v «/v§+v)2,+v§
vV-e \%
B =Cos[b] = LA Y
v «/v>2<+v)2,+v§
V- ey Vz
)’:COS[C]: =

Vs
v «/v>2<+v)2,+v§

Cos[a]? + Cos[b]?+Cos[c]? =1

= ul

T =

W Aol 7he] AR B

S N $1A]

A X EH AP, Bpo X
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P=AP =ApxRn +"py 9a +"Pz 24

=8P = Bp, R + Bpy 95 + PP, 28

{Apx, Apy- Apz : PYRa, In» 2a urak B
Bpy, Bpy, Bp. : P R, 95, 25 WHFAHE

Rotation Matrix 5R

IAP=

XB=XB'XA+XB'yA+XB'ZA
Ve =98 -Rn+98-Ja+9s - 2a
25 =25 -Ra+2g-Yp+2B - 2a

R - Ra Yg-Ra 2 - Ra
BR=(R% 95 28) =|Re-9a Ya-9a 28-9a
R - 2pn Yg-2A 25 -2p

f8 95 28 ELG (A} FARAHE (Ra 94 24) 2LE XFHIF S 2F0 2
{A} oA & (B} & 382

FE7 (A} & {B} Alo]e] AE FH o= (B} o {A} ol i FHBA = o S AF
A9 B (A FHF) € Ued

PR.BP

(B} FEA AELS (A} HEA AR R HF
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Apx AP . R4 P . R4 BP . R, (°Px R + °py Pg + °Pz 28) - Ra

AP = Apy]=[AP-yAJ= P-9a|=|BP-9a =[(BpxXB+pryB+BpZZB)'yA

Ap; AP . 25 P25 Bp . 2, (Bpx Re + Bpy 95 + Bp, 28) - 24
Re - Ra Y- Rn 28 - R Bpx
=[XB'S7A I8 - Ia 2B'57A]- pr]
Rg - 27 Y8 -2A 28 -2 ®p;

AP = gR.BP

- ZEA (B) ol U3 EHE HPY X Bpt ¥ A (A} 9o AFFAPE
FAAYE RS T3] HEAHE 9

= AR : TransformationMatrix (‘&3 d) gz J 9
FExA (A ol N FEA (B} o HAPE
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S O A B R

FHEA (A} 7t 22 FE VIS oW AT HARAE (B) L & A ¢ AP E GRS 51
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BR=|R%-9x V5-9a 28-9a Cos[90° - a] Cos[a] Cos[90°]

Rz - 25 95 -2a 2B -2 Cos[90°] Cos[90°] Cos[0°]

Rg - Ra Yp - Ra ZB-XA] [ Cos[a] Cos[90° +a] Cos[90°]

Sin[a] Cos[a]l O
0 0 1

= Rot (2, a)

[Cos[a] -Sinfa] O }

Cos[¥] -Sin[y] O
Rot (2, ¥) = | Sin[y] Cos[¥] 0
0 0 1

Cos|[e] 0 Sin[e]
Rot (§, ) = |0 10
-Sin[e] 0 Cos[e]

10 0
Rot (R, ¢) = | O Cos[¢] -Sin[¢]
0 Sin[¢] Cos[¢]

m 343 A BR = 4R = 4R")
FEA By ol ek HAFA {Ay 9 s|d3P4 : ER
FEA (A} ol o ZEA By o AP : AR

Rn-Re Ya-Re 2p-Rs

AR=|R% 95 9295 2a-9s
Ra-28 Yn-28 2p-28

Re - 9n V8-9n 28-9a
Re - 2n Vg -2n 28 -2

[XB-XA 95 - Ra 25 - Ra

AP = AR.BP

A Ap B Ap Bp A Ap B
{BP=ER.AP = "P =gR."P =gR.AR."P = gR_AR = 1

BR = gR™1 = gRT
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TARES o] S AR

m AP = *rg +gR.°P

W7t ME e go] Arg BHE HolX ZRA (A} ¢ (B}

AP = Arg + BP (incorrect!)

", 8PSl x, y, Z BEEL AR BVt e AEA V1E o2 BAH 0 2ol A% Hald = .
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AP = Arg + §R.BP (correct!)
Arg - T &ARA Alol2] AiAE = A9 == ¥R (Translation)
8R = T FFA Aol 9] 43 (Rotation)
()50 T)(7)
1 000 1)°\1
AP = §T.BP
AT : 283338 (homogeneous transformation matrix)
n TR AP H ] 7 X9 TH

AT ( éR ArB )
B =

=

0 00 1

HEA (B) 2 XA HE Br) 2 FEA (A} o 3] £F 3= F X WS (Coordinate Transformation) 24,
FEA (B} o FEA (A} ol S APH (3x3) T FAXA (A} o AN HEA (B) o] YA7A S BAHE (3x1) E XF}E=4x43E

1 0 0 *py
0 1 0 Apy
T = Trans[px, Py, =
[Px» Py> Pz] 00 1 Ap,
000 1
Cos[a] -Sin[a] 0 Apyx
AT - Sin[a] Cos[a] O “py
0 0 1 Ap,
0 0 0 1
1 0 0 “px Cos[a] -Sin[a] 0 O
|0 1 0 “py Sin[a] Cos[a] O O
- 0 0 1 Apz " 0 0 1 0
000 1 0 0 01

Trans[px, Py, Pz]-Rot[za, a]
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AT = Trans[px, Py, Pz]-Rot[za, a]

F9] 5 gT # Rot[Za, a] .Trans[px, Py, Pzl

H W3 (Inverse Transformation)
inverse transformation for agiven 4T = 8T
AP =f4T.BP & BP = RT.AP = (4T) AP

8T =@M

Jo
!

AP = Arg + fR.BP

BRT.AP = gR™.Arg + gR™.GR.BP
ERT.AP = gR™.Arg + BP

BP = fR™.Arg - §RT-AP

(7)1 o )Y
1 000 1 1

Bp = BT.AP

_ ART _ART_Ar
BT - AT 1 - ( B B )
A (&8T) 000 1
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W] 3hA QT = pT.8T)

T, 87 FA RS | AP HEA (A} ol & EH AP

{C}

y -

{BP - BT.°P
AP = AT.BP

AP = AT.BP = AT BT_CP = AT.CP
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. VR ARE o] 02 A9 WML TE WS Alo]9] HAZ BN 4 & U

AEHEAS: Ao gy} Fods

r

n
s
of

Z3HE A (moving frame)
AE (I A = R o g3 AFA LolAE FHA
n TAFIEA (fixed frame)
WEel| FAGC) A5 FLHA A | FEA
» A A (absolute transform)

A gAY W gl BAglol FERES AE 2719 144 7)

M\

n AO)A S (relative transform)

7 A HE F LI A= AFEAY ol FHEA O that] oS ¥o] 3 5

s

A

8N 2R FA ) tis] FRhat= A
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s FXA{A}SHB} Aol 9] W3S Yl TSP E

8T = Trans[px, Py, P-1-Rot[za, a]

