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Fourier Transform {xie1, %11, F (x3 161}

m Discrete Time Fourier Transform (DTFT)

X[f]=~[ x[t] e 27Tt gt

XW]:JNXH]Ubspnft]—iSHHZHfﬂ)dt=J~XH]@ibﬁtdt
t:Time, f: frequency
X[t] =j X[F] et27 Tt gf

{ ~ et =Cos[t] +1Sin[t]}

m Discrete Fourier Transform (DFT)

1N—l ) K 1N
SIKl = — > (sInl e ®277 ") = = 37 (s[n] X"
N N
n=0 n=0
XN—G_I%
1Nl 5 1N «
s[n] = — Skl"w = — (S[k] Xy~ KM
[n Nn=o([]«e NnZ[]

S[k +N] = S[K]

m Fast Fourier Transform (FFT)

N=2"
N=2L
1 25t 2rkn . 1 2t
S[K] = — s[n] ezt %) = — s[n] Xz k"
(K] = >+ ([]«eL)2L (s[n] Xz.*M)
n=0 n=0
L-1

1 (1 1
=3 [_L— Z (s[2Nn] Xp KMy 4+ tT Z (S[2n+1] Xo K (2“"1))]

=}

1]

o
O

, 2xk (n) .
X2Lk(2n) - e >T i_e Ln n=XLk(n)

X5 Lk (2n+1) _ X5 Lk (2n) Xo Lk - XLk (n) Xo Lk

Sk—1 1L1szn X < m -
[]——Z—-L— (s[2n] X, )_L—

M

(S[2n +17 X kM Xsz)]

1 L-1
Seven [K] = Z (s[2n] Xk
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1 L-1
Soaa (K] = — Z (S[2n+1] X,k
n=0

1
S[K] = > (Seven [K1 + Sodd [K1 X21.)

1 1 L-1 1 L-1
Stk+Ll= > |- Dl(s[2n] X D M) 4 T Disr2n+ 1] X Keb M, (b))
n=0 n=0

1 (k+L) 1 k
= —2' (Seven [K + L1 + Soga [K + L] X2 ) = —2' (Seven [K] - Sodd [K1 X21.%)

2k (1+L) . 27k

XLk+L —e— T 1= G_Ti e—27rki - e-Ti = ka
Xo KL = @ Pt i o @ Frt i @ ki 2 e T E o X, K
n-1 2
fj =Zxke oAk
m Discrete Cosine Transform (DFT)
N-1 K N-1
X[K] = ) (x[n] e #27%") = » (x[n] W*")
n=0 n=0
WN - e'j’ 2n
N-1 o K 1 N- y
_ i 7r—n I -kn
x[nl = 37 (XIk] 27w ") = — Z (XK Wy~
n=0 n=0
X[k +N] = X[k]
Xo K@M o o 2E5E i | -2ty k()
Xo Lk (2n+1) _ Xo Lk (2n) X5 Lk = X|_k (n) Xo Lk
X KoL = P e JPCIC S T F 1S S X, K
Xo ML = @ 5T i o BT i ki 2 o FT i 2 L) K
m N=2
N-1 K N-1
X[kl = > (x[n] e *277 ") = 37 (x[n] W ")
n=0 n=0
X[0] = X[0] W2%%C & x[17 Wo0*t = x[0] Wp0 + x[1] W,°
X[1] = X[0] WoO*t + x[1] Wol*1 = x[0] W20 + x[1] Wy
m N=4
N-1 ) K N-1
X[k] = > (x[n] e *27 7 ") = % (x[n] W ")
n=0 n=0
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X[0] = X[0] Wa%*0 + X[1] W40 + x[2] W40*2 + x[3] W43

X[1] = X[0] Wa*0 + X[1] Wal*L + X[2] Wal*2 + X[3] W,1*3
X[2] = X[0] Wa?*0 + X[1] Wa2*1 + X[2] Wa?*2 + X[3] W23
X[3] = X[07 Wa3*0 + X[1] W43 + x[2] Wa3*2 + X[3] W,3*3
X[0] = X[0] Ws% + X[1] Ws® + X[2] W, + X[3] Ws°
X[1] = X[0] Wa® + X[1] Wal + X[2] Wa? + X[3] W,43
X[2] = X[0] W40 + X[1] Wa? + X[2] Wg? + X[3] W4®
X[3] = X[0] Wa% + X[1] Wa2 + X[2] Wa® + x[3] W,°
- W4k Y | 2x Kk

