
Mean

x 
i1

n xi

n

Variance

s2 
i1

n xi  x2


n  1

Vx 
i1

n xi  x2


n  1

Covariance

bivariate xi, yi

x 
i1

n xi

n

y 
i1

n yi

n

Cx, y  1

n

i1

n

xi  xyi  y


1

n





i1

n

xiyi  y
i1

n

xi  x
i1

n

yi 
i1

n

xy





1

n

i1

n

xiyi  xy

Covariance Matrix

Cov 
1


n  1


i1

n

xi  xyi  y

Covx, y  



1
n1

i1
n xi  xxi  x 1

n1
i1

n xi  xyi  y
1

n1
i1

n xi  xyi  y 1
n1

i1
n yi  yyi  y




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ü Example

x1  35, 5, 0, 20, 15;
x2  11, 12, 5, 9, 8;
x3  0.5, 0, 10, 4.5, 5;
Meanx1, Meanx2, Meanx3
Variancex1, Variancex2, Variancex3
15, 9, 4.

 375


2
,

15

2

, 16.375

x1
 

i1

Lengthx1 x1i

Lengthx1


i1

Lengthx1 x1i  x1
2


Lengthx1  1

15

375


2

x2
 

i1

Lengthx2 x2i

Lengthx2


i1

Lengthx2 x2i  x2
2


Lengthx2  1

9

15

2

 
i1

Lengthx1 x1i  x1
2


Lengthx1  1

, 
i1

Lengthx1 x1i  x1
x2i  x2




Lengthx1  1
,

 
i1

Lengthx1 x1i  x1
x2i  x2




Lengthx1  1
, 

i1

Lengthx2 x2i  x2
2


Lengthx2  1

  N  MatrixForm

 187.5 17.5
17.5 7.5



Partx1  x1
.x1  x1

, 1, 1, Partx1  x1
.x2  x2

, 1, 1,
Partx1  x1

.x2  x2
, 1, 1, Partx2  x2

.x2  x2
, 1, 1

Lengthx1  1  N  MatrixForm

 187.5 17.5
17.5 7.5


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x1  1, 2, 3, 4, 5;
x2  3, 5, 2, 7, 1;
x3  1, 2, 3, 4, 5;
Meanx1, Meanx2, Meanx3
Variancex1, Variancex2, Variancex3  N

3,
18

5

, 3

2.5, 5.8, 2.5

Correlation r

0   rxy   1

r 
Cx, y


VxVy



1
n
i1

n xi  xyi  y



i1

n xix2


n1


i1

n yiy2


n1



1
n
i1

n xi  xyi  y



i1

n xix2


n1


i1

n yiy2


n1

xy 

1
n
i1

n xi  xyi  y



i1

n xix2


n1


i1

n yiy2


n1

Cov[X,Y]

Cxx  x
2

Cyy  y
2

Cxy  xyxy

Covx, y    EX  .X     Cxx Cxy

Cxy Cyy


Probability

PA  nA

nS

Bayes

Pj  x  Px  j Pj


Px
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Pj : Prior

Pj  x : Posterior

Px  j : Likelihood

Px : Normalization

Expectation Probabilty

X



x1  x2  …  xn


n

X



w1x1  w2x2  …  wnxn


w1  w2  …  wn

x 
i1

n xi

n


1

n

all x

nxx  
all x

x
nx

n

Ex    
all x

x Px  




x fxxx

x1
i1

Lengthx1 x1i

Probability Varience

S2 
1


n  1


i1

n

xi  x2

 
all s

xi  x2
nx


n  1

2  
all x

xi  x2Px

Varx  Ex  Ex2  




x  2 fxxx

STDx  Varx 12

Random Vector

Transpose ÂtrÂ

EX  Ex1Ex2… Exn  12… n  
CovX    EX  X  
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CovX 

  EX  X    E
Ex1  x1   … Ex1  xN  

M M M
ExN  x1   … ExN  xN  

 




1

2 … c1N

M M M

c1N … N
2






cii  i
2

cik  ikik

  EX  X    EX X     S  

S  EXX 





Ex1x1 … Ex1xN
M M M

ExNx1 … ExNxN





   R  




1 0 0
0 2 0
0 0 3




.





1 12 13

21 1 23

31 32 1




.