» O: o] T EAE wet M F o] FFFA O dsf 3 A
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» X: O] SHEAE Wt 3 H F o] FHEA el A

Y -
. Y,
h -
/IH
‘:3)( -7 "—\ \1) -
> T
A2
(A g
n O: AFFAE vt 3 - F 2ZZFA O A& B3
y %
-~
/_;ri‘ﬂ
» —
\‘( |~
o\ _
- > X
1\}_[ ‘?1 3
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ARHEAE w2 B F aAQFEA A 3 3 A

%
g;}; A
» \

M3 4
(A

BHEE - olFHEA | I A > o]FHREA | ] A
AUEE - aZHAFAN NE A - FFAFA S 3] A

F7HA] BF 4 A7 T YR

8T = Trans[px, Py, pz]1-Rot[a, B, ¥]

s AT Ee] F (post - multiply)

AN B E JeEME H3 g Ho] AN EE HE CAH O E FI Aok 3
~ AR 74 (pre - multiply)

N2 s WP Po] AAXFE G082 £AHOE Fe Aok g

a
ArD= [b]
C
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S AW (3x3 V) » THE P91 E AR Y o) w9 /e AL E AR Folok .

e so JEoR WS BT 4 AT, nr) 53

» 292 Z} (Euler angle)¥ &-9]7]-&(Roll-Pitch-Yaw) '

EA WAHE A5 A AT R FHE 3o JAPE Hp a g o= 9 wHsk= T

©AHZ: 2719908 e AEAE | FHEAL) F5o] diol ASH 2 AW WS FAse] 5 3918 oyt By
o2 A B AT Aok FE BASE P

E-9A -89 - 27 |EHFAC g d5F
Z27] HEE AT A= v 3]AA 9 3] AZF 3T Hoetd HEZ 9/fE A oF 3= AP L v|F E&F o]t}
HUEHH 2EHEIARFEZ FAFOEZN REYNETEE S IAHE 2

Z}7} 12 7}A] @ E EA
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" Z-Y-Z 999 7
KEA (A} 9 25 T3 atF A F

olF HEA S 3 A F QAN MZL FAEA (B'} o YF di& pitF 3]

A F,
A A EA DoIR AEA (CIFREA) (B} o 2F0] e yBF ASH O HAL S

EE 3 Ao] o]F HFEA Y thF B A& o] & A Aol nE T A FH S JelAFH

AT =Rot[2, a] -Rot[y, B].Rot[2, ¥]

Sin[a] Cosla] Of.|O 1 0
0 0 1 -Sin[B] O Cos[B]
[Cos[a] Cos[B] Cos[y] -Sin[a] Sin[y]

Sin[y] CosIy] 0

Cos[a] -Sin[a] O Cos[] 0 Sin[B]
[ ] [ 0 0 1

[Cos[y] -Sin[y] O

-Cos[y] Sin[a] - Cos[a] Cos[B] Sin[¥]
Cos[a] Cos[y] -Cos[B] Sin[a] Sin[y]
SIn[B] Sin[y]

Cos[B] Cos[y] Sin[a] +Cos[a] Sin[y]
-Cos[y] Sin[A]

Cos[a] Sin[AB]
Sin[a] Sin[A]
Cos[B]
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mZ-Y-X 298 &

FHEA (A} Y zZ 3 R F A F

O FREA F IHF LA MZL FAFA (B'} o YF d3f pE AT F,

A A FA Do ZEA (o] FHEA) (B} o XFol el yTHE

o= 37 3t FEAE Uehli= 84 (B) E d=¥H

EZ 3Ho] o]F HFEA A he M & o] A BE 3 HFFH S Je A FE cAH 22 F3 0.



130706_RotationMatrix_EulerAngle.nb

T =Rot[2, a] .ROt[9, B].ROL[R, ¥]

Sin[a]

0 0

Cos[B] Sin[a]

Cos[a] Cos[B]
[—Sin[B]

-
-
&

4 (=)
A
a

Cos[B] Sin[y]

Cos[a] -Sin[a] O Cos[B] 0 Sin[RB]
=[ Cos[al O].[O

1

10 0
10 ].[0 Cos[y¥] -Sin[y]
-Sin[B] 0 Cos[B] 0 Sin[y] Cos[y]
-Cos[y] Sin[a] + Cos[a] Sin[B] Sin[¥]
Cos[a] Cos[y] +Sin[a] Sin[B] Sin[y]

Cos[a] Cos[y] SIin[B] +Sin[a] Sin[y]
Cos[y] Sin[a] Sin[B] - Cos[a] Sin[y] ]
Cos[B] Cos[¥]

Y
Uy _
IS o O enennqunmnes P O]

4

/



130706_RotationMatrix_EulerAngle.nb

m X-Y-Z (E-¥F]-&
A7V EHEA (A} 9 XF Bl ¥k A F
ARHFA S YFo| R gt AT F,
TAZEA L 726 Rl «E AEH 0 AL o] EALAE YN E FEA (B} S Q& WY
E 3del 1A 7|E FEA N A AL o] 4 F AAFo| B2 Y HBFH S oA FE oz o2 FoT).
Z-Y-x2o%9e Y

AT =Rot[2, a] -ROt[Y, B].ROt[R, ¥]

Cos[a] -Sin[a] O Cos[B] 0 Sin[A] 1 0 0
[Sin[a] Cos[a] 0 ] [O 1 0 ] [O Cos[y] -Sin[y]

0 0 1 -Sin[B] 0 Cos[B] 0 Sin[y] Cos[y]

Cos[a] Cos[B] -Cos[y] Sin[a] +Cos[a] Sin[B] Sin[y] Cos[a] Cos[y] Sin[B] +Sin[a] Sin[y]

= [Cos[fs] Sin[a] Cos[a] Cos[y] +Sin[a] Sin[B] Sin[y] Cos[y] Sin[a] SIin[B] - Cos[a] Sin[y]
-Sin[B] Cos[B] Sin[y] Cos[B] Cos[¥]
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¥ /) Y4

Y4

Rotation Matrix

1 (0] 0

Rx[p_] == [O Cos[¢] -Sin[¢] ] // MatrixForm
0 Sin[¢] Cos[¢]
Cos[e] O Sin[e]

Ry[e_] := ( 0 1 0 ] // MatrixForm
-Sin[e] 0 CosIe]
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Cos[¥] -Sin[y] O
Rz[¥_] := [Sin[ll/] Cos[¢] 0] // MatrixForm
0 0 1

m Euler Angle

Cos[e] Cos[¢¥] Cos[y¥] Sin[e] Sin[¢] -Cos[¢] Sin[y] Cos[¢] Cos[¢] Sin[e] +Sin[¢] Sin[y¥]
R =R, [¥]-Ry[6]-Rx[9] = [Cos[e] Sin[y] Cos[¢] Cos[y¥] +Sin[e] Sin[¢] Sin[¢¥] -Cos[¥] Sin[¢] +Cos[¢] Sin[e] Sin[¥]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