2n 2 2

Wi = e 250 = Cos[- =2 0] + i Sin[- == 0] =1
4 4

Ca 2 2
W41=e"‘le=COS[—Tn 1] J,:-lsin[_T7r 1] = -1

W2 = e 72 =Cos[-2—471 2] +iSin[—% 2] = -1 = -WyO
W3 = e i 73 =Cos[-2—471 3] +iSin[—% 3] =i = -W?

2 2 2
Wyt = e 4= Cos[- =2 4] v Sin[- 22 4] = 1= W

W45=e""%15=COS[—% 5] +ﬁ.Sin[—aT7T 5] =—:|'1=W4l

Wy = e 256 =Cos[-2_4”- 6] +f15in[-2_471 6] = -1 = -WyO

W47=e-i%17=cOs[-2—:- 7] +iSin[—2—47-r- 7] =i = Wt

. 2x 2 2

W48=e"‘T8=COS[—T 8] +iSin[—T 8] =:|.=W4O

=Cos[-% 9] +:15in[-24—7r 9] = -i =Wt

X[0] = X[0] Wa® + X[1] W4% + x[2] W40 + x[3] W,°
X[1] = X[0] Wa® + X[1] Wal + X[2] Wa? + X[3] W,43
X[2] = X[0] Wa% + X[1] Wa? + X[2] Wa% + X[3] W42

X[3] = X[0] Wa® + X[1] W43 + X[2] Wa? + X[3] W4t
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[uy
[y

N- N-
n

X[K] = ) (x[n] e 3277 ") = 37 (x[n] Wyk")

n=

o

X[0] = X[0] Wg%*0 4+ x[1] W@ + x[2] Wg0*2 +
X[3] Wg2*3 + x[4] Wg%** + x[5] Wg®*> + x[6] Wg0*C + x[7] Wg0*7

X[1] = X[0] Wg*0 + x[1] Wg™* + x[2] Wgl*? +
X[3] Wg™*3 + x[4] Wg** + X[5] Wg™*> + x[6] Wg*® + x[7] Wg1*7

X[2] = X[0] Wg2*0 + x[1] Wg?*! + x[2] Wg2*? +
X[3] Wg2*3 + x[4] Wg2** + X[5] Wg2*> + X[6] Wg?*® + x[7] Wg?*7

X[3] = X[0] Wg®© + x[1] Wgt + x[2] Wg3*2 +
X[3] Wg®*3 + x[4] Wg** + x[5] Wg3*® + x[6] Wg3*® + x[7] Wg3*'

X[4] = X[0] Wg**O + x[1] W™ + x[2] Wg**? +
X[3] Wg**3 + x[4] Wg*** + X[5] Wg**> + X[6] Wg**O6 + x[7] Wg**7

X[5] = X[0] Wg®*0 + x[1] Wg>* + x[2] Wg®*2 +
X[3] Wg5*3 + x[4] Wg®** + x[5] Wg>*> + x[6] Wg®*6 + x[7] Wg>*7

X[6] = X[0] Wg®*0 + x[1] Wg®*1 + x[2] Wg®*2 +
X[3] Wg®*3 + x[4] Wgb** + x[5] Wg®*> + x[6] Wgb*C + x[7] Wgb*7

X[71 = X[0] Wg"*0 + x[1] Wg™*1 + x[2] Wg"*? +
X[3] Wg7*3 + X[4] Wg”™** + X[5] Wg™*> + X[6] Wg”*6 + x[7] Wg™*7