1 0 0
0 2 0
0 0 3






Gaussian Distribution

N,   PX  1


2  2


x2


22

X  x1, x2, x3;
  EX;
  EX  .X   ;

N,   1



2 d



det


12 X1 X

ü Example

x  0;
x  1;

Plot 1


2  x2


xx2


2x2 , x, 10, 10, PlotRange  0, 1;

-10 -5 5 10

0.2

0.4

0.6

0.8

1
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1  0; 2  0;
1  15; 2  4; 12  12;

Plot3D 1

2 12


1  122


 1

21122 
x11

2


212 x1y21 2
 y22

2
,

x, 50, 50, y, 50, 50, PlotRange  All;

-40
-20

0
20

40
-40

-20

0

20

40

0

0.001

0.002

0.003

-40
-20

0
20

40

Explain

x1  35, 5, 0, 20, 15;
n1  Lengthx1;
P1  1, 1, 1, 1, 1n1;

ListPlotx1, PlotRange  0, 6, All, PlotStyle  PointSize0.02;

1 2 3 4 5 6

5

10

15

20

25

30

35

Meanx1
Variancex1
15

375


2
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   
all x

x Px

E1  
i1

Lengthx1
x1i P1i

15

 2  
all x

xi  x2Px

1  
i1

Lengthx1
x1i  x1

2 P1i

150

ü Total

x1  35, 5, 0, 20, 15;
x2  11, 12, 5, 9, 8;
x3  1, 2, 3, 4, 5;

n  Lengthx1;
P  1, 1, 1, 1, 1n;

E1 
i1

n

Partx1, i PartP, i  N

E2 
i1

n

Partx2, i PartP, i  N

S11 
i1

n

Partx1, i  E12 PartP, i;

S12  S21 
i1

n

Partx1, i  E1Partx2, i  E2PartP, i;

S22 
i1

n

Partx2, i  E22 PartP, i;

S11  Partx1  E1.x1  E1, 1, 1n  1
S12  S21  Partx1  E1.x2  E2, 1, 1n  1
S22  Partx2  E2.x2  E2, 1, 1n  1

 S11 S12

S21 S22
  N  MatrixForm

12 
S12


S11 


S22

 N;

Plot3D 1

2 S11S22


1  122


 1

21122 
xE1S11

2


212 xE1yE2S11 S22
 yE2S22

2
,

x, 500, 500, y, 500, 500, PlotRange  All;
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15.

9.

187.5

17.5

7.5

 187.5 17.5
17.5 7.5



-400
-200

0
200

400
-400

-200

0

200

400

0

0.00002

0.00004

0.00006

-400
-200

0
200

400

Multivariate Normal Distribution

k  dimensional

ü random vector x = (X1, X2, … , Xk)
x  X1, X2, … , Xk
x  , 
x  k, 

ü k-dimensional mean vector

  EX1, EX2, … , EXk

ü k x k Covariance Matrix

  CovXi, Xj

ü Density

fxx1, … , xk  1
2k   


12 x1x
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   is determinant of 

ü Bivariate Case

k  Rank  2

X, Y

fx, y  1

2xy


1  2


 1

212 


 xx2


x2 
yy2


y2 
2xxyyx y





   x

y


 




x
2  xy

 xy y
2





 is correlation

Derivation from Rotations

Cxy   xx xy

yx yy


 u
v
  T x

y
   Cos Sin

Sin Cos . x
y


Cuv   uu uv

uv vv
  T CxyT1

Cuv   Cos Sin
Sin Cos . xx xy

xy yy
. Cos Sin

Sin Cos 
1

 MatrixForm



 Sec Cos xx  Sin xy  Csc Cos xy  Sin yy Csc Cos xx  Sin

Sec Sin xx  Cos xy  Csc Sin xy  Cos yy Csc Sin xx  Cos

uu  PartCuv, 1, 1, 1;
vv  PartCuv, 1, 2, 2;

Solve uu  0, 
Solve vv  0, 

Etc

Cal

Inverse S1,1 S1,2

S2,1 S2,2
 






S2,2
S1,2 S2,1S1,1 S2,2


S1,2

S1,2 S2,1S1,1 S2,2


S2,1

S1,2 S2,1S1,1 S2,2

S1,1
S1,2 S2,1S1,1 S2,2





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DetS  Det S1,1 S1,2

S2,1 S2,2
  S1,2 S2,1  S1,1 S2,2

cholA  R

RR  A

Covariance

ü 공분산 - 상관관계

CovX, Y  EX  EXY  EY
CovX, Y  EX Y  EXEY
CovX, Y  EX  EXY  EY
CovX, Y  EX Y  EXEY
CovX, 0  0
CovX, X  VarX
CovX, Y  CovY, X
CovaX, bY  ab CovX, Y
CovX  a, Y  b  CovX, Y
CovaX  bY, cW  dV  ac CovX, W  ad CovX, V  bc CovY, W  bd CovY, V
CovXi, Xj  EXi  EXiXj  EXj  EXi Xj  EXiEXj

