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Mean

3|_><

e

i=1

Variance

i=1

Covariance

bivariate (Xi, Vi)

% = ZXW
i=1
n

Yi

y = .Zl .

CIx, yl = %Z(Xi -X) (Yi-Y)
= —rl-]- ixi Yi —Yi:xi —Xi)ﬁ +ix)7
i-1 i-1 i-1 i-1
1 n
= F;Xi Yi - XYy

Covariance Matrix
Cov = ! S i-X i
Ov-mé(xn- ) Yi-Y)

L3 (Xi - %) (Xi - )

Cov[X, Y] =
L 3 (X =%) (Vi -Y)
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m Example

x; = {35, 5, 0, 20, 15};

Xz = {11, 12, 5, 9, 8};

X3 = {0.5, 0, 10, 4.5, 5};

{Mean[x1], Mean[X2], Mean[Xx3]}
{Variance[x;1], Variance[X2], Variance[X3]}

{15, 9, 4.}

(375, 2> 16.375)

Length[x;] X1 [ [i 11

X1 = _
Length[X;]

i=1

Length[x;] _ 2
(X2 [[0]] -X1)

Length[x;] -1

i=1

Length[x2] =
i X2 [[1]]
~ Length[X>]
Length[x2] _ 2
(X2[[1]] -X32)

Length[x,] -1

Length[x1] _ n % _ _
i X (X1 [[i1] -%7)? "9l (o [[i1] - RT) (X2[[i1] - X2)

Length[x;] -1 ~ & Length[x;] -1 )
i=1 N

Length[x;] (X1 [i]] -XT) (Xal [i]] - %3) Length[x2]

Length[x;] -1

(X2[[11] -%3)?
Length[xz] -1

{

. }} 77 N 77 MatrixForm
i=1

i=1

187.5 17.5
(17.5 7.5 )

{{Part[{xs - X7}-{X1 -X7}", 1, 1], Part[{x; - X7}-{X2 -X32}", 1, 1]},
{Part[{X1 - X1}-{X2 -X2}7, 1, 1], Part[{X; - X3}-{X2 -X2}", 1, 11}}/
(Length[x1] - 1) // N // MatrixForm

187.5 17.5
17.5 7.5



130508 _Machine_Learning.nb

x1={1, 2, 3, 4, 5};

X2 ={3, 5, 2, 7, 1};

x3={1, 2, 3, 4, 5};

{Mean[x1], Mean[X2], Mean[X3]}

{Variance[x;], Variance[X2], Variance[X3]} // N

(3. £+ 3)

(2.5, 5.8, 2.5)

Correlation r

O<|ry| =1

C[x, y]
VVI[X] VIy]

i Lo, (Xi-R%) (Yi-)
\/Zn (xi-®)2 \/Z i-n?
j=1  n-1 jiz1 n-1

 w S G -R) i -Y)
n xi=x)2 Wi-p? 2
oo, vt 5 e

Ly, (Xi-R) (Yi-9)

\/Z?l‘xal \/Z.l‘yal

Pxy =

Cxx = sz
_ 2
Cyy = oy
ny = Pxy Ox Oy

Covix, y] == =E[{X-u}.{X-u}1 = |

Probability

prap o MIAI
[A] = nIS]
Bayes
PIX | wj] -Plwj]
Plwj | X] = J 1

PIX]
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P[w;] - Prior
P[wj | X] : Posterior
P[X | wj] = Likelihood

P[x] : Normalization

Expectation Probabilty

X1+ X2+ ..+ Xp

X:
n
% W1 X1 + W2 X2 + ... + Wy X
- W1 + W2 + ... + Wy
n

Xi 1 Ny
X:Z—:— Ny X = X —

n n n

Z%sggth [x1] X1 [ [i ] ]

Probability Varience

1 & 2
n—1;(x'_x)

- R 2 nx
= D, (iR —

alls

S? =

o2 = Z (Xi - X)2 P[X]
all x

var[x] = E[ (X - E[x])?] =f (X - )% Fx [X] dX

STD[X] = Var[X] 7

Random Vector

Transpose [escltr(esc]
E[X] = [E[X1] E[X2] .. E[Xn]1]" = [H1 2 - Un] = K

Cov[X] =2 =E[(X-u) (X-u)7]
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Cov[X] =
EL(X1-u) (Xa-u)] . E[(Xz-n) (Xn-n)] 01> .. Ciy
Z=E[(X-p) (X-w)"] =E] M M M J=| M M M
ELOn-w) (Xe-u)] o E[L(Xn-H) (Xn-n)] Cin .. oOn2
Cii =0i2