Rz [#]-Ry[€].Rx[¢]

Cos[¥] -Sin[y]
Sin[y] Cos[¥]

Cos[e] 0 Sin[e] 1 0 0
0 0 [ J [

1 0 0 Cos[¢] —Sin[¢]]// MatrixForm

Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

Cos[e] Cos[y] Cos[y] Sin[e] Sin[¢] -Cos[¢] Sin[y] Cos[¢] Cos[y] Sin[e] +Sin[¢] Sin[y]
Cos[e] Sin[y] Cos[¢] Cos[y] +Sin[e] Sin[¢] Sin[y] -Cos[¥] Sin[¢] +Cos[¢] SIn[6] SIn[¥]
o o]

-Sin[o] Cos[e] Sin[¢] Cos[o] Cos[¢]

Cos[¥] Sin[y] O Cos[e] O -Sin[e] 1 0 0

-Sin[y¥] Cos[¥] O] [0 1 0 ] [0 Cos[¢] Sin[¢] ] // MatrixForm

0 0 1 Sin[e] 0 Cos[eo] 0 -Sin[¢] Cos[¢]

Cos[e] Cos[¥] Cos[y] Sin[e] Sin[¢] + Cos[¢] Sin[y] -Cos[¢] Cos[y] Sin[e] +Sin[¢] SIn[y]
-Cos[6] Sin[y] Cos[¢] Cos[y] -Sin[e] Sin[¢] Sin[y] Cos[y] Sin[¢] +Cos[¢] Sin[6] Sin[y]
Sin[e] -Cos[6] Sin[¢] Cos[e] Cos[¢]

Roll: ¢
Pitch: 0

u 0 w -v p Sin[e]
v]+[—w 0O wu ]_[q]+g[—Cos[e]Sin[¢]]
w

v -u O r -Cos[e] Cos[¢]
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Cos[e] O Sinf[e] 1 0 0
[ 0 1 0 ] . [ 0 Cos[¢] -Sin[¢] ] // MatrixForm
-Sin[e] 0 CosI[e] 0 Sin[¢] Cos[é]

Cos (o] Sin[e] Sin[¢] Cos[¢] Sin[&]
0 Cos[¢] -Sin[¢]
-Sin[e] Cos[e] Sin[¢] Cos[e] Cos[¢]

Cos[e] O Sin[e] 1 0 0
(0 O —g)_[ 0 1 0 ][O Cos[¢] -Sin[¢] ] // MatrixForm
-Sin[e] 0 Cos[e] 0 Sin[¢] Cos[¢]

(gSin[e] -gCos[e] Sin[¢] -gCos[e] Cos[¢] )

1 0 0 Cos[-6] O Sin[-96] 0
0 Cos[-¢] -Sin[-¢] J[ 0 1 0 ] [ 0 ] // MatrixForm
0 Sin[-¢] Cos[-¢] -Sin[-6] 0 Cos[-6] -g

gSin[o]
-gCos[o] Sin[¢]
-gCos[o] Cos[o]

0 0
Cos[-¢] -Sin[-¢] ] // MatrixForm
Sin[-¢] Cos[-¢]

0 0
Cos[¢]  Sin[¢]
-Sin[¢] Cos[¢]

OOoOPFr OO0k

yaw: ¢
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¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e]
[6] = [O Cos[¢] -Sin[e]

® 0 Sin[¢] Sec[e] Cos[¢] Sec[o]
Sin[e]
Tan[6] = ———
Cos|[eo]
1
Sec[9] = ————
Cos[e]
Euler Angle

Rotation Matrix

m 3D orthonormal basis - unit vectors

>
1
—_——
o O
< X
D
<X
y S
S
—_

o
N
<
N
>
N
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m single rotation about some axis (unit vector)

= rotation vector

m Quaternions

m normalized four-dimensional vector

1
g2
a-= (O3
Q4
m Euler axis
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m vector's elements

g1 = exSin[

—_

a2 = ey Sin|

N[ Mo N o

gs = ezSin[

—_

e
Ja = Cos[E]
m the quaternion paramentrization obeys
01 + O2° + Oa” + da® = 1

m hypercomplex numbers {i,j,k}

a+bi+cj+dk

=~
-

1]

1
-
~
]

'
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= Quaternion multiplication

s -Gz -2 -quy (O
-03 d4 -01 Q2 G,

®q = .
aeq -0z -01 G4 Qs Gs
1 Qg2 Q3 Q4 b,
A3 = A2 Al
0z =d1®02

Rotation matrix « Euler angles

3-1-3Eulerangles¢, 6, ¥ (around Z, X, Zaxis)
Euler angles (¢, 6, ¥)

Oy Uy Wy
A=]ay 0y W

0, O, Wy

¢ = ArcTan [ %1-]
32

6 = ArcCos[A33]

¥ = -ArcTan[—

A1z
Az3

A=Az Ay Ay = Az Ay Ay

1 0 0
Ax= |0 Cos[¢] Sin[¢]
0 -Sin[¢] Cos[¢]
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Ay = 0 1 0

Cos[e] 0 -Sin[e]
[Sin[e] 0 CosJe]

Cos[¥] Sin[y] O
A [—Sin[z/;] Cos[y] O

|
|

0 0 1
Cos[¥] Sin[y] O Cos|e] O —Sln[e] 0
-Sin[y] Cos[y¥] O ] [ 0 ] [0 Cos[¢] Sin[¢]
0 0 1 sSin[e] O Cos[e] -Sin[¢] Cos[¢]

-Cos[e] Sin[y] Cos[¢] Cos[¢] -Sin[e] Sin[¢] Sin[¢¥]

[Cos[e] Cos[¥] Cos[¥] Sin[e] Sin[¢] + Cos[¢] Sin[y] -Cos[¢] Cos[y¢] Sin[e] +Sin[¢] Sin[y]
A_

Sin[e] -Cos[e] Sin[¢]

Cos[¥] Sin[¢] + Cos[¢] Sin[e] Sin[¢]
Cos[e] Cos[¢]

Rotation matrix

m Decomposing

R=|ra1 ra ra

ria riz r13]

31 32 I33

Cos[ey] Cos[6;]
R Cos[ey] Sin[e;]
-Sin[ey]

6y = ArcTan[ s> ]

33

r
ey = ArcTan|- =

Vraz? + r3s?

