
Calculations Useful for Robotics

ü Hermit Curves

xt  Axt  t03  Bxt  t02  Cxt  t0  Dx

yt  Ayt  t03  Byt  t02  Cyt  t0  Dy

ü Specified positions of robot

x0, y0
x1, y1
x2, y2

ü Specified orientation of robot at the initial and final points of its first segment

0, 1

ü Specified speed of robot initial and final points of its first segment

s0, s1

ü Specified time that robot reaches initial and final points of its first segment

t0, t1

ü Time variable

t

ü Derived, third-degree polynomials giving x and y-coordinates of the robot's position as a function of 
time

xt, yt
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ü Derived,robot's speed as a function of time

st

ü Derived, robot's acceleration as a function of time

at

ü Derived,robot's orientation as a function of time

t

ü Derived, robot's rotational velocity as a function of time

t

ü Derivation

2 x

t2

 axt  t0  bx

x

t


1

2
axt  t02  bxt  t0  k1

xt  1

6
axt  t03 

1

2
bxt  t02  k1t  t0  k2

ü Velocity

x0, y0  s0Cos0, Sin0
x1, y1  s1Cos1, Sin1
x

t

t0  x0  k1  x0

xt0  x0  k2  x0

x1 
1

2
axt1  t02  bxt1  t0  x0

x1 
1

6
axt1  t03 

1

2
bxt1  t02  x0t1  t0  x0

Solvex1 
1

2
axt1  t02  bxt1  t0  x0,

x1 
1

6
axt1  t03 

1

2
bxt1  t02  x0t1  t0  x0, ax, bx  Simplify

ax 
6 2 x0  x1  t0  t1 x0  x1
t0  t13

bx 
6 x0  x1  2 t0  t1 2 x0  x1
t0  t12
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ü Results

ax  6
x1  x0t1  t0  2 x1  x0
t1  t03

bx  2
x1  2 x0t1  t0  3 x1  x0
t1  t02

xt  1

2
axt  t02  bxt  t0  x0

xt  1

6
axt  t03 

1

2
bxt  t02  x0t  t0  x0

ay  6
y1  y0t1  t0  2 y1  y0
t1  t03

by  2
y1  2 y0t1  t0  3 y1  y0
t1  t02

yt  1

2
ayt  t02  byt  t0  y0

yt  1

6
ayt  t03 

1

2
byt  t02  y0t  t0  y0

ü robot speed

st 

 x

t





2

 
 y

t





2

st 


 1

2
axt  t02  bxt  t0  x0





2

 
 1

2
ayt  t02  byt  t0  y0





2



st 



 1

2
axt2  bxt  x0





2

 
 1

2
ayt2  byt  y0





2

 


 1

4

t4 ax
2 

1

4

t4 ay
2  t3 ax bx  t2 bx

2 

t3 ay by  t2 by
2  t2 ax x0  2 t bx x0  x0

2  t2 ay y0  2 t by y0  y0
2 









p0

p1

p2

p3

p4














x0
2  y0

2

2 bx x0  by y0
bx

2  by
2  ax x0  ay y0

ax bx  ay by
1
4
ax

2  ay
2







 ã t0  0

st  
p4t4  p3t3  p2t2  p1t1  p0

ü acceleration

at  s

t

 t


p4t4  p3t3  p2t2  p1t1  p0 
p1  2 t p2  3 t2 p3  4 t3 p4


2


p0  t p1  t2 p2  t3 p3  t4 p4
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ü orientation

t  arctan
 yt

xt



  ArcTan

1
2
ayt2  byt  y0


1
2
axt2  bxt  x0



ü rotational velocity

t  

t

 t ArcTan
1
2
ayt2  byt  y0


1
2
axt2  bxt  x0

 



ayt  by 

 1

2
axt2  bxt  x0



  axt  bx 

 1

2
ayt2  byt  y0




 




 1

2
axt2  bxt  x0





2

 
 1

2
ayt2  byt  y0





2



ü arc length

L  
0

t

stt

L  
0

t




 1

2
axt2  bxt  x0





2

 
 1

2
ayt2  byt  y0





2

t

Vector

ü waypoints

P


i1, P


i, P


i1

ai  P


i  P


i1

b


i  P


i1  P


i

ui 
ai  b


i  b


i  ai 


 ai  b


i  b


i  ai  


ai  b


i  b


i  ai 



2


ai




b


i


1

2
1  aib


iaib


i


121205_Calculations Useful for Robotics.nb 4



pu  0

Cos   
2

  p  b



 p   b

 


p a
 p   a 

pb



 p   b

 


p  a
 p   a   0

pb



 p   b

 


p  a
 p   a   0

pb
  a 


1


p a  b

 


1
 0  p   a   b

 
pb

  a  a  b
   0

ã pu  0

pb
  a  a  b

   0

 u  a  b
  b

  a 

Cosi  ai  b


i

 ai   b


i 

ai aiy, aix  aixaiy  aiyaix  0

mi 
aiy, aix
 ai 

Sinu  uxy  uyx
 u    

ü Trajectory

i,1  ArcCos




ai1 


i
 ai1   i 





Li,1 


 ai1  i,1


Sini,1


i,2  ArcCos




ai1 


i1
 ai1   i1 





Li,2 


 ai1  i,2


Sini,2


r 
Li,1  Li,2

si  si1

Circular Arc

x  r Cos
y  r Sin

121205_Calculations Useful for Robotics.nb 5



r 


x2  y2

  ArcTan y

x


Sina  b  SinaCosb  CosaSinb
Sin2a  2 SinaCosa

Sina 


2
  Cosa

Sina 


2
  Cosa

Cosa 


2
  Sina

Cosa 


2
  Sina

ü Trajectory based on an arc of a circle

Sin


rG


SinR


rC

G  R 


2

  2R  

  2 
2
 G  

  2G
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Sin2G


rG


Sin 
2
 G


rc

rc  rG
Sin 

2
 G


Sin2G

rc  rG
CosG


2SinGCosG

rc 
rG


2SinG

L  rC

L  rC2G
L 

rG G

SinG

Geometry in Motion

t1  t0 
L

s

 



t1  t0

t  t  t0  0

Trigonometry at Work

ü Relation between initial point and circle.

xC  x0  rC Cos0 


2


yC  y0  rC Sin0 


2


xC  x0   rC  Cos0 


2


yC  y0   rC  Sin0 


2

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xC  x0  rC Sin0
yC  y0  rC Cos0

xt  xC  rC Cost  t0  0 


2


yt  y0  rC Sint  t0  0 


2


xt  xC  rC Sin0  rC  Sint  t0  0
yt  y0  rC Cos0  rC  Cost  t0  0

ü Results

if G 


2
then   2G  

if G  


2
then   2G  

L  rC 

t1  t0 
L

s

 



t1  t0
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