Cik = Pik Ti Ok
Z=E[(X-p) (X-p)"] =E[XXT] -pu"=S-pu’
ElX1x1] .. E[X1XN]]

S = E[XXT] = { M M M
E[Xn X1] .. E[XnXn]

o1 O 0 1 012 013 o1 0 O
Z:I‘RI‘:[O o2 0]-[021 1 023].[0 o2 O]

0 0 o3 031 032 1 0 0 o3

Gaussian Distribution

1 _xew?
N[u, 0] =P[X] = ———— @ 247
2 7w o2

X= {{X1, X2, X3}};
u=E[X];
E=E[(X-p)-(X-u)"13

Nu, 2] = ! ez KW= (X
d d
('\/27r) det[=]
m Example
ux =0;
oxX=1;
1 _ w2
Plot[— e 2e2 , {X, -10, 10}, PlotRange » {0, 1}];
V2 7w ox2
1
0.8
0.6
0.4
0.2

-10 -5 5 10
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u1 =0; pup =03
01=15;02=4;p12=1/2;

1 . 1 ( X-py )2_ 2p12 (X-u1) (Y-#2) N y-up )2)
Plot3D [ @ 2(1-p122) o1 o1 02 o2 s
2mo100V1-p1o2

{x, -50, 50}, {y, -50, 50}, PIotRange-»All];

Explain

X1 = {35, 5, 0, 20, 15};

ny = Length([x;1];

P1=4{1,1, 1, 1, 1}/m;

ListPlot[x;, PlotRange -» {{0, 6}, All}, PlotStyle -» PointSize[0.02]];
35 °

30
25
20 °

15 °

10

Mean [X;]
Variance[Xi]
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" u= ZxP[x]

all x
Length[x;]
Er= >, Xu[[i]]*Pi[[i]]
i=1
15

" o?= Z (Xi - X)2P[X]

all x
Length[x1]
or= Y (xallil]-XD*Pi[[i]]
i=1
150

= Total

X1 = {35, 5, 0, 20, 15};
X2 = {11, 12, 5, 9, 8};
xs={1, 2, 3, 4, 5};

n =Length[x1];
P=(1,1, 1, 1, 1}/ (n);

n
E1=ZPart[x1, i]*Part[P, i] // N
i=l

n
E2=ZPart[xz, i]*Part[P, i] // N
i=l

n
Su = ) (Part[xi, i]-Ei)?«Part(P, il;
i=1

n
Sip = Sog = Z (Part[x,, i] - E1) (Part[xz, i] - Ep) *Part[P, i];
i=1

n
S22 = )" (Part[xz, i]-Ez)?«Part(P, il;
i=1

Si1 =Part[{x1-E1}.{X1-E1}", 1, 11/ (n-1)
S12 =Sy = Part[{x1 -E1}-{X —EZ}Tv 1, 1] / (n_l)
Sz2 = Part[{xz - Ez}.{Xz-E2}", 1,11/ (n-1)

S S )
(o o) 7/ N7/ watrixForm

S21 S22

S
P12 = ——2 — //N;
VS11 VS22
1 1 (% )?- 2012 (X)) O-Fp)  ( ¥-Ep )2)
Plot3D @ 2(I-p1p2) \\S1mm S11522 2R
27 S11 S22 V1 - p12?

{x, -500, 500}, {y, -500, 500}, PlotRange -» All];
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15.

9.