Cos[e,] Sin[ex] Sin[ey] - Cos[6x] Sin[6,] Cos[ex] Cos[6,] Sin[ey] +Sin[6ex] Sin[e;]
Cos[ex] Cos[6,] + Sin[6x] Sin[ey] Sin[6,] -Cos[6;] Sin[6x] + Cos[6x] Sin[6y] Sin[6,]
Cos[ey] Sin[ex] Cos[ex] Cos[ey]
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r
6, = ArcTan[—Zl—]
i
= Composing
1 0 0

X =10 Cos[ex] -Sin[ex]
0 Sin[ex] Cos[ex]

Cos[ey] O Sin[ey]
Y = 0 1 0
-Sin[ey] O Cos[ey]

Cos[e,] -Sin[e;] O
Z=|Sin[e;] Cos[e,] O

0 0 1
R = ZYX
Cos[e,] -Sin[e;] O Cos[ey] 0O Sin[ey] 1 0 0
R =|Sin[e,] Cos[e;] 0] 0 1 0 _[0 Cos[ex] -Sin[6ex]
0 0 1 -Sin[ey] 0 Cos[ey] 0 Sin[ex] Cos[ex]

6x » {-m, 7}

T T
{7 3)

6z » {-m, 7}

2D Rotation

’ C -Si
()= (sinte1 coster )-(3)

x Cos[@] -y Sin[e]
(yCos[e] +XSin[e] )
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Rotation matrix « Euler axis/angles

1
6= ArcCos[—z— (A11 + Azz + Azz - 1) |

Azz - Az
e = —
2Sin[e]
A1z - Az
€ = ——— —
2SiIn[e]
A1 - A2
€3 = — —
2Sin[e]

General rotations

1 0 0
Rx[¥] = |0 Cos[y] -Sin[y] |:rolly
0 Sin[y] Cos[y]

Cos[B] O Sin[A]

Ry[B] = 0 1 0 :pitchp
-Sin[B] O Cos[B]
Cos[a] -Sin[a] O

Rz[a] = | Sin[a] Cos[a] O | :yawa

0 0 1

R = Rx[¥] Ry [B] Rz[a]
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Euler Angle

R = Rz[¥] Rx[B] Ry[al]

Rotation matrix from axis and angle

= Euler axis
ex
é = [ey J
€z
= Angle
e
= Rotation

R=1Cos[e] +Sin[6] [u], + (1-Cos[e]) u®u

Ux®  UxUy Uy Uy
U®u = [uxuy Uuy? Uuyu,

Ux Uz UyUz U2

0 -u; uy
[Ul, = | u; 0 -ux
-Uy Uy 0
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Ux Uy (1-Cos[e]) +u;Sin[e] Cos[e] +uy? (1 -Cos[e]) Uy Uz (1-Cos[e]) - uxSin[e]

[ Cos[©] + uy? (1 -Cos[e]) Ux Uy (1 -Cos[e]) -uzSin[e] uxu, (1-Cos[e]) +uySin[e] ]
R =

Ux Uz (1 -Cos[e]) -uy Sin[e] uyu; (1-Cos[6]) +uxSin[e] Cos[e] +u,2 (1-Cos[e])

Rotation matrix from axis and angle
Cos[e] + uyx? (1-Cos[e]) Ux Uy (1 -Cos[e]) -u;Sin[e]

R[e_] := [uy Ux (1-Cos[e]) +u; Sin[e] CosI[e] +uy2 (1 -CosIe])
Uz Ux (1 -Cos[e]) -uy Sin[e] u;uy (1-Cos[6]) +uxSin[e]

= concisely
R =1.Cos[e] +Sin[e] u, + (1 -Cos[e]) udu
100
1= [0 1 0]
0 01
0 -uz; wuy
Ug = | Uz 0 -ux
-Uy Uy 0
Ux®  Ux Uy Uy U
U®U = | UxUy Uy? UyU,

Ux Uz UyUz U2

Ux Uz (1 -Cos[e]) +uySin[e]
Uy Uy (1-Cos[e]) - uxSin[e]
Cos[e] +u,2 (1-Cos[e])

|
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Cos[©] + uy? (1 -Cos[e]) Ux Uy (1 -Cos[e]) -uzSin[e] uxu, (1-Cos[e]) +uy Sin[e]

AX
{ux, Uy, Uz} = {0, 0, 1}; [uyux (1-Cos[e]) +U;Sin[e] Cos[e] +uy? (1-Cos[e]) Uy Uz (1 -Cos[e]) -uxSin[e] |.|Ay | // MatrixForm
Uz Ux (1-Cos[e]) -uy Sin[e] uzuy (1-Cos[6]) +uxSin[e] Cos[e] +u,2 (1-Cos[e]) Az

Ax Cos[e] - Ay Sin[o]
Ay Cos[6] + AXSIn[O]
Az

Cos[e] + Uuy? (1 - Cos[e]) Ux Uy (1-Cos[e]) -uzSin[e] uxu; (1-Cos[e]) +uy Sin[e]
Uy Ux (1 -Cos[e]) +u;Sin[e] Cos[e] +Uuy? (1-Cos[e]) Uy Uz (1 -Cos[e]) -uxSin[e]
Uz Ux (1 -Cos[e]) -uy Sin[e] uyuy (1-Cos[e]) +UuxSin[e] Cos[e] +uy2 (1-Cos[e])

AX
- [Ay] // FullSimplify // InputForm
Az

{{Ax*Cos[o] + Az*Sin[o]*Subscript[u, yl - (-1 + Cos[e])*Subscript[u, x]*
(Ax*Subscriptf[u, x] + Ay*Subscript[u, y]) -
(Ay*Sin[e] + Az*(-1 + Cos[e])*Subscriptf[u, x])*Subscript[u, z]},
{Ay*Cos[e] - Subscript[u, x]*(Az*Sin[6] + Ax*(-1 + Cos[6])*Subscript[u, y]) +
Ax*Sin[e]*Subscript[u, z] - (-1 + Cos[e])*Subscript[u, y]*
(Ay*Subscript[u, y] + Az*Subscript[u, z])},
{Az*Cos[e] + Ay*Sin[e]*Subscriptfu, x] - Ax*Sin[e]*Subscript[u, y] -
(-1 + Cos[e])*(Ax*Subscript[u, x] + Ay*Subscript[u, y])*Subscriptf[u, z] -
Az*(-1 + Cos[o])*Subscript[u, z]"2}}

Rx[¢_] := // MatrixForm
Cos[e] O Sin[e]

Ryle_] := [ 0 1 0 ] // MatrixForm
-Sin[e] 0 CosJe]

Cos[y¥] -Sin[y] O
Rz[y¥_] := [Sin[zﬂ] Cos[¥] 0] // MatrixForm
0 0 1
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Cos[y] -Sin[y] O Cos[p] O Sin[p] 1 0 0 Wx
Sin[y] Cosly] O] [ 0 1 0 ][0 Cos[r] -Sin[r] ]_[Wy] // MatrixForm
0 0 1 -Sin[p] O Cos[p] 0 Sin[r] CosJ[r] Wz

Wx Cos[p] Cos[y] +Wy (Cos[y] Sin[p] Sin[r] -Cos[r] Sin[y]) +Wz (Cos[r] Cos[y] Sin[p] +Sin[r] Sin[y])
Wx Cos[p] Sin[y] +Wz (-Cos[y] Sin[r] +Cos[r] Sin[p] Sin[y]) +Wy (Cos[r] Cos[y] +Sin[p] Sin[r] Sin[y])
Wz Cos[p] Cos[r] -WxSin[p] + Wy Cos[p] Sin[r]