X[0] = X[0] Wg® + X [1] Wg® + x[2] Wg® + X[3] Wg® + x[4] Wg® + X[5] W + x[6] Wg® + x[7] Wg®
X[1] = X[0] Wg® + x[1] Wt + x[2] Wg? + X [3] Wg3 + x[4] Wg?* + X[5] Wg® + X[6] Wg® + x[7] Wg’
X[2] = X[0] Wg® + X[1] Wg? + X[2] Wg* + X[3] Wg® + x[4] Wg® + X[5] Wg1¥ + x[6] Wg'2 + x[7] Wgl*
X[3] = X[0] W + x[1] Wg® + X[2] Wg® + X[3] Wg® + x[4] Wg'? + X[5] Wg® + x[6] Wg!® + x[7] Wg?!
X[4] = Xx[0] Wg® + X[1] Wg* + x[2] Wg® + X[3] Wg? + x[4] Wgl® + X[5] Wg?° + X[6] Wg?* + X[7] Wg28
X[5] = X[0] Wg® + X[1] Wg® + x[2] Wg™® + X[3] Wg® + x[4] Wg?0 + X[5] Wg?® + x[6] W30 + x[7] Wg3®
X[6] = X[0] Wg® + x[1] Wg® + x[2] Wg?? + x[3] Wg'8 + x[4] Wg?* + X [5] Wg30 + X [6] Wg® + x[7] Wg*?

X[7] = X[0] Wg® + x[1] Wg” + X[2] We* + x[3] Wg?! + X[4] Wg?® + X[5] Wg3® + X[6] Wg* + X[7] Wg?®

X[0] = X[0] Wg® + x[1] Wg® + x[2] Wg® + X[3] Wg® + x[4] Wg® + X[5] W + x[6] Wg® + x[7] Wg®
X[1] = X[0] Wg® + x[1] Wt + x[2] Wg? + X [3] Wg3 + x[4] Wg?* + X[5] Wg® + X[6] Wg® + x[7] Wg’
X[2] = X[0] Wg® + X[1] Wg? + X[2] Wg* + X[3] Wg® + x[4] Wg® + X[5] Wg2 + X[6] Wg* + X [7] Wg®
X[3] = X[0] Wg® + X[1] Wg® + x[2] Wg® + x[3] Wl + x[4] Wg* + X[5] Wg” + X[6] Wg? + X[7] Wg®

X[4] = X[0] Wg® + X[1] We? + X[2] Wg® + x[3] Wg?* + x[4] Wg® + X[5] Wg?* + X[6] Wg® + x[7] Wg?
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X[5] = X[0] Wg® + X[1] Wg> + X[2] Wg? + x[3] Wg” + X[4] We* + X[5] Wg® + X[6] We® + x[7] Wg3
X[6] = X[0] Wg® + x[1] Wg® + X[2] We* + x[3] Wg? + X[4] Wg® + X[5] Wg® + X[6] Wg* + X[7] Wg?

X[7] = X[0] Wg® + xX[1] Wg” + x[2] Wg® + x[3] Wg> + x[4] Wg* + x[5] Wg3 + X[6] Wg? + x[7] Wg!

| ngze_j‘Tk

2 2

Wg® = e * 5 0 = Cos -—8-0] +iSin[—?O] -1
W81=e""2T"1=Cos[—2—71 1] +iSin[—ﬂ 1] = 1-d

8 8 NG
W32=e""g§2=COS[—%2]+iSin[—%2]=-J'1
Wg3=e""£813=COS[—2—7:3]+iSin[—23]=-1+i

8 8 NG
W84=e-i3§4=cOs[-2—;-4]+:15in[-2—8714]=-1=-vv80

5 et 5 = Cos[- 28 5] 44 Sinf- 2L 5] = - St Ly

Wg® = e * ¥ ° = Cos| 5 5] +4Sin] 5 5] = N = -Wg
W36=e'i%{6=COS —% 6] +J.lsin[—2?7r 6] =j.=—W82
W87=e-i3§7=cOs[-2—”- 7] +iSin[—2—7-T- 7] = Led g3

8 8 NG

X[0] = x[0] Wg® + x[1] Wg® + x[2] Wg® + x[3] Wg® + x[4] Wg® + x[5] Wg® + x[6] Wg® + x[7] Wg®

X[1] = X[0] Wg® + x[1] Wg® + x[2] Wg? +
X[3] Wg? + X[4] (-Wg%) +X[5] (-Wg') +X[6] (-Wg?) +X[7] (-Ws®)

X[2] = X[0] Wg® + X[1] Wg? + X[2] (-Wg°) +
X[3] (-Wg?) +x[4] Wg® + X[5] Wg? + X[6] (-Wg®) +X[7] (-Wg?)

