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Cubic Hermite Curves

m Given

Starting and Ending Points and Tangents

Po, Up, P1, Uz

m General Form
P (t) =ao+a1t+a2t2+a3t3

d
c_Tt-P(t) =P (t) =a; +2a,t+3azt?

= Boundary Conditions
P (0) =Po
P (0) =uo
P (1) =Ps

PP(1) =us

m Solving for the a;
ap = Po
a; = Up
a=-3ap-2a;+3P1-u; =3 (P1-Pg) -2up -U;
az=2apg+ay-2P1 +Uy =Ug+Uy -2 (P - Pg)

Solve[{P1==apg+a; +ax+az, Uy ==a; +2ax + 3az}, {az, as}]

{{az > -3ap-2a; +3P1-uU;,az~>2ag+a; -2P; +uz}}

{{a2—>—3ao—2a1+3P1—u1, a3—>2ao+a1—2P1+u1}}

m Substitutiing these ajinto the "general form" above

P(t)=ap+ast+art?+aztS =Pog+ugt+ (3 (PL-Pg) -2Up-uU1) t2+ (Ug+Us -2 (P1-Pp)) t3
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= Rewriting

P(t)y=(t3 t2 t 1)

Multiplying with right association leads directly to the previous expression. Multiplying with left association leads to
an equicalent but slightly different form

P(t) = (1-32+21t3) Po+ B2-21%) P+ (t-22+1t3%) Up+ (-2 + %) uy

This is the Hermite Basis form.

Calculations Useful for Robotics

m Hermit Curves

£I2,F2]

(x, p)
(X Yo

Xt = Ax (E-1tg)3 +By (t-1tp)2 +Cyx (t-1p) + Dy
ye = Ay (t-1t)3+By (t-1tp)2+Cy (t-1tg) +Dy

m Specified positions of robot
(X0, Yo)

(X1, Y1)
(X2, y2)

m Specified orientation of robot at the initial and final points of its first segment

60, 61

m Specified speed of robot initial and final points of its first segment

So, S1
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m Specified time that robot reaches initial and final points of its first segment

LE ]

= Time variable

t

m Derived, third-degree polynomials giving x and y-coordinates of the robot's position as a function of
time

Xt » Yt

= Derived,robot’s speed as a function of time

St

m Derived, robot's acceleration as a function of time

at

= Derived,robot’s orientation as a function of time

6t

m Derived, robot’s rotational velocity as a function of time

Wt

m Derivation

d?x
dt?
dx
dt

= Ay (t—to) +bx

1
= Vxt= 3 (t-1o)? + by (t-1g) +Kx

1 1
X (1) =Xt = & a (t—to)3+5bx (t-10)? + Ky (t-1o) +Ky

da’y

W =ay (t—to) +by

dy 1

T = Vyg = _é-ay (t—t0)2+by (t-1to) +Kya

1 1
Y (D) =ye= =ay (t—to)3+5by (t-1t9)% +Kyp (t-1tg) +Kyo

= Velocity

(vx0» vyo) =So (Cos (6g) , Sin (6g))
(vx1, vy1) =S1 (Cos (61), Sin (61))
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= Point Start

dx
vxo = — (tg) = Sp Cos[6g] = DX - Xo = Kx1
dt
dy .
vyo = == (to) =So Sin[60] = Dyg - Yo = Ky1
Xo = Kx2
Yo = Ky2

Kx1 = vxo0» Kyl = VYy0
Kx2 = X0, Ky2 = Yo

60 = ArcTan[Dxg - Xo, DYp - Yol = ArcTan[vxo, vyo]

So =/ (DXo - X0) % + (DY, - Yo)
So = (DXp - Xp) Cos[60] + (Dyg - Yo) Sin[6p]
So = vxo COS[60] + Vyo Sin[6p]

= Point End

dx 1
It (t1) =S1 Cos[61] = DX1 - X1 = 0 ax (ty - to)? + by (ty - o) +Kq

Vx1

d _ 1
vyl = dl_i (t1) =S1Sin[61] =Dy, -y1 = 5 ay (ty - to)? + by (t; - to) +Kyr

1 3 1 2
X1= =8 (t-T0)" + = by (11 -To) " + Ky (11 - To) + Kz
1 3 1 2
yi= g ay (t1 -1to)° + ) by (t1 - to)“ +Ky1 (t1 - o) +Kyo
61 = ArcTan[Dx; - X1, Dy; -y1] = ArcTan[vxi, vyi1l]
Sl='\/(DX1—X1)2+ (Dy]_—yj_)2

