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Cubic Hermite Curves

m Given

Starting and Ending Points and Tangents

Po, Up, P1, Uz

m General Form
P (t) =ao+a1t+a2t2+a3t3

d
c_Tt-P(t) =P (t) =a; +2a,t+3azt?

= Boundary Conditions
P (0) =Po
P (0) =uo
P (1) =Ps

PP(1) =us

m Solving for the a;
ap = Po
a; = Up
a=-3ap-2a;+3P1-u; =3 (P1-Pg) -2up -U;
az=2apg+ay-2P1 +Uy =Ug+Uy -2 (P - Pg)

Solve[{P1==apg+a; +ax+az, Uy ==a; +2ax + 3az}, {az, as}]

{{az > -3ap-2a; +3P1-uU;,az~>2ag+a; -2P; +uz}}

{{a2—>—3ao—2a1+3P1—u1, a3—>2ao+a1—2P1+u1}}

m Substitutiing these ajinto the "general form" above

P(t)=ap+ast+art?+aztS =Pog+ugt+ (3 (PL-Pg) -2Up-uU1) t2+ (Ug+Us -2 (P1-Pp)) t3
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= Rewriting

2 -2 1 1 Po
- -2 -1 P1
0O 0 1 ©O Uo
1 0 0 O Ug

P(t)y=(t3 t2 t 1)

Multiplying with right association leads directly to the previous expression. Multiplying with left association leads to
an equicalent but slightly different form

P(t) = (1-32+21t3) Po+ B2-21%) P+ (t-22+1t3%) Up+ (-2 + %) uy

This is the Hermite Basis form.

Hermit Curves

.'Ixzs.}’z:'

(%.7)
(X Vo)

X (t) = A (E-1)3 + By (T -1p)?% +Cy (t-1tg) + Dy
y (t) = Ay (t-19)3+By (t-19)2+Cy (t-1g) +Dy

m Specified positions of robot
(Xo» Yo)

(X1, Y1)
(X2, Y2)

m Specified orientation of robot at the initial and final points of its first segment

60, 61

m Specified speed of robot initial and final points of its first segment

So, S1

m Specified time that robot reaches initial and final points of its first segment

tH, 4
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= Time variable

t

m Derived, third-degree polynomials giving x and y-coordinates of the robot's position as a function of
time

X (6), y (O

m Derived,robot’s speed as a function of time

s (t)

m Derived, robot's acceleration as a function of time

a ()

m Derived,robot’s orientation as a function of time

6 (1)

m Derived, robot’s rotational velocity as a function of time

w ()
m Derivation
d?x
—55 = & (T- o) + by
ax 1a t-1ty)%+b (E-T k
E—Ex(-o)+x(-o)+1

1 1
X (t) = T & (t—t0)3+5bx (E-1t9)? +ky (E-1) + ko

= Velocity

(vx0, Yyo) =So (COs (60) , Sin (6o))
(¥x1, vy1) =81 (Cos (61), Sin (61))

— () = Vo2 Ky = v
dlt(O) X0 1 X0

X (to) = X0 = k2 = Xo

1
va =3 ax (b -10) % + by (ty - To) + vxo

1 3. 1 2
X1=-6—ax (t1 - o) +-2—bx (t1 -to)“ + vxo (t1 - o) +Xo
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1
Solve[{vx == 5 ax (t1 - o) ® + bx (t1 - To) + Vo,
1 3 1 2 H H
X1 == = ax (ti- 1)+ 5 bx (ti-10)” + vio (t1-To) +Xo}. (&, bx}] // Simplify

6 (-2 (Xo-X1) + (to-1t1) (vxo + Vx1))

X

(to - 1) 3
-6 (Xo -X1) +2 (to-1t1) (2 vxo + vx1)
bx = >
(to - 1)
m Results
((vxa + vxo) (t1-Ttp) -2 (X1 -X0))
ayx =6
(t1-t)3
by < 2 (vx1 + 2 vxo) (t1-1tg) -3 (X1 - Xo)
(t1 - to)?

1
vx () = = ax (t-1o)? + by (t-1g) + vyo
1 3 1 2
X (t) = —é-ax (t-1to) +—2—bx (E-1)“ + vy (t-1y) +Xo

((vy1 + vyo) (t1-to) -2 (Y1 -Yo))

ay =6
g (ti - t)°
(vy1 + 2 vyo) (t1-1to) -3 (Y1 -Yo)
by = -2 .
(t1 - )

1
vy (t) = 5 a (t-1t9)2 +by (t-1tg) +vyo

1 3 1 2
Y () = =8y (E-10)°+ = by (E-10)" +vy0 (t-To) +Yo

= robot speed

V(&) (2

s (t) =
1 2 1 2
S(t):\/((gax (t-10)? + by (t—to)+vxo) +(an (t-1t9)? +by (t—t0)+vyo)]
s (t) =
1 2 2 1 2 2 1 4 o2 1 4 A2 3 2 he
\/ (Eaxt +bxt+vxo) +(ant +byt+VyO) =,\/(Zt ax+zt ay + % ax by + t° by +

t3ayby+t2b)2,+t2axvxo+2tbxvxo+v)2(0+t2ayvyo+2tbyvyo+v§0)

o0 Va0 + V3o

p1 2 (bx vxo + by Vyo)
p2| = | b2+ b)z, + 8y Vxo + Ay Vyo
P3 ax bx + ay by

P4 + (¢ +ad)

(vt =0)
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S(t) =Vpstd+pst3+pot2+ps tl+pg

m acceleration

a(t) = —— =03r Vpatd +pa t3+p2 12+ p1 tl + po

Pr+2tp+3t2pz+4t3py
m orientation

2Vpo+tpL+t2p, + 3 p3+ t4py

1
e (t) = arctan (Vy—(t)-

ayt2+byt+vyo
) = ArcTan| i
vx () 5 ax T2 + by t+vxo

= rotational velocity

1 2
= ay t?+ by t+ vy
w (t) = It = 8¢ ArcTan| i d Y Y

-Z—axt2+bxt+vxo

1

((ayt+by) (—axt2+bxt+vxo) - (ax t + by) (E ayt2+byt+vyo))/
1 2 1 2
((Eaxt2+bxt+vxo) +(ant2+byt+vyo) )

m arc length

T
L=js(t)dlt
0

Tt 1 2 1 2
L=-J;\/[(Eaxt2+bxt+vxo] + (-z—ayt2+byt+vyo) ]d]t