Cos[p] O Sin[p] 1 0 0 VX
0 1 0 ][0 Cos[r] -Sin[r] |. Vy]
-Sin[p] O CosI[p] 0 Sin[r] CosJ[r] Vz

{{VxCos[p] +VzCos[r] Sin[p] +VySin[p] Sin[r]}, {VyCos[r] -VzSin[r]}, {VzCos[p] Cos[r] -VxSin[p] +VyCos[p] Sin[r]}}

1 0 0 Ux
[O Cos[r] -Sin[r] ]_[Uy

0 Sin[r] Cos|[r] Uz

{{Ux}, {UyCos[r] -UzSin[r]}, {UzCos[r] +UySin[r]}}

1 0 0 Cos[-p] O Sin[-p] Cos[-y] -Sin[-y] O XX
[0 Cos[-r] -Sin[-r] ][ 0 1 0 ].[Sin[—y] Cos[-y] O _[Xy]
0 Sin[-r] Cos[-r] -Sin[-p] O Cos[-p] 0 0 1 Xz

{{XxCos[p] Cos[y] - XzSin[p] + Xy Cos[p] Sin[y]},
{XzCos[p] Sin[r] + Xx (Cos[y] Sin[p] Sin[r] -Cos[r] Sin[y]) + Xy (Cos[r] Cos[y] + Sin[p] Sin[r] Sin[y])},
{XzCos[p] Cos[r] + Xy (-Cos[y] Sin[r] +Cos[r] Sin[p] Sin[y]) + Xx (Cos[r] Cos[y] Sin[p] +Sin[r] Sin[y]) }}
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An efficient orientation filter for inertial and inertial/magnetic sensor arrays

Quaternion representation

m A quaternion is a four-dimensional complex number

= An arbitrary orientation of frame B relative to frame A

20
2
= A
ZB A
A
\
\ A~
s X
N > UB
\ -
-
\ - .
- —> YA
\
A
N
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= A rotationof angle e around an axis *# defined in frame A
AP =(Irx Iy Iz)

80=(01 G2 O3 Ga) = (Cos[5] -rxSin[5] -rySin[$] -r;Sin[5])

= A quaternion conjugate

80" =80= (a1 -92 -0z -qaq)

= A quaternion product ®
¢a = 2aesq

= Hamilton rule

a®b=(a1 a; as a4)®(b1 b2 b3 b4)

albl—azbz—a3b3—a4b4
a1b2+a2b1+a3b4—a4b3
a1b3—a2b4+a3b1+a4b2
a1b4+a2b3—a3b2+a4b1

= A three dimensional vector
Bu =400 vesq”
= The orientationg§ - The rotation matrix
297-1+2093 2(92093+0104) 2 (9204 -1 Q3)

BR={2(d203-q10s) 20df-1+203 2 (d3da+0102)
2(0204+0103) 2(030sa-0102) 207-1+207
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m Euler Angle

¢ around Rz, © around ¥y, ¥ around 2z

¢ = ArcTan[AR33, AR32] = ArcTan[29?-1+203, 2 (U3 04 - 91 02) ]

6= —ArcTan[\/l -8R%; , QRgl] = -ArcSin[2 (g2 g4 + q1 g3) ]

¥ = ArcTan[AR11, AR12] = ArcTan[29?-1+203, 2 (02 U3 - 91 Ga) ]

Filter derivation

Qrientation from angular rate

m A tri-axis gyroscope

m The angular rate

Sw= (0 wx wy wz)

= The quaternion derivative

1
2= 5 2965
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m The quaternion derivative measured at time t
S 1 S S
Elw,t = > EQest,t-1® 0wt

m The orientation of the earth frame at time t

S S S
Edw,t = EQest,t—l +g0,,t AT

The samling period At

Orientation from vector observations

m A tri-axis accelerometer (Linear accelerations due to motion)

the field of gravity

m A tri-axis magnetometer (Local magnetic flux and distortions)

the earth® s magnetic field

= A quaternion

2= (01 d2 O3 Oa)

m A predefined reference direction

Ed= (0 dx dy dy)
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m The measured direction

S§= (0 sx sy s7)

= The objective function

f[3q. 0. 58] - 20" 0fd02q - 56

= A guaternion may be found

érgeilg4 f[2q, Fd, °8]

The gradient descent algorithm

= An orientation estimation of 24,,,;

vF[2q, Fa, 58]

,k=0,1,
| vF[2a, =d, °¢] |

EQk+1 = EQK - H
A step-size u

= The gradient of the solution surface (General form)

vF[2y. <A, °8] = I7[20,, 4] F[20,. <A, °3]
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= A objective function

2dx (5 -08-03) +2dy (d10a+0203) +20dz (G2 Ga - G G3) - Sx
F[E0y, B0, 58] = | 20dx (G293 -0104a) +2dy (5 -03-0F) +20d; (9102 + O3 Ga) - Sy
2dx (103 +G204) +20dy (43 Qs -1 02) +2d; (3 -03-03) -,

= Jacobian

J[8a,, €4] =

2dygs-2d; 03 2dyg3+2d;qs -4dyg3+2dyq2-2d;01 -4dx0a+2dyq:+2d; 02
-2dx0s+2d;02 2dx0z-4dyqgx+2d;0Qz 2dx 2 +2d; Qs -2dx0g1-4dygs+2d; 03
2dXC]3—2dyC]2 2dxq4—2dyq1—4dzq2 2dqu+2dyQ4—4dZC|3 2quZ+2dyQ3

The direction of gravity (the vertical axis, z axis)

m An appropriate convention (the equations simplify)

Eg=(0 0 0 1)

» Normalized accelermeter measurement

Sa=(0 ax ay az)
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= A objective function

2 (02 94 - 1 03) - ax
fg[Eq, Sa] = [2 (q1CI2+q3q4) _ay]
2(1-g3-03) -2

= Jacobian
-203 244 -201 2%)

Jg[EQ]=[2Q2 2d1 2ds 203
0 -492 -4ag3 O

The earth's magnetic field (one horizontal axis, the vertical axis)

m An appropriate convention (the equations simplify)

EB6= (0 bx 0 by)

» Normalized accelermeter measurement
Si=(0 mey my my)
= A objective function
2by (3 -0§-0F) +2b, (02 04 - 01 03) - My

f,[29, B6, SM] = | 2bx (4293 - 01 G4) +2bz (4102 + g3 qa) - My
2by (9193 +0204) +2b, (5 - 03 -03) -m,
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= Jacobian

—2bzq3 2bZQ4 —4bxq3—2bzq1
Jb[Eq,E6]= -2bxga+2b;q2 2bxgz+2b,q1 2byxQgz+2by Qs
2bx a3 2bxgs-4bz0q2 2byxgi-4bzQs

-4byxqs+2b;q2
-2bxqg1+2b;q3
2quZ

The solution surface - minimum

= The objective function

fy[20. Sa
aolia. ca. . o] < BN

fy[2a, b, °n]
= Jacobian

J.T S
30.0[50, 6] - ( o LEQ] ]

JpT[2Q, £6]