S1 = (DXx1 - X1) Cos[e1] + (Dyl -V1) Sin[el]
S; = vx1 Cos[O1] + Yyl Sin[e;]

m Get Calculate
1 2
va = = ax (t1-1to)“ + by (t1 - to) + vxo
1 3. 1 2
X1=€ax (t1 - to) +be (t1 -to)“ + vxo (t1 - to) +Xo

1
SO'VG[{VXJ_ == —2— ayx (t1 - t0)2 + bx (t1 - €o) + vxo,

1 1 _ _
X1 == = ax (t1 - 10) %+ = by (- 10)* + vxo (t1 - To) +Xo}, {8, bx}] 7/ Simplify
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6 (-2 (Xo-X1) + (to-T1) (vxo + ¥x1))

ax

(to - 1) 3
by - -6 (Xo -X1) +2 (to-1t1) (2 vxo + vx1)
y =
(to - t1)?
m Results
((vx1 + vxo0) (t1-To) -2 (X1 - Xp))
ax =6 3
(t1 - to)
by = 2 (vx1 + 2 vxo) (t1-1tg) -3 (X1 -Xo)
(t1 - tp)?
((vy1 + vyo) (t1-1To) -2 (Y1 -Yo))
ay =6 3
(t1 - to)
(vy1 + 2 vyo) (t1-1tg) -3 (Y1 -Yo)
by = -2 2
(t1 - to)

1 3. 1 2
Xt=-6—ax (t-1to) +-2—bx (t-10)“ +vxo (t-1To) +Xo

1 3. 1 2
Ye= = ay (t-1tp) +—2-by (t-10)“ + vyo (t-1tg) +Yo

1
Vit = ax (t-10)? + by (t-1tg) + vxo

1
vy = > ay (t-10)? + by (t-1o) +vyo

m t0=0

12 (X0 -X1) 6 (vxo + vx1)

Ax = +
T3 T2

B. - 6 (Xo-X1) 2 (2vxo+ Vx1)
S ¢ ) T

1 s 1 2
Xt=€Axt +EBXt + vxo T+ Xo

1 3. L 2
Ye==A/ T+ =Byte+vyot+Yyp

6 2

1 2
vxt=—2-AXt +Bx T+ vy

1

Vyt = —2-Ayt2+Byt+vyo

m orientation

6t = ArcTan [Vxt s Vyt]

m speed

St = vxt COS[et] + Vyt Sin[et]
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m X,y velocity
vxt = St COS[6¢]

Yyt = St Sin[et]

m arc length
Tt t1
L=j Stdlt=J~ w/v§t+v§t dt
to 1o

= robot speed

oo (2 (2)

1
St:\/ (—2' ax (t-1to)?+by (t-1tp) +on)

2 1 2
+ (-2- ay (t-19)?+by (t-1to) +vyo) ]

1 2 /1 2
2 2
St=\/ (—Z—axt +bxt+vxo) +(—2—ayt +byt+vy0))

(a2 + a2)
St=\/ %t4+(axbx+ayby) 3+

(b)z( + b)z, + 8x Vx0 + Ay Vyo) 242 (bx vxo + by vyo) T+ (v)z(o + v}z,o)]

Po V)z(o + V}z,o

pP1 2 (bx vxo + by Vy0)

P2 | = bi + b§ + Ax Vx0 + Ay Vy0

P3 ax by + ay by

Pa + (a2 +a2)
(vt =0)

St = Vpsth+p3 3+ Py t2+py tl+pg
m Length

Tt Tt
L=j Std]t:f w[v§t+v)2,t dt

to 1o

2

T
1 2 /1
J\/(EAXt2+BXt+vxo) +(§Ayt2+Byt+vyo) dt
0

T (A2 + A2)
J (%t4+(AXBX+AyBy) 3+
0

(Bﬁ + B>2, + Ax vxo + Ay Vyo) 242 (Bx vxo + By vyo) T+ (v>2<0 +v)2,0) dt
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.
j VP, t4 + P33 + P, t2 + Py t+ Py dt
0

m acceleration

ds pr+2tp2+3t2p3+4t3py

ar= — =0 Vpath + p3 3+ p2 2 +pr tl + pg =
at 2Vpo+tpL+ 22 + T3 p3 + T4y

m orientation

1 2
Vi —ayt +byt+Vy0
6t = ArcTan[ A ] = ArcTan[ i
Vxt 5 ax 12 + by T+ vyo
m rotational velocity
1 2
de = ay te+ by t+ vy
wg = — = B¢ ArcTan[ i
dt S ax B2+ byt + vy

