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Sec[e] =

Cos[e]

Euler Angle

Rotation Matrix

m 3D orthonormal basis - unit vectors

a, v, w

single rotation about some axis (unit vector)

rotation vector

m Quaternions

normalized four-dimensional vector

da
gz
q-= s
Qs
m Euler axis
ex
é = [ey ]
e,
= Angle
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m vector's elements
g1 = ey Sin [ %]
2 = ey Sin| %]
gz = e, Sin [ %]
Qs = Cos[g]
m the quaternion paramentrization obeys
Qi? + 2% +qa?+qa? =1

m hypercomplex numbers {i,j k}

a+bi+cj+dk

ij=-ji=k
Jk=-kj=i
Ki=-iks=j

m Quaternion multiplication

Jds -0z -02 -0z 02
-0z Os -01 02 a,

®Q = .
aeq -02 -01 G4 Q3 o
g: 02 Qg3 Qs A
A3 = A2 A]_
Jz = J1®02

Rotation matrix « Euler angles

3-1-3Eulerangles¢, 6, ¢ (aroundZ, X, Zaxis)

Euler angles (¢, 6, ¥)

A=|0y 0 W

0; v, W,

Ox O Wx]

A
¢ = ArcTan [ A—3l
32

6 = ArcCos[A33]
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¥ = -ArcTan[i—;]

A=Az Ay Ar = Az Ay Ax

1 0 0
Ax=|0 Cos[¢] Sin[¢]
0 -Sin[¢] Cos[¢]

Cos[e] 0 -Sin[e]
Ay = 0 1 0
Sin[e] 0 CosJe]

Cos[¥] Sin[y] O
Az = | -Sin[¢y] Cos[y] O

0 0 1
Cos[¢] Sin[y] O Cos[e] 0 -Sin[e] 1 0 0
A=| -Sin[y] Cos[y¥] O] { 0 1 0 J[O Cos[¢] Sin[¢]
0 0 1 Sin[e] 0 Cos[e] 0 -Sin[¢] Cos[¢]
Cos[e] Cos[¥] Cos[¥] Sin[e] Sin[¢] + Cos[¢] Sin[¢y] -Cos[¢] Cos[¢] Sin[e] +Sin[¢]
A= | -Cos[e] Sin[y] Cos[¢] Cos[y¥] -Sin[e] Sin[¢] Sin[¢] Cos[y¥] Sin[¢] + Cos[¢] Sin[e] S

Sin[e] -Cos[e] Sin[¢] Cos[e] Cos[¢]

Rotation matrix

m Decomposing

21 2 I3
Fa1 I3z I33

ria riz rlsJ

Cos[ey] Sin[e;] Cos[ex] Cos[e,] +Sin[6x] Sin[ey] Sin[6;] -Cos[6.] Sin[6éx] + Cos

Cos[ey] Cos[e,] Cos[e;] Sin[ex] Sin[ey] - Cos[6x] Sin[e6,;] Cos[ex] Cos[6,] Sin[e,
R =
[—Sin[ey] Cos[ey] Sin[ex] Cos[ex] Cos[ey]

6x = ArcTan [ ??- ]
33

a1

Vraz? + r3s?

6y = ArcTan|-

6, = ArcTan [ %1—]
11

= Composing

1 0 0
X = [0 Cos[ex] -Sin[6ey] ]
0 Sin[ex] Cos[ex]

0 1 0

Cos[ey] O Sin[ey]
Y =
-Sin[ey] 0 Cos[ey]
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Cos[e,] -Sin[e;] O
Z=[Sin[ez] Cos[e;] O]

0 0 1
R = ZYX
Cos[6,] -Sin[e,] O Cos[ey] O Sin[ey] 1 0 0
R = {Sin[ez] Cos[e6;] O] 0 1 0 _[O Cos[ex] -Sin[6x]
0 0 1 -Sin[ey] 0 Cos[ey] 0 Sin[ex] Cos[ex]

6x » {-m, 7}

7T 7T
&7 3]

6z » {-7, 7}

2D Rotation

X Cos[e] -Sin[e] X x Cos[e] -y Sin[e]
(y’) = (Sin[e] Cos[6] )(y) b (yCos[e] +XSin[e] )

Rotation matrix « Euler axis/angles

1
O = ArCCOS[E (A11 + A2 + Azz - 1) ]

Azz - Az
€= ——
2SiIn[e]
A1z - Az1
€25
2Sin[e]
A1 - A2
€3z ——
2Sin[e]

General rotations

1 0 0
Rx[¥]l =|0 Cos[y] -Sin[y] |:rolly
0 Sin[y] Cos[y]

Cos[B] O Sin[B]

Ry [B] = 0 1 0 > pitchp
-Sin[B] O CosI[B]
Cos[a] -Sin[a] O

Rz[a] = | Sin[a] Cos[a] O | :yawa

0 0 1

R =Rx[¥] Ry[B] Rz[a]
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Euler Angle

R = Rz[¥] Rx[B] Ry[al]

Rotation matrix from axis and angle

m Euler axis
ex
é = [ey ]
ez
= Angle
e
= Rotation

R=1Cos[e] +Sin[e] [u], + (1-Cos[e]) u®u

Ux? UxUy UxUz
U®U = | UxUy Uy2 Uyl
Ux Uz UyUz U2
0 -uz uy
[Ul, = | u; 0 -ux
-Uy Uy 0
R =
[ Cos[e] +uyx? (1-Cos[e]) Ux Uy (1 -Cos[e]) -uzSin[e] uxu, (1-Cos[e]) +uySin[e]

Ux Uy (1-Cos[e]) +u;Sin[e] Cos[e] +uy? (1-Cos[e]) Uy Uy (1-Cos[e]) - uxSin[e]
Ux Uz (1 -Cos[e]) -uy Sin[e] uyu, (1-Cos[6]) +UxSin[e] Cos[e] +u,2 (1-Cos[e])



