
Cubic Hermite Curves

ü Given

Starting and Ending Points and Tangents

P0, u0, P1, u1

ü General Form

Pt  a0  a1t  a2t2  a3t3



t

Pt  Pt  a1  2a2t  3a3t2

ü Boundary Conditions

P0  P0

P0  u0

P1  P1

P1  u1

ü Solving for the ai

a0  P0

a1  u0

a2  3 a0  2 a1  3 P1  u1  3 P1  P0  2 u0  u1

a3  2 a0  a1  2 P1  u1  u0  u1  2 P1  P0
SolveP1  a0  a1  a2  a3, u1  a1  2a2  3a3, a2, a3
a2  3 a0  2 a1  3 P1  u1, a3  2 a0  a1  2 P1  u1

a2  3 a0  2 a1  3 P1  u1, a3  2 a0  a1  2 P1  u1

ü Substitutiing these aiinto the "general form" above

Pt  a0  a1t  a2t2  a3t3  P0  u0t  3 P1  P0  2 u0  u1t2  u0  u1  2 P1  P0t3
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ü Rewriting

Pt   t3 t2 t 1 






2 2 1 1
3 3 2 1
0 0 1 0
1 0 0 0














P0

P1

u0

u1







Multiplying with right association leads directly to the previous expression. Multiplying with left association leads to

an equicalent but slightly different form

Pt  1  3 t2  2 t3P0  3 t2  2 t3P1  t  2 t2  t3u0  t2  t3 u1

This is the Hermite Basis form.

Hermit Curves

xt  Axt  t03  Bxt  t02  Cxt  t0  Dx

yt  Ayt  t03  Byt  t02  Cyt  t0  Dy

ü Specified positions of robot

x0, y0
x1, y1
x2, y2

ü Specified orientation of robot at the initial and final points of its first segment

0, 1

ü Specified speed of robot initial and final points of its first segment

s0, s1

ü Specified time that robot reaches initial and final points of its first segment

t0, t1
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ü Time variable

t

ü Derived, third-degree polynomials giving x and y-coordinates of the robot's position as a function of 
time

xt, yt

ü Derived,robot's speed as a function of time

st

ü Derived, robot's acceleration as a function of time

at

ü Derived,robot's orientation as a function of time

t

ü Derived, robot's rotational velocity as a function of time

t

ü Derivation

2 x

t2

 axt  t0  bx

x

t


1

2
axt  t02  bxt  t0  k1

xt  1

6
axt  t03 

1

2
bxt  t02  k1t  t0  k2

ü Velocity

x0, y0  s0Cos0, Sin0
x1, y1  s1Cos1, Sin1
x

t

t0  x0  k1  x0

xt0  x0  k2  x0

x1 
1

2
axt1  t02  bxt1  t0  x0

x1 
1

6
axt1  t03 

1

2
bxt1  t02  x0t1  t0  x0
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Solvex1 
1

2
axt1  t02  bxt1  t0  x0,

x1 
1

6
axt1  t03 

1

2
bxt1  t02  x0t1  t0  x0, ax, bx  Simplify

ax 
6 2 x0  x1  t0  t1 x0  x1
t0  t13

bx 
6 x0  x1  2 t0  t1 2 x0  x1
t0  t12

ü Results

ax  6
x1  x0t1  t0  2 x1  x0
t1  t03

bx  2
x1  2 x0t1  t0  3 x1  x0
t1  t02

xt  1

2
axt  t02  bxt  t0  x0

xt  1

6
axt  t03 

1

2
bxt  t02  x0t  t0  x0

ay  6
y1  y0t1  t0  2 y1  y0
t1  t03

by  2
y1  2 y0t1  t0  3 y1  y0
t1  t02

yt  1

2
ayt  t02  byt  t0  y0

yt  1

6
ayt  t03 

1

2
byt  t02  y0t  t0  y0

ü robot speed

st 

 x

t





2

 
 y

t





2

st 


 1

2
axt  t02  bxt  t0  x0





2

 
 1

2
ayt  t02  byt  t0  y0





2



st 



 1

2
axt2  bxt  x0





2

 
 1

2
ayt2  byt  y0





2

 


 1

4

t4 ax
2 

1

4

t4 ay
2  t3 ax bx  t2 bx

2 

t3 ay by  t2 by
2  t2 ax x0  2 t bx x0  x0

2  t2 ay y0  2 t by y0  y0
2 









p0

p1

p2

p3

p4














x0
2  y0

2

2 bx x0  by y0
bx

2  by
2  ax x0  ay y0

ax bx  ay by
1
4
ax

2  ay
2







 ã t0  0
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st  
p4t4  p3t3  p2t2  p1t1  p0

ü acceleration

at  s

t

 t


p4t4  p3t3  p2t2  p1t1  p0 
p1  2 t p2  3 t2 p3  4 t3 p4


2


p0  t p1  t2 p2  t3 p3  t4 p4

ü orientation

t  arctan
 yt

xt



  ArcTan

1
2
ayt2  byt  y0


1
2
axt2  bxt  x0



ü rotational velocity

t  

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