The estimate orientation gy, ¢

S S
dv.t = £Q - Ut
E EMest,t | vf |

m The convergence rate governed by u; = the physical rate

Aprevious estimate of orientation 2Qese ¢ 1
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m The objective function gradient

Jg"[E0est,t-1] Fo[EQest,t-1- Sa¢]

Vf =
{Jg.bT[EQest,t—l’ EB] fg.b[EQest,t—l’ sa, EB- sm]

The convergence rate of Eqv,t

The physical orientation rate Eqw,t

= An optimal value of the step-size

pe=a | gl, ¢ | AL, a>1

Filter fusion algorithm

= An estimated orientation

Eest,t = ¥t 20v,t + (1 - ¥t) EQu,t» O sy <1

I
lﬂ,r't

The weighted divergence of 8q, == Theweighted convergence of £qy
B K

At

= The magnitude of a quaternion derivative == The gyroscope measurement error

Ht
1 - = -
(1-vt) B=vt At
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Ht
At +B

Yt =

m The optimal fusion

= the convergence rate of 2qy > a » the physical rate of change of orientation

s - vf
Edv,t ® —Ht 2
B AL
Yt =
Ht
m Simplify

= An estimated orientation

s B At vT s s
Blest,t = o (-ut VT ] ) + (1-0) (EQest,t-1 + EYu,t AT)
S vt s S
Blest,t = -8B W At + 2Oest, -1 + EUw,t AL
vf

qust,t = EQest,t-l + Eqw,t At - | VT | At

vf
EQest,t = EQest,t-l + (EQm,t -B [ vF | ) At

vT
EQest,t = EQest,t-l + (Eqm,t -B [ VT | ) At

Elest,t = £0est, t-1 + (Eqm,t -B EQE,t) At
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s s s
Elest,t = Elest,t-1 + Elest, t AT

. } 1 S vF
Edest,t = Elest,t-1 + (‘é‘ Edest,t-1® 0t - B | vF | ) at
The estimated orientation rate £Qect

The rate of change of orientation measured by the gyroscopes £q,,

The direction of the estimated error 4.

m Simplified to equation
BQest,t = Best,t1 * Ellest, ¢ AT

m The estimated rate of change of orientation
Blese, ¢ = Bu,c - BEAc ¢

m The quaternion derivative measured at time t

1
s s s
Elu,t = > Elest, -1 70t

m The direction of the error of qust,t

vt

SA _
EQe,t_ I Vf |
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m The objective function

f (20, Sa
aofia. ca. .o < [ BN

fy[2a, b, Sn]
= Jacobian

J,T S
30.0[50, 6] - ( o [EQ] ]

JoT [0, F6]
m The gradient of the solution surface (General form)
vF=JF

TEy.0 = g0 [20. 6] Fy0[20. 52, 6, SA]

Magnetic distortion compensation

m Declination errors

The horizontal plane : the earth® s surface (Heading)

m [nclination errors

The vertical plane : the earth” s surface (Sensor " s attitude)
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m The measured direction of the earth's magnetic field in the earth frame at time t

EAc= (0 hx hy hz) =EQesr 1.1® M ®E0est 11

E6e= (0 ~fhg+h2 O h,)

Gyroscope bias drift compensation

m With temperature and with motion

Karman - based approaches - estimate the gyroscope bias

Mahony et al -» gyroscope biasdrift (the integral feedback of the error)

The normalized direction of the estimated error in the rate of change of orientation £4.

m The gyroscope bias Swp

Swp,t = & ste,t At
t
The integral gain ¢

= DC component of Sw,

S _ SA* SA
We,t =2 EQest,t—1®Eq€,t
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= Gyroscope measurements ch

S S S
We,t = "Wt - "Wph,t

Filter gains

The estimated mean zero gyroscope measurement error of each axis @
= The filter gain
1 L 3 .
/3= EQ®(O wp Wp 0)/3)|= Zwﬁ
The estimated rate of gyroscope bias drift in each axis @,

= The filter gain

3 .
£=¢ Zw:
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Block diagram

= [IMU

Accelerometer °é; —»

T
J,(

Ly

EQEst?t—l

)fg(%éest,t—l ! Sdt)

v
i

IVE

1g.

g by
Gyroscope “w; — §qust,t—1 ® 7wy

F

S |<

5.
qust,t

4
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= MARG

¥

g - g, S sk
EQest -1 @7y © Eest -1

[o B2 1 R

o u

]

F

. Magnetic distortion

Magnetometer ° 7,

Accelerometer &, —»

T 5~ Ej g - 8. Bf 8,4
Jg,b(EQ.gst,t—ia bt)fg,b(qust,t—ia a,” by,”m)

3

20t 11 © B, s e
qusﬁ}ﬁl Eqs,t : ||Vf||

h

Gyroscope drift

Gyroscope Swt—b->_<

lg.

. ) .
"5 Eest i1 @7 we N

.

[

F

S .
qust,t

=
qust,t
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MATLAB

= Quanternion Conjugate
qConj = quaternConj (q)

gConj = (01 -02 -03 -04)

qConj=[q(:,1)-q(:.2)-q(:,3)-q(:,4)];

= Quanternion Product

ab = quaternProd (a, b)
ab(:,1)=a(:,1).*b(:,1)-a(;,2).*b(;,2)-a(;,3).*b(:,3)-a(:,4).*b(:,4);
ab(:,2)=a(:,1).*b(:,2)+a(:,2).*b(:,1)+a(:,3).*b(:,4)-a(:,4).*b(:,3);

ab(:,3)=a(:,1).*b(:,3)-a(:,2).*b(:,4)+a(:,3).*b(:,1)+a(:,4).*b(:,2);
ab(:,4)=a(:,1).*b(:,4)+a(:,2).*b(:,3)-a(:,3).*b(:,2)+a(:,4).*b(:,1);

m Quanternion to Rotation Matrix

R = quatern2rotMat (q)
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R(1,1,)) = 2.%q(:,1).22-1+2.%q(:,2)."2;
R(1,2;1) = 2.%(q(:,2).*q(:,3)+a(:,1)-*a(:,4));
R(1,3,) = 2.4(a(:,2).*q(:,4)-a(:,1).*a(:,3));
R(2,1,)) = 2.4(q(:,2).*q(:,3)-a(:,1)-*0(:,4));
R(2,2,:) = 2.%q(;,1)."2-1+2.%q(:,3)."2;
R(2,3,:) = 2.*(q(:,3).*q(:,4)*+q(:,1).*q(:,2));
R(3,1.1) = 2.4(a(:,2).*q(:,4)+a(:.1)-*a(:,3));
R(3,2,) = 2.4(a(:,3).*q(:,4)-a(:,1).*a(:,2));
R(3,3,:) = 2.¥q(:,1).72-1+2.*q(:,4)."2;

m Quanternion to Euler

euler = quatern2euler (q)

