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Calculations Useful for Robotics

m Hermit Curves

.'Ixzs.}’z:'

(%.7)
(X Vo)

X (€) = A (E-1)3 + By (T -19)?% +Cy (t-1tg) + Dy
y (t) = Ay (t-19)3+By (t-19)2+Cy (t-1g) +Dy

m Specified positions of robot
(X0, Yo)

(X1, Y1)
(X2, ¥2)

m Specified orientation of robot at the initial and final points of its first segment

60, 61

m Specified speed of robot initial and final points of its first segment

So, S1

m Specified time that robot reaches initial and final points of its first segment

T, &

m Time variable

t

= Derived, third-degree polynomials giving x and y-coordinates of the robot's position as a function of
time

X (6), y (1)
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m Derived,robot's speed as a function of time

s (t)

m Derived, robot's acceleration as a function of time

a (t)

m Derived,robot's orientation as a function of time

e (t)

m Derived, robot's rotational velocity as a function of time

w ()

m Derivation
& x ay (-t b
E—x(-o)+x
ax 1a t-1tg)2+bg (E-tT k
th—__Z- x (T-To)“ + by (CL-1To) +Kg

1 1
X (1) = = a (t-t0)3+—2'bx (t-10)% +Kky (t-1o) +ko

= Velocity

(vx0» vyo) =So (Cos (60) , Sin (6g))
(vx1, vy1) =S1 (Cos (61), Sin (61))

X (t ) = ky =
— =YV = =YV
" 0 x0 1 x0

X (tg) =Xo = k2 = Xp

1
vxi = > ax (ty - to)? + by (ty - o) + vxo
1 3. 1 2
Xl=€ax (t1 - o) +be (t1 -To)“ + vxo (t1 - to) +Xo

1
Solve[{vu == 5 ax (t1 - t0)® + bx (t1 - To) + Vo,
1 ;s 1 ) -
X1 == = 8x (t1-10) + = by (T1 - 10)* + vio (Ta - o) +Xo}, {ax, bx}] 7/ Simplify

6 (-2 (Xo-X1) + (o -t1) (vxo+ vx1))
(to-t)®

-6 (Xo-X1) +2 (to - t1) (2 vxo + vx1)
(to - t1)?

X =

by =
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m Results
((vx1 + vxo0) (t1-To) -2 (X1 - Xp))
ay =6 3
(t1 - )
b = 2 (vx1 + 2 vxo) (t1-To) -3 (X1 - Xo)
(t1-t)?

1
vy (t) = 5 & (t-10)? + by (t-1tg) + vxo
1 3 1 2
X (t) = gax (t-1to) +be (t-1g)° +vxo (t-Tg) +Xo

((vy1 + vyo) (t1-1To) -2 (Y1 -Yo))

ay =6
(t - to)®
(vy1 + 2 vyo) (t1-1tg) -3 (Y1 -Yo)
by = -2 2
(t1 - )

1
vy (t) = -2—ay (t-1t9)2 +by (t-1tg) +vyo

1 3 1 2
Y(t)=‘é'ay (t- 1) +-2—by (E-T)“ +vyo (L-To) +Yo
= robot speed
2 2
0o (5] (3
at dt
2

1 2 1 2 2
s(t):\/[(—-ax (t-1to)“ + by (t—to)+vxo) +(—2-ay (t-1t) +by (t—t0)+Vyo)]

2
s (t) =
1 2 /1 2 1 1
\/ (Eaxt2+bxt+on) +(ant2+byt+vyo) =,\/(Zt4a)2(+Zt4a§+t3axbx+t2b§+
t3ayby+t2b>2,+t2axvxo+2tbxvxo+v)2(0+t2ayvy0+2tbyvyo+v)2,0)
o0 Vi + 20
pl 2 (bx Yx0 +by Vyo)
P21 = b)z( + b§+ax Vx0 + @y Yyo
P3 ax by + ay by
Pa 5 (a2 +a?)
(’.‘to:O)

S(t) =Vpstt+pst3+pat2+ps tl+po

m acceleration

p1+2tp2+3t2p3+4t3p4

ds
a(t) = —— =0 Vpstt+ps 3+ pp t24pyrtl+po =

2Vpo+tpr+t2py + 3 p3+ t4py
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m orientation