X[3] = X[0] Wg® + x[1] Wg2 + X[2] (-Wg?) +
X[3] Wt + X[4] (-Wg®) +X[5] (-Wg3) +X[6] Wg? + X[7] (-Wg?)

X[4] = X[0] Wg® + x[1] (-Wg®) +x[2] Wg® +
X[3] (-Wg®) +x[4] Wg® + X[5] (-Wg®) +X[6] Wg® + X[7] (-Wg®)

X[5] = X[0] Wg® + X[1] (-Wg') +x[2] Wg? +
X[3] (-Wg®) +X[4] (-Wg®) +X[5] Wg* + X[6] (-Wg?) +X[7] Wg*

X[6] = X[0] Wg® + X[1] (-Wg?) +X[2] (-Wg?) +
X[3] Wg? + X[4] Wg® + X[5] (-Wg?) +X[6] (-Wg®) +X[7] Wg?

X[7] = X[0] Wg® + X[1] (-Wg3) +x[2] (-Wg?) +
X[3] (-Wg') +x[4] (-Wg®) +X[5] Wg® + X[6] Wg? + X[7] Wg'
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X [O] Wgo Wgo Wgo Wgo Wgo Wgo

X[1] Wg®  Wgl  Wg?  Wg3  -Wg0 -wgl

X[2] Wgo W32 —Wgo —Wgz Wgo W32

X[3] _ WBO W83 _W82 W81 _W80 _W83

X[41 |~ | Wg® -WgO Wg® -Wg® Wg® -WgO

X[5] WSO —Wsl W82 _W83 _W80 W81

X[6] WgO -Wg2Z -WgO Wg2 Wg® -Wg2

X[7] WBO _W83 _W82 —Wsl _W80 W83
m 8-Point FFT

W',j:ce"ii’Nr_'i

Y X[0] X[2]

(1 -wg)'(X[4] X[6])

Y X[1] X[3]

(1 -wg)'(X[SJ X[7])

Y20 Z20 1 w9 X[0] X[2]

(Y21 221) = [1 _wg)'(x[4] x[6])

Y20 1w X[0]

(Y21)=(1 _Wg)'(x[4])

Y40 1 w9 Y20

(Y42) - (1 _wg)'(zzo)

Y41 1w Y21

(Y43) - (1 _W}‘)'(221)

Y40 10 Wy O Y20

Y41 01 0 Ww Y21

YA2| 7|1 0 -w§ o |7|z20

Y43 01 0 -W z21

Y40 1 0 W 0O 00 O 0

v41 01 0 W} 00 O O

Y42 10 -wW 0 00 0O O

Y43| |01 0 -w3y 00 O O

Z4%0| " foo 0o o0 10 W o0 |-

Z41 00 0O 0 01 0 W

z42 00 O 0 10 -w O

z43 00 0 0 01 0 -

X[0] 100 0 W 0 0] 0

X[1] 0100 0O W 0 O

X[2] 0010 O O W O

X[31| |[ooo1 o o0 0 W

X(41|{ " |1 000 -w 0 0 O

X[5] 0100 O -W o0 O

X[6] 0010 0O 0 -W O

X171 0001 0 0 0O -W

Wg?