187.5

17.5

7.5
187.5 17.5
17.5 7.5

Multivariate Normal Distribution

k - dimensional

m random vector x = (X1, X2, .. , Xk)"

X
1]

[X1, X2, 5 Xk]

X ~N (4, )

X
13

Nk (u, Z)

= k-dimensional mean vector

u=[E[X1]1, E[X2], .., E[Xk]]

m k x k Covariance Matrix

== [Cov[Xi, Xjl]

= Density

i (X1, o 5 Xk) = —1_ ez (-0 =L (X-p)

venk iz
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| = | isdeterminantof =

m Bivariate Case

k = Rank[=] = 2

X, Y}T
1 o1 . ( (><—u>é)2 N (y—u)é)z 20 (x=px) (Y-hy) )
f[X, Y] = e 2(1-p%) ox oy ox oy
2 oy oy V1 - p?

u= (llx )

Hy

2

= Ox P Ox Gy

P Ox Oy Cry2

p iscorrelation

Derivation from Rotations

Oxx Oxy
Cuy = )

C -Si
(V)= (5) = (sinter costor )-(3)

Cuv = ( Ouu Ouv ) =T ny T-1

Ouv  Ovwv

Oyx Oyy

-1

_ (Cos[e] -Sin[e] Oxx Oxy Cos[e] -Sin[e] )
Cuv = ( Sin[e] Cos[e] ) ; ( Oxy Oyy ) . ( Sin[e] Cos[e] ) // MatrixForm

Sec[0] (COS[O] oxx - SIN[O] Oxy) + Csc[0] (COS[O] oxy - SIN[O] oyy) -Csc[o] (COS[O] oxx - SN

(Sec[e] (SIN[O] oxx + COS[6] oxy) + CSC[O] (SIN[6] oxy + COS[6] oyy) -Csc[O] (SIN[6] oxx + Cos

Ouyu = Part[Cuvy 1; 1; 1];
Oyy = Part[Cuv, 1, 2, 2];

Solve[ds ou =0, 6]
Solve[de ow =0, 6]

Cal

S2,2 _ S1,2
S1,1 Si1,2 -51,252,1+51,1 52,2 -51,252,1+S51,1 2,2
Inverse| ] =
S2,1 S22 _ S2,1 S1,1

-51,2 52,1+51,1 S2,2 -S51,252,1+51,1 52,2
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S S
Det[S] = Det|[ ( S; Szz )] =-S1,2S2,1+51,152,2
chol[A] =R
RTR=A
Covariance

ol

n FEA - AETA
Cov[X, Y] =E[(X-E[X]) (Y-E[Y])]
Cov[X, Y] = E[XY] - E[X] E[Y]
Cov[X, Y] =E[(X-E[X]) (Y-E[Y])T]
Cov[X, Y] = E[XY'] -E[X] E[Y]"

Cov[X, 0] =0

Cov[X, X] = Var[X]

Cov[X, Y] =CovI[Y, X]

Cov[aX, bY] =abCov[X, Y]

Cov[X+a, Y+b] =Cov[X, Y]

Cov[aX + bY, cW+dV] =acCov[X, W] +ad Cov[X, V] +bcCov[Y, W] +bd CovI[Y, V]

Cov[Xi, Xjl =E[(Xi -E[Xi]) (Xj -E[Xj1)] = E[Xi Xj] -E[Xi] - E[Xj]

Zij =Cov[Xi, Xj1 =E[(Xi -E[Xi]) (Xj -E[Xj1)] =E[(Xi - ui) (Xj-uj)l

E[ (X1 -u1) (Xa-p1)] E[(Xe-m1) (X2-p2)] -« E[(X1-w1) (Xn-un)]
Z_ E[(X2-u2) (X -p1)] E[(Xz-p2) (Xa-u2)] - E[(X2-w2) (Xn-un)]

EL(Xn=#tn) (Xn-un)] E[(Xn=-n) Xn-pn)] -+ E[(Xn=-#n) (Xn-un)]

D1 =EL(X-E[X]) (X-E[X)]
o? =Vvar[X] = E[ (X-E[X])?] = E[ (X - u)?]
u=E[X]

Var[X] = Cov[X] =E[(X-E[X]) (X-E[X])"]
Cov[X, YI =E[(X-p) (Y-V)T]

D1 =EL(X-E[X]) (X-E[X1)"], u=E[X]
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DL = EXXT] -y

Var[AX +a] = AVar[X] AT

Cov[X, Y] =CovI[Y, X]

Cov[X1 + X2, Y] =CoVv[X1, Y] + Cov[X2, Y]

Var[X +Y] = Var[X] + Cov[X, Y] +Cov[Y, X] +Var[Y]
Cov[AX, B"Y] =ACov[X, Y] B

X, X1, X2 - px1vector
Y : qgx1vector
a:gx1vector

A, B: gxpmatrices

CTZ = Cov[Cc" X, X]
dTZc =Cov[d™ X, cTX]