1
—Z-ayt2+byt+vyo

S
2

vy (T)
vx ()

e (t) = arctan ( ) = ArcTan|

ax T2 + by T+ vy

= rotational velocity

1 2
de = ay t°+ by t+ vy
w (t) = i 8¢ ArcTan| 2 =

—;—axt2+bxt+vxo

1 1
((ayt+by) (Eaxt2+bxt+vxo) - (ax t + by) (E ayt2+byt+vy0))/
2

1 2 1 2 2
(Eaxt +bxt+vxo) +(ant +byt+vyo)

m arc length
t
L= j s (t) dt
0

t 1 2 1 2
L=L\/[(Eaxt2+bxt+vxo) +(ant2+byt+vyo) ]dlt

Vector

= waypoints

Pi-1, Pi, Piu

Ai =Pi -Pix
Bi = Pi.1 - Pi
3 ai|6i|"'5i|ai| ai|5i|+6i|ai|

BREIEE

ail
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p.-0=0

Cos(ﬂ_6)= p-b ) P-(-3)
2 IPI 1B 1P 13|
pP-b  P-AD

Ipl1 1B 1Pl 13&]

p-b p-a

[Pl | D] [P 1a]

p-(61al) p-(a1by)
s ———-0x|p| |a] |B]
p-(braj+a|b|)=0

“p.-0=0

p-(braj+a|bl)=0
20=2|B|+b|a|

a; - b

Cos (6j) = —m8m ™
13| Bl

di - (Qiy, -Aix) = Aix Aiy - Ajy Aix = 0

(Qjy, -Qix)
| Ai |

m; =

Ux wy - Uy @y

ol 1@

Sin (Buw) =

m Trajectory

Bin1 - i
éi.1 = ArcCos [;\/'-]
| Qjez | | Vil
| Qi1 | i1
Li,1 = —_
Sin (¢i,1)

a'+ . _\'+
¢i.2 = ArcCos { i1 Vil ]

I ai+1 | | vi+l I
Li s - I T'?lnl | ¢i,2
Sin (¢i,2)

Li,1 +Li,2
AV¥f = ——MM—

Si + Si+1

Circular Arc

X = r Cos (¢)

y = r Sin (¢)
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r=vx24+y2

¢ = ArcTan (

X |<

)

Sin (axb) = Sin (a) Cos (b) +Cos (a) Sin (b)
Sin (2a) =2Sin (a) Cos (a)

Sin (a+ %) = Cos (a)
Sin(a %) -Cos (a)
Cos (a+ %) -Sin (a)
Cos (a %) = Sin (a)

m Trajectory based on an arc of a circle

Sin (e) Sin (R)

Ic Ic
6 +R = =

+R = —
¢ 2
6+2R=m
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Sin (2¢¢) _ Sin (5 - %)

Ic Ic
Sin (5 - ¢c)
Fre=Ve —/————
Sin (2 ¢c)
Cos (¢c)
e =1Trg =
2Sin (¢s) Cos (¢c)
~ 2Sin (o)
L=rce
L=rc (2¢c)
Yo -6
Sin (¢c)

Geometry in Motion

L
ti-t=—
S

e
Tt -t

w =

6 (t) =w (t-1) +6¢

Trigonometry at Work

= Relation between initial point and circle.

Xc = Xg + I'c - Cos (90+%)
yc=yo+rc-Sin (60+%)
Xc = Xg - | rC|Cos (eo—%)

Yc = Yo - | l’c|5in(90-%)
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Xc = Xg - Fc - Sin (6p)
Yc = Yo + ¢ - COs (6p)

X (t) = Xc + rc - Cos (w (t -to) +90—%)

. w
y (t) =yo + Ic - Sin (w (t-1to) +90_E)

X (t) =Xc -rc-Sin (6g) +rc-Sin (w (t-1ty) +6p)
Yy (t) =yo+ ¢ -Cos (6p) -rc - Cos (w (t-1ty) +6p)

m Results

if o >%thene=2 (6 - 7)

if o < —%thene:Z (6 + )

L=-rc-0
L
t1-th= —
S
e
w =

t -t