Y20
Y21
Z20
721

o oo o

Y40
Y41
Y42
Y43
Z40
741
742

Z43

-Wg3
-Wg?
-Wgl
-Wg®
Wg3
W82
ng

x[0]
x[1]
X[2]
X[3]
X[4]
X[5]
X[6]
X[7]
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= Summary
X[0] 1000 W 0 0 O 10 Wy O (1 wg] (x[O])
X[1] 0100 O W o0 0 01 0 Ww 1 -wg /) \x[4]
X[21] 0010 O 0O W o 10 -wg O (1 Wg) (x[2])
X[31| {0001 0 0 0 W 01 0 -wi 1 -wg ) \x[6]
X(41| |1 000 -w¢g 0 0 O 10 W O [1 wg) (x[l])
X[5] 0100 O -W 0 oO 01 0 w 1 -w§ ) \Xx[5]
X[6] 0010 O O -W O 10 -wW§ O [1 Wg) (x[3])
XL7] 0001 0 O 0O -W 01 0 -W 1 -wg ) \x[7]
Wg = W@ = w3
Wi = W2
Stage 1 Stage 2 Stage 3
2-point FFTs 4-point FFTs 8-point FFTs
m sl
X[0] 1000 W 0 0 O 10 W O 1 W 0 O x[0]
X[1] 0100 0 W, 0 O 01 0 w 1 -w§ 0 O X[4]
X[2] 0010 O O W O 10 -w§ O 0O 0 1 W X[2]
X[31| {0001 0 0 0 W 01 0 -w 0 0 1 -wg) \X[6]
X(41| |1 000 -w¢ 0 0 O 10 W O 1 W 0 O x[1]
X[5] 0100 O -W O 0 01 0 w 1 -W 0 O X[5]
X[6] 0010 0O 0 -W O 10 -wWQ O 0 0 1 W x[3]
XI7] 0001 0 0 0O - 01 0o -w)lo o 1 -wg) \x(7
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m {2

z[0]
z[1]
z[2]
z[3]
z[4]
z[5]
z[6]
z[7]

z[0]
z[1]
z[2]
z[3]
z[4]
z[5]
z[6]
z[7]

y[0]
y[1]
y[2]
yI[3]
y[4]
yI[5]
y[6]
yI7]

yI[0]
y[1]
y[4]
yI[5]
y[2]
yI[3]
y[6]
yI7]

O OO 000 Rrk OO O0OO0OO0OFr OoOFr OO O0OO0OO0OFr OoO+r

O OO 000 RFrEk

OO0 o0OoOoOPr or o OO0 o0OoOoOPr or o

O OFr P OOOoOOo

OO0 OO Pr L OoOO0o

W

0

0
4

-Wg

OPr OPFr OO0OO0OO0o

OO O0OOPr L OoOOo

O OPFr P, OOOoOOo

O O oo

PP, OOOOODOo P OPFrP, OOOOoODOo

PP, OOOOODOo

0 00
Wi 0 0
0 00
-W} 0 0
0 10
0 01
0 10
0 01
wg o
0wl
-wg o
0 -W
0 o0
)
0 o0
0o o
wg o
-wg o
0 o
0o o
0 W
0 -wg
0 o0
0 o
wg o
-wg o
0wy
0 -Wg
0 o0
)
0 o
0o o0

O O O O oo

=
NS)

I
=
NS

O O O O oo

=
NS)

2

y[0]
yI[1]
y[2]
yI[3]
y[4]
yI[5]
y[6]
yl7]

y[0]
y[1]
y[4]
yI[5]
y[2]
yI[3]
y[6]
y[7]

x[0]
X[1]
X[2]
X[3]
X[4]
X[5]
X[6]
X[7]

x[0]
X[1]
X[2]
X[3]
X[4]
X[5]
X[6]
X[7]
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11

= Good
X[0] 1000 W O 0
X[1] 0100 O W o
X[2] 0010 O 0 W3
X[31| {0001 O 0 0 W
X[41| |1 000 -wW 0 O
X[51] 0100 O -W o0
X[6] 0010 O O -W
X[7] 0001 0O 0 O
1000 W O 0 0 1
0100 O W o 0 1
1000 -w O 0 0 0
0100 O -w} o 0 0
0010 O 0O WwW§ o 0
0001 O 0 0o w 0
0010 O 0 -w§ o 0
0001 O 0 0 -wi 0
m Cooley Turkey Algorithm
n-1 B
fj = ZXk WJk
k=0
fo WO W0 WO WO Xo
fl WO Wl W2 W3 X1
2|7 [wo w2 w4 we X2
f3 WO W3 W6 WQ X3
fo WO W0 WO WO Xo
f1 WO W2 Wl W3 X1
ol 7| WO w4 w2 we X2
f3 WO W6 W3 WQ X3
WO WO wowo wowo Xo
Cfweowzowtwe wtw? X1
Tlwe wo w2 wo w2 wo X2
WO W2 W3 WO W3W2 X3
10 wo 0 [Woz Woz) (Xo)
B 01 0 wt W02 W12 X2
11 0w o0 [Woz Woz) (Xl)
01 0 ws wo, wi, X3