ü 공분산행렬

X 





X1

ª
Xn







i j

 CovXi, Xj  EXi  EXiXj  EXj  EXi  iXj  j

 







EX1  1X1  1 EX1  1X2  2 ∫ EX1  1Xn  n
EX2  2X1  1 EX2  2X2  2 ∫ EX2  2Xn  n

ª ª ∏ ª
EXn  nXn  n EXn  nXn  n ∫ EXn  nXn  n







  EX  EXX  EX
2  VarX  EX  EX2  EX  2
  EX
VarX  CovX  EX  EXX  EX
CovX, Y  EX  Y  

  EX  EXX  EX,   EX
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  EXX  
VarAX  a  A VarXA
CovX, Y  CovY, X
CovX1  X2, Y  CovX1, Y  CovX2, Y
VarX  Y  VarX  CovX, Y  CovY, X  VarY
CovAX, BY  A CovX, YB

X, X1, X2 : p1 vector
Y : q1 vector
a : q1 vector
A, B : qp matrices

c  CovcX, X
dc  CovdX, cX

VarbX  bVarxb

Matrix, Derivative, det, tr

Inverse a b
c d

  



d
b ca d

 b
b ca d

 c
b ca d

a
b ca d





Det a b
c d

  b c  a d

Tr a b
c d

  a  d

ü The product of the eigenvalues is equal to the determinant of A

detA  
i1

N

i
ni

ü The sum of the eigenvalues is equal to the trace of A

trA 
i1

N

nii

ü Vector calculus

The tangent vector to a curve x : R  Rn

x

t









x1
t

ª
xn
t







The gradient of a scalar function f : Rn  R

f

x

  f
x1

∫ f
xn


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The directional derivative of f in the direction of v is then

v f 
f

x

v

The pushforward of differential of a function f : Rm  Rn is descrived by the Jacobian matrix

f

x









f1
x1

∫ f1
xm

ª ∏ ª
fn
x1

∫ fn
xm







The pushforward along f of a vector v in Rm

d fv  f

x

v

ü Matrix calculus

The tangent vector of a curve F : R  Mn, m

F

t









F1,1
t

∫
F1,m
t

ª ∏ ª
Fn,1
t

∫
Fn,m
t







The gradient of a scalar function f : Mn, m  R

f

X









f
X1,1

∫ f
X1,m

ª ∏ ª
f

Xn,1
∫ f

Xn,m







Y f  tr f

x

Y

F : Mn, m  Mp, q

F

X









F
X1,1

∫ F
X1,m

ª ∏ ª
F

Xn,1
∫ F

Xn,m







dFY  tr
 F

X

Y


F

X









F1,1
X

∫
F1,m
X

ª ∏ ª
Fn,1
X

∫
Fn,m
X







F

X









F
X1,1

∫ F
X1,m

ª ∏ ª
F

Xn,1
∫ F

Xn,m







Jacobian matrix

D Fx   vec FX

vec X
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ü Chain rule

Z

X


Z

Y


Y

X

ü Product rule

YZ

X


Y

X

Z  Y
Z

X

ü Derivative of linear functions

ax

x


xa

x

 a
Ax

x


xA

x

 A

ü Derivative of quadratic functions

xAx

x

 xA  A  xA  XA
Ax  bCDx  e


x
 Dx  eCA  Ax  bCD

  x  a 


x


x  a
 x  a 

ü Derivative of matrix traces

trAC


A
 C

trAXB


X

trBXA


X
 BA

trABA


A
 2AB

trAXBXC


X
 BXCA  BXAC

ü Derivative of matrix determinant

det X

X

 adj X  det X X1

Jacobian matrix

F : Rn  Rm

J 







y1
x1

∫ y1
xn

ª ∏ ª
ym
x1

ª ym
xn






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JFx1, ∫, xn and
y1, ∫, ym

x1, ∫, xn

Fx  Fp  JFpx  p  o  x  p 

ü ex1

x1  r SinCos
x2  r SinSin
x3  r Cos

JFr, ,  






x1
r

x1


x1


x2
r

x2


x2


x3
r

x3


x3













SinCos r CosCos r SinSin
SinSin r CosSin r SinCos

Cos r Sin 0






ü ex2

x  r Cos
y  r Sin

JFr,   



x
r

x


y
r

y




  

Cos r Sin
Sin r Cos 

 
A
xy   

B
r r

ü ex3

F : Rn  Rm

y1  F1x1, ∫, xn
ª

ym  Fmx1, ∫, xn

JFx1, ∫, xn 






y1
x1

∫ y1
xn

ª ∏ ª
ym
x1

ª ym
xn







ü cholesky factorization

R  cholA'
R R'  A

R  cholA
R'R  A
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