Var[b™X] =b™Var[x] b

Matrix, Derivative, det, tr

ab d _ b
_ -bc+ad -bc+ad

Inverse[ (. d)]‘[_; _a__
-bc+ad -bc+ad

Det[(i b)] =-bc+ad

d

ab
Tr[ ( c d ) ] =a+d
m The product of the eigenvalues is equal to the determinant of A

Nx
det[A] = nx'i‘i
=1

= The sum of the eigenvalues is equal to the trace of A

N
tr[A] = Zni Aj
i=1

m Vector calculus

The tangent vector toacurve x : R » R"

o
ax ot
E

OXn
ot

The gradient of ascalar functionf:R" - R

af_(af af)

Bax  Vea T
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The directional derivativeof finthedirectionofv is then

of
VW= —vVv
ax

The pushforward of differential of a function f : R" - R" is descrived by the Jacobian matrix

of1
of o
X of,
X1

The pushforward along f of avector v inR"

of
df(V) =§V

m Matrix calculus

The tangent vector ofacurveF :R - M (n, m)

OF1,1
oF ot
ot OFn 1

ot

The gradient of a scalar functionf:M (n, m) - R

of
af 6)(3_,1
oxX of
axn,l

v = tr[ 2]

of1
X
afy
X

OF1,m
ot

OFn,m
ot

of
6X1,m

af
AXn,m

F:M(n, m ->M(p, q)

oF oF
oF BX}.]_ 6Xi|_.m
oX aF aF
6Xn,1 6Xn,m
oF
dF (Y) = tr (— Y)
X
oF1,1 OF1,m
oF axX axX
ax 6Fn,1 6Fn,m
axX axX
oF oF
aF 6X'1,1 6X.1,m
oX oF oF
Xn,1 Xn,m
Jacobian matrix
d vec F (X)

DF(X) =

a(vecX)T
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= Chain rule
8Z 8z aY
8X a8y ax

= Product rule

o(Yz2) oY, . 9Z
ax  ax ' ax

m Derivative of linear functions

éa’ x ox"a

= = aT
oX oX
O AX axT A
ax  ax

m Derivative of quadratic functions

axX™ Ax
=X (AT+A) =XTAT+ XTA
[0D:4
8 (AX+b)TC (Dx +e)
= (Dx+e)TCTA+ (Ax+b)TCD
X

9| x-alj (x-a)T

ax T I x-a|

m Derivative of matrix traces

atr (AC)
aA

otr (AXB) _ otr (BTXTA)
X X

atr (ABAT)
A

atr (AXBXTC)

X

=CT

=2 AB

=BX"CA +BTXTATCT

m Derivative of matrix determinant

adet X

=adj X =det X - X!
X

Jacobian matrix

F:R"R"
o1 ... M
X1 OXn
J = E ‘e,
OYm . OYm
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? Ym)
» Xn)

9 (Y1, -

Jr (X1, - EYTA

, Xp) and

F(X) =F(p) +Jr (P) (X-pP) +0 (| X-p])

m exl
x1 = r Sin[e] Cos[¢]
X2 = rSin[e] Sin[¢]
X3 = r Cos[8]
o o o
ar 30 o6 Sin[e] Cos[¢]
JF (r’ e’ ¢) = % % % = Sin[e] Sin[¢]
o o ox Cosrel
or o6 o¢
m ex2
X = r Cos[¢]
= = Cos[¢] -rSin[é]
_ | er e | _ -
Je (I, ¢) = [iy_ ay ] - (Sin[¢] r Cos[¢] )
ar o¢
jjdxd]y:ffl’dlfdld)
A B
m ex3

FIRM SR
Y1 =F1 (X1, -+, Xn)

Ym = Fn (X1, «++5 Xn)

i .. M
X1 OXn
JE (X1, +++5 Xp) = : :
SYm : SYm
OX1 * OXn

m cholesky factorization

R = chol (A) "
R*xR" = A
R = chol (A)

R**R=A

r Cos[e] Cos[¢]
r Cos[e] Sin[¢]
-rSin[e]

-rSin[e] Sin[¢]
r Sin[e] Cos[¢]
0