R(1,1,:)=2.*q(:,1)."2-1+2.*q(:,2)."2;
R(2,1,)=2.4(q(:,2)-*q(:,3)-q(;,1)-*a(:,4));
R(3,1,:)=2.*(q(:,2)-*q(:,4)+q(:,1).*q(:,3));
R(3,2,)=2.4(a(:,3).*a(:4)-a(:,1)-*a(:,2));
R(3,3,:)=2.%q(;,1)./2-1+2.*q(:,4)."2;

phi=atan2(R(3,2,:),R(3,3,3));
theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:)."2));

psi=atan2(R(2,1,:),R(1,1,));

euler=[phi(1,:)" theta(1,:)' psi(1,:)'];

m Euler to Rotation Matrix

R = euler2rotMat (phi, theta, psi)

R(1,1,:)=cos(psi).*cos(theta);
R(1,2,:)=-sin(psi).*cos(phi)+cos(psi).*sin(theta).*sin(phi);
R(1,3,:)=sin(psi).*sin(phi)+cos(psi).*sin(theta).*cos(phi);

R(2,1,:)=sin(psi).*cos(theta);
R(2,2,:)=cos(psi).*cos(phi)+sin(psi).*sin(theta).*sin(phi);
R(2,3,:)=-cos(psi).*sin(phi)+sin(psi).*sin(theta).*cos(phi);
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R(3,1,:)=-sin(theta);
R(3,2,:)=cos(theta).*sin(phi);
R(3,3,:)=cos(theta).*cos(phi);

m Rotation Matrix to Quanternion

q = rotMat2quatern (R)

[row col numR]=size(R);
g=zeros(numR,4);

K=zeros(4,4);

for i=1:numR
K(1,1)=(1/3)*(R(1,1,i)-R(2,2,i)-R(3,3,i));
K(1,2)=(1/3)*(R(2,1,)+R(1,2,i));
K(1,3)=(1/3)*(R(3,1,i)+R(1,3,));
K(1,4)=(1/3)*(R(2,3,i)-R(3,2,i));
K(2,1)=(1/3)*(R(2,1,))+R(1,2,i));
K(2,2)=(1/3)*(R(2,2,i)-R(1,1,i)-R(3,3,i));
K(2,3)=(1/3)*(R(3,2,)+R(2,3,i));
K(2,4)=(1/3)*(R(3,1,i)-R(1,3,));
K(3,1)=(1/3)*(R(3,1,)+R(1,3,i));
K(3,2)=(1/3)*(R(3,2,)+R(2,3,i));
K(3,3)=(1/3)*(R(3,3,i)-R(1,1,i)-R(2,2,i));
K(3,4)=(1/3)*(R(1,2,i)-R(2,1,));
K(4,1)=(1/3)*(R(2,3,i)-R(3,2,));
K(4,2)=(1/3)*(R(3,1,i)-R(1,3,i));
K(4,3)=(1/3)*(R(1,2,i)-R(2,1,i));
K(4,4)=(1/3)*(R(1,1,)+R(2,2,i)+R(3,3,i));
[V.D]=eig(K);

%p=find(max(D));

%q=V(:p);

a@,)=v(.4);

a(i,)=[a(i.4) a(i,1) q(i.2) a(i.3)];

end
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m Axis Angle to Quanternion

g = axisAngle2quatern (axis, angle)

gO=cos(angle./2);
gl=-axis(:,1)*sin(angle./2);
g2=-axis(;,2)*sin(angle./2);
g3=-axis(:,3)*sin(angle./2);
g=[q0 q1 g2 q3];

m Rotation Matrix to Euler

euler = rotMat2euler (R)

phi=atan2(R(3,2,:),R(3,3,3));
theta=-atan(R(3,1,:)./sqrt(1-R(3,1,:).72));
psi=atan2(R(2,1,:),R(1,1,));

euler=[phi(1,:)" theta(1,:)' psi(1,:)7;

m Axis Angle to Rotation Matrix

R = axisAngle2rotMat (axis, angle)

kx=axis(:,1);
ky=axis(:,2);
kz=axis(:,3);
cT=cos(angle);
sT=sin(angle);
vT=1-cos(angle);

R(1,1,:)=kx.*kx.*vT+cT;
R(1,2,:)=kx.*ky.*vT-kz.*sT;
R(1,3,:)=kx.*kz.*vT+ky.*sT;
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R(2,1,:)=kx.*ky.*vT+kz.*sT;
R(2,2,:)=ky.*ky.*vT+cCT;

R(2,3,:)=ky.*kz.*vT-kx.*sT;
R(3,1,:)=kx.*kz.*vT-ky.*sT;

R(3,2,:)=ky.*kz.*vT+kx.*sT;
R(3,3,:)=kz.*kz.*vT+cT;

= Update

obj = Update (obj, Gyroscope, Accelerometer, Magnetometer)

= 9% short name local variable for readability

q = obj .Quaternion;

m % Normalise accelerometer measurement

if (norm (Accelerometer) = 0), return; end % handle NaN
Accelerometer = Accelerometer / norm (Accelerometer) ; % normal ise magnitude

= % Normalise magnetometer measurement

if (norm (Magnetometer) == 0), return; end % handle NaN
Magnetometer = Magnetometer / norm (Magnetometer) ; % normal ise magnitude

m % Reference direction of Earth's magnetic feild

h = quaternProd (q, quaternProd ([0 Magnetometer], quaternConj (q)));
b=[0norm ([h (2) h(3)])0h (4)];
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m % Gradient decent algorithm corrective step

2% (q (2) *g (4) -d (1) *qg (3)) - Accelerometer (1)

2% (q (1) *q (2) +q (3) *q (4)) - Accelerometer (2)
Feo 2% (0.5-9 (2)*2-q (3)~2) - Accelerometer (3)
- 2xb (2) * (0.5-q (3)"2-q (4)"2) +2xb (4) * (q (2) *xq (4) -q (1) *q (3)) - Magnetometer (1)
2xb (2) * (Q (2) *xq (3) -q (1) *xg (4)) +2xb (4) » (9 (1) *qg (2) +9 (3) »q (4)) - Magnetometer (2)
2xb (2) * (q (1) *xq (3) +q (2) *xq (4)) +2*xb (4) » (0.5-9 (2) "2 -9 (3) ~2) - Magnetometer (3)
-2%q (3) 2xq (4) -2xq (1) 2xq (2)
2xq (2) 2xq (1) 2xq (4) 2xq (3)
3= 0 -4xq (2) -4%q (3) 0
- -2xb (4) xq (3) 2xb (4) xq (4) -4xb (2) xq (3) -2xb (4) xq (1) -4xb (2) xq (4) +2xb (4) *xq (2)
-2xb (2) xq (4) +2xb (4) xq (2) 2xb (2) xq (3) +2xb (4) xq (1) 2xb (2)*xq (2) +2xb (4) *xq (4) -2xb (2)xq (1) +2xb (4) xq (3)
2xb (2) *xq (3) 2xb (2) xq (4) -4xb (4) xq (2) 2xb (2) xq (1) -4xb (4) xq (3) 2xb (2) xq (2)

step=(J"xF);