(ay t+by) (3 axt?+ by t+vxo) - (ax T+by) (5 ay 2+ by t+vyo)

We = 2 2
(% ay t2 + by t+vyy) + (% ay t2 + by T+ vyo)

(ay T+Dby) vur - (ax €+ by) vye

th2 + Vyt2

Wt

Robot 2 Wheel

LeftSpeed + RightSpeed

LinearVelocity = B
i} RightSpeed - LeftSpeed
AngularVelocity =
WheelBase
- _ WheelBase }
LeftSpeed = LinearVelocity - — = AngularVelocity
_ _ _ WheelBase _
RightSpeed = LinearVelocity + — * AngularVelocity
m left wheel position
WheelBase 7 WheelBase i} 7
{Xt+ — *COS[9t+ E] > Ve + — *Sln[6t+ E]}
= right wheel position
WheelBase 7 WheelBase i 7
{xe+ ———— xCos[oe- =], ye + ————— =Sin[ec - =]}
m left wheel speed
WheelBase
Speed; - ————— *wt

2
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= right wheel speed

WheelBase
Speed; + — * W

Vector

= waypoints

Pi-1, Pi, Piu

3 =Pi -Pis
bi = Pi.1 - Pi
2 | Bi | +Bi | & | 2 | B | +Bs | |
RN o
2|3 bs %(1+ |:a||5i|)
p-0=0
Cos(ﬂ'—e)= DB - p~(—a)
2 IPI 1B IP1 13]
p-b B
I[Pl | B I[Pl &
ﬁ-B . p-a o
[Pl | B I[Pl &
p-(61al) p-(a1by)
L R NIIREINLY
p-(braj+ajby)=0
'.'D~U=O

p-(braj+a|by)=0
~u=2a|b|+b|a|

a; - b;

Cos (6j) = —4m8M8M
3| | Bl

3j - (Qiy, -Aix) = Ajx Ajy - Ajy Ajx = 0

(Qiy» -ix)
| & |

M =

Uy @y — Uy @y
(o] ||

Sin (Buw) =
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m Trajectory

[ Aj.1 - Vi ]
¢i.1 = ArcCos | —————
| Aier || Vil

| 3ju1 | di,1
Lij= | —————

Sin (¢i,1)

a-+ . _‘-+
¢i,2 = ArcCos ( il Vid ]

I ai+1 | | i‘/i+l I
Li o= | _ai+l | di,2
Sin (¢i,2)
Li,1 +Li,2
Ar=—-—-
Si + Si+1
Circular Arc
X = r Cos (¢)
y = rSin (¢)
r=vx2+y?

¢ = ArcTan (%)

Sin (axb) = Sin (a) Cos (b) +Cos (a) Sin (b)
Sin (2a) =2Sin (a) Cos (a)

Sin (a+ %) = Cos (a)
Sin (a- %) = -Cos (a)
Cos (a+ %) = -Sin (a)
Cos (a- %) = Sin (a)
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10

m Trajectory based on an arc of a circle

Sin (2¢¢)  SIn (5 - ¢c)

Ic e
Sin (5 - ¢c)
o=t TSin 2¢e)
Cos (¢c)
e =1rg =
2Sin (¢6) Cos (¢c)
"~ 2Sin (¢g)
L=rce
L =rc (2¢6)
_ Yo -dc
Sin (¢g)

Geometry in Motion

L
t1-th= —
S
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11

e
Tt -t

w =

6 (t) =w (t-1y) +6¢

Trigonometry at Work

m Relation between initial point and circle.

Xc = Xg + I'c - Cos (eo+%)
yC=y0+rC-Sin (60+%)
Xc = Xo - | rC|Cos (90—%)
Yc = Yo - | l’c|3in(90-%)

Xc = Xo - Fc - Sin (6g)
Yc = Yo + Ic - Cos (6o)

X () =Xc + ¢ - Cos (w (t-1o) +60—%)

- Tt
y (t) =yo+rC-S|n (w (t-1o) +60_E)

X (t) =Xc -rc-Sin (6g) +rc-Sin (w (t-1ty) +60)
y (t) =yo +rc-Cos (6) - rc - Cos (w (t-1To) +60)

m Results

if o >%thene=2 (6 - 7)

if g < —%thene:Z (¢ + 1)
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12

L=-rc-o
L
t1-th= —
S
e
w =