m et =Cos[t] +4Sin[t]

e!t = Cos[t] +4Sin[t]

e'27t = Cos[2mt] +1Sin[2rxt]
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e 27t - Cos[-2nt] +iSin[-2nt]
=Cos[2xt] -4 Sin[2nt]

Cos|«a], Sin[«a]
COS[a— —2— 7r] = -Sin[a]

Si 3 =C
infa- > 7] = Cos[a]

Cos[a -] = -Cos[a]

Sin[a-n] = -Sin[a]
Cos[a—%] = Sin[a]
Sinfa - %] = -Cos|[a]
Cos[a+ %] = -Sin[a]
Sin[a+%] = Cos[a]

Cos[a + nr] = -Cos[a]

Sin[a +x] = -Sin[a]

C 3 = Si
os|[a + > x| = Sin[a]

Si 3 C
info+ —é—n] = -Cos[a]

Cos[a+2r] =Cos[a]
Sin[a+2x] =Sin[a]
Cos[-a] = Cos[a]

Sin[-a] = -Sin[a]

elt = Cos[t] +1 Sin[t]

Log
log,N=m == a" =N
log,a=1

log,1=0
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log, MN = log, M + log, N

M
log, i log, M -log, N

log, M" = n log, M

log. b
log, b = 9
log; a
log, b -
Ga D = log, a
log. a
=log,a=c
log. b
b¢ =a
1D
th=e_12"7{l
n=0, .., N-1
k=0, .., N-1
1 N-1 . R 1 N-1
Sik] = = Y's[n] e*27 % = = S's[n] Xkn
N n=0 N n=0
1 N-1 1 N-1
sinl = = S[K] et27™ T = T ZS[k] Xikn
n=0 n=0
N=2"
N=2L
1 2L-1 K 1 2L-1
S[K] = — njet277r = — s[n] Xk
[]ZLZ[]e 5T [n1 X57

n=0

=0
1 1 kem 1 = K (2n+1)
= ‘[ZS[Z”]X —L—ZS[2n+l] XK ¢

n=0

N

. Kk (2n)
X|2(|£2n) =e—1127r—[—-2 =e—127r—— an

K (2 n+l K (2n) vk kn yk
X52MY = x5 2N Xy = XK X5,

1 L-1
Seven [K] = T ZS[ZH] th
n=0
1 L-1
Sodd [K] = Zs[2n+1] xKn
1 1 L-1 1 L-1
STkl = > | T D;si2n] XKn 4 —L—Zs[2n+1] Xkn xk
n=0 n=0
1 k
S[K] = E (Seven [K] + Sodd [K] X51)
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1 (18 kel 1S kel
Stk+L1= > I—_-Zs[Zn]xﬁ*)”Jf-L- s[2n+ 1] XKD " xksL
n=0 n=0

1
= E (Seven [K + L] + Spgd [K + L] Xk )

1 K
=5 (Seven [K] - Sodd [K1 X3 |)

k+L . K . . K
X||f+L =@ i27 T - @i27T @i27 _ g-i27 T _ XlL(
k+L . k
Xkib = @227 7T = e#277T @ 8277 o _gh27 T = -x5,

2D

. kn
th = e-nZnT

S[u, V] =
1 NeIN-1 o 1 NeIN-1 . S 1 Ne1N-1
— S[r, c] e 27T e i27F - _ s[r, c] ei27(F+7 ) = — s[r, c] X{m™
N r=0c=0 N r=0c=0 N r=0c=0

S[r, C] =
1 NeIN-1 I (A _ S 1 NeIN-1
— S[u, v] e'?2" W 27" = — S[u, v] et27 (FT+7) = — S[u, v] Xzcum™
N r=0c=0 N r=0c=0 N r=0c=0