= % normalise step magnitude

step = step/ norm (step) ;

= % Compute rate of change of quaternion

gDot = 0.5« quaternProd (g, [0 Gyroscope (1) Gyroscope (2) Gyroscope (3)]) -obj.Betaxstep~;

= % Integrate to yield quaternion

q =(d +gbotxobj.SamplePeriod;

= % normalise quaternion

obj.Quaternion =g/ norm (qQ) ;
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s MU

function obj=UpdatelMU(obj,Gyroscope,Accelerometer)
g=obj.Quaternion;% short name local variable for readability

% Normalise accelerometer measurement
if(norm(Accelerometer)==0),return;end % handle NaN
Accelerometer=Accelerometer/norm(Accelerometer);% normalise magnitude

% Gradient decent algorithm corrective step

F=[2*(q(2)*q(4)-q(1)*q(3))-Accelerometer(1) 2*(q(1)*q(2)+q(3)*q(4))-Accelerometer(2) 2*(0.5-q(2)"2-q(3)"2)-Accelerometer(3)];
J=[-2*q(3),2*a(4),-2*q(1),2*a(2) 2*(2),2*q(1),2*q(4),2*a(3) 0,-4*q(2),-4*a(3),0];

step=(J"*F);

step=step/norm(step);% normalise step magnitude

% Compute rate of change of quaternion
gDot=0.5*quaternProd(q,[0 Gyroscope(1) Gyroscope(2) Gyroscope(3)])-obj.Beta*step’;

% Integrate to yield quaternion
g=q+qgDot*obj.SamplePeriod;
obj.Quaternion=g/norm(q);% normalise quaternion
end

Kalman Filter

= Gyro Angler Rate (p, q, r) » Euler Angle ¥3+& (¢, 6, ¢)

1 Sin[¢] Tan[e] Cos[¢] Tan[e] p
=0 Cos[¢] -Sin[¢] -1 q
0 Sin[¢] /Cos[e] Cos[¢] /Cos[e] r

S O o
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¢
e
¢

+dtx¢
+dt+6
+dtxo

m Accelerometer (fy, fy, T;)

Linear Rate (u, v, w), Linear Acceleration (u, v, w), AnglerRate (p, g, r), Gravity (g)

u 0 w -v p
\% +[—w 0 u]_[q]+g[
W v -u O r

i

LES

]=

L
fy
LE

Sin[e]
g [—Cos[e] Sin[¢] ]
-Cos[e] Cos[¢]

e=ArcSin[%]

o= ArcSin[—i——]

gCos[e]

m Sensor Fusion

A
dz
43
U4

d1
Q2
as
Q4

1
2

-p -4

-r 0 p

= T O
Q o
' =
]
o 11
a5
~_—
—_——

1
I +At. —
2

a:
qz
as
Q4
_q -r
r -q
0 p
-p 0

Sin[e]
-Cos[e] Sin[¢]
-Cos[e] Cos[¢]

a1
Q2
as
4 K

|
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O -p - -r
1 _

A-tlsat.—|P O T -d

219 -r 0 p

r q -p O
o Cos[£]Cos[£]Cos[%£] +Sin[£]Sin[$]Sin[%]
02 Sin[$]Cos[Z]Cos[4]-Cos[$]Sin[Z]Sin[%]
33 B Cos[%]Sin[Z]Cos[£]+Sin[$]Cos[2]Sin[%]

4

Cos[%]Cos[£]Sin[£]-Sin[£]Sin[$] Cos[%£]

m Euler Angle
¢ around Rg, 6 around 9z, ¥ around 2g
¢ = ArcTan[1-2 (g5 +05), 2 (03 Ga + G1 02) ]
6 = -ArcSin[2 (g2 ds - 1 qz) 1

¢ =ArcTan[1-2 (g3 +07), 2 (0203 + 1 04) ]

m Algorithm start

1000
0100
H=10 01 0
0001
0.0001 0 0 0
0 0.0001 0 0
Q= 0 0 0.0001 0
0 0 0 0.0001
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10 0 O O
R - 0O 10 0 O
{0 0 10 O
0O O O 10
1
X - 0
10
0
1 000
5|0 100
"o 010
0001
n KF
a1
qz - x
as
Qs
¢ N7 %1 S :
o Cos[£]Cos[$] Cos[4] +Sin[£]Sin[5]Sin[%
N Sin[£]Cos[$]Cos[4]-Cos[$]Sin[£]Sin[£]
33 Cos[£]1Sin[$]Cos[4]+Sin[$]Cos[2]Sin[£]
4 - - -
Cos[%]Cos[5]Sin[£]-Sin[$]Sin[$]Cos[%]
Xp:A.X
0O -p -q -r
1 -
A=1l+At. — p 0 r q
219 -r 0 p
r q -p O

Pp=A_P.AT+Q

K=Pp.H.Inverse[H.Pp.H" + R]
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X = Xp + K. (z - H.xp)

P=Pp-K.H.Pp

¢
[e
¢

-ArcSin[2 (d2 s - g1 0sz) ]

[ArcTan[l -2 (9%3+03), 2 (43 0s +0102) ]
ArcTan[1-2 (g3 +03), 2 (02 O3 + Q1 0a) ]

Essential Kalman Filter

ff

p
rates = | q

r

0 Cos[¢] -Sin[¢] q

¢ 1 Sin[¢] Tan[e] Cos[¢] Tan[e] p
® 0 Sin[¢] /Cos[e] Cos[¢] /Cos[e] r

g Cos[¢] - r Sin[¢]
r Cos[¢] Sec[e] +q Sec[6] Sin[¢]

= F[X] +w

100, (°
Z=(o 1 o)'[G]“’
[

=HX+V

[p+ r Cos[¢] Tan[e] +qSin[¢] Tan[e] )
= + W
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m Algorithm start

of1 of1 of,

¢ 12 1%}
A= | of2 of2 ofy
- d¢p 06 1%}
of3 of3 of3
B¢ o6 o
100
H=(o 1 o)
0.0001 0 0
Q:[ 0 0.0001 O
0 0 0.1
6 0
R=(o 6)

m EKF

-

P
g | = rates

r

A = Ajacob[x, rates, dt]
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g Cos[¢] Tan[e] - r Sin[¢] Tan[e] qSin[¢] Sec[e]? + r Cos[¢] Sec[6]?
A= -qSin[¢] - rCos[¢] 0
qCos[¢] Sec[e] -r Sin[¢] Sec[6] qSin[¢] Sec[e] Tan[e] + r Cos[¢] Sec[6] Tan[e]
A=1+AtxA
xp = FX[X, rates, dt]

p+rCos[¢] Tan[e] +qSin[¢] Tan[e]

xp = FX[x, rates, dt] = | qCos[¢] - r Sin[¢]

r Cos[¢] Sec[e] +q Sec[6] Sin[¢]

Pp=A_P.AT+Q

K=Pp.H".
X = Xp + K.

P:Pp—K.

Inverse[H.Pp.H™ + R]
(z - H+*xp)

H.Pp

0
0
0



