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Kalman Filter
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Innovation or measurementresidual

S A S} AA SAZY 23 1 9, = Zk - He Rijk-1

Innovation (or residual) covariance

o5& A 9 AA| SAH 7L 0 FEAE 1 Sy = Hi Piji-1 HE + R
Optimal Kalman gain

H A 2t A (Kalman gain) = Ky = Pk-1 HE Sit

Updated (a posteriori) state estimate

A e BA o Ry = Riprer + Ki 9

Updated (a posteriori) estimate covariance

AGH FEABRA © Pk = (1 - Ke He) Pijker

m £ Invariants

o] J8tstaL, Koo 2 Pojo #kOl &l 7] Bl o] s I, v S BE

e,
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E[Xk—Xk|k] = E[Xk—Xk“(_l] = 0
E[9x] =0

o171 M B[] ¢o] 7Tl ghol oL, e @At mfEg = A &ek A Ao S AS
Pk|k =COV[Xk—Xk|k]

Piik-1 = COV[Xk - Xk||<_1]
Sk = Cov[9,]
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Derivations

. 9H FRA IS =

Pik-1 = COV [ Xk - Ricjk-1]

= Cov[ (Fk Xk-1 + B Uk + Wg) - (Fk Ri-11k-1 + Bk uk) ]
= Cov[Fk (Xk-1 - Rkajk-1) +wi]

= Fk Cov[Xk-1 - Rk-1jk-1] Fk + Cov [wk]

= Fk Pic1jke1 FE + Quer

Var[AX +a] = AVar[X] AT

Sk = Cov[¥i]

= Cov|[ (zk - Hk Rkjk-1) |

= Cov[Hk Xk + Vi - Hi Rijk-1]

= Cov [Hk (Xk - Rijk-1) + V]

= Hi Cov [ Xk - Rik-1] HE + Cov[vk]
= Hi Pijk_1 HE + Rk

n 38 =2 JHA(posterior estimate covariance) matrix =

Piik = Cov[Xk - Xk|k]

= Cov[Xk - (Xk|k_1 + Ky yk)]

= Cov[Xk - (Rijk-1 + Kk (Zk = Hk Rijk-1) ) ]

= Cov[Xk - (Rijk-1 + Kk (Hi Xk + Vi = Hk Rijk-1) ) |

= Cov [ (Xk - Rijk-1) - Ki Hk (Xk = Rijk-1) - Ki V]

= COV[ (1 - Kg Hi) (Xk - Xk|k—1) - Kk Vk]

Cov [ (I - Kk Hi) (Xk = Rijk-1) | + Cov[Ki vi]

(1 - Ki Hi) Cov[Xk - Rik-1] (1 - Kic He) T + Kk Cov [vic] K
(1 = Ki H) Pik-1 (1 = K Hi) T+ Kic R Kk

n 20k o] 5 Ky =
Zk AH = A A5 olg] (minimum mean - square error, MMSE) 74
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Pk = (1= Kic Hi)) Pijien (1= Kic Hi) T+ Kie Ric Ki

= Py k-1 - Kk Hk Pijko1 - Pigko1 HE KE + Ki Hi Piko1 HE K+ Ki Ric KE
= Pijk-1 = Ki Hk Picjk-1 = Pijk-1 HE KE + K (Hi Pijk-1 HE + Ric) KE

= Py k-1 - Kk Hk Pik-1 = Pijke1 HE KE + Ky Sk KE

I EYolas v EY A fFEA (W] E- 2 1] (calculus)) 7t 0L W] #4359

tr (Pek) = tr (Pijk-1 = Kk Hi Pijk-1 = Pii-1 HE K + Kk Sk KE)
= tr (Pxjk-1) - 2 tr (Ki He Pijke1) + tr (Ki Sk Kf)

8 tr (Pyk) 8 (tr (Pxjk-1) - 2 tr (Ki Hi Pijk-1) + tr (K Sk Kf))
o Ke 3 Ki
8 tr (Pkk-1) -2 tr (Kg Hk Pkjk-1) + @ tr (Kg Sk Kf)
o Kk
0 tr (Pyjk-1) 5 8 tr (Ky Hk Pkjk-1) 0 tr (Kk Sk K{)

o Kk o Kk ¥ o Kk
5 o tr (K Hk Pk|k-1) .\ o tr (Kg Sk KI)
0 Kk d Kk
-2 (Hk Pijk-1) T + 2 Kic Sk

atr (AC)
dA

atr (ABAT)
dA

=CT

o tr (Pxk)

-2 (Hk Piike1) T +2Ke Sk = 0
5 Ke (Hk Pkjk-1) " + k Sk

rr
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Kk Sk = (Hk Pkjk-1) T = Pijk-1 HE
Kk = Pklk—l H-lk— Slzl

24 ) 2%k o] Soleh Heli,0] o5& MMSE #4 & AL ul 4HEH = gt

2k o] So] 1o A o] Zo] Wl H A 9] ghat B ) T o ¢ FRAS
HSE 5 AR AL 98 TS ALE

Kk Sk KIl = Pijk-1 HE KE

Pk = Pkk-1 - Kk Hk Pik-1 - Pik-1 HE K§ + Ki Sk KE
= Pijk-1 = Kk Hk Pijk-1 = Pijk-1 HE KE + Piji-1 HE KE
= Pijk-1 - Kk Hk Pkjk-1

(1 - Kk Hk) Pkjk-1

o B A4 ol A AC] G A AL A AR ] o] Sel
Chebel 245 bl 20 o) o] s A4 88RO el a4 A

EKF - Extended Kalman Filter

Xk = F (Xko1, Uk-1) + Wit
Zk = h (Xk) + vk

T, hvld 7hs et g

= Predict

&5 B - Rjker = F (Reeajken, Uk)

A5H FH T2 1 Pkt = Fer Peetjker Fror + Quer

= Update

i EL2 FA YA - 9 =z - h (Rejk-1)

YA EL A FEA - Sk = He Pgker HE + Ry

HA 2% AA (Kalman gain) : K = Pxjkr HE Sit

Aol E" FEl 34 o Rk = Repker + Ke 9

Qo] EFFA T2 - Pk = (1 - Kk Hi) Pijke1
- el ol s B sjER A Azu| ekl wet 4

of
Fi-1 = a Rk-11k-1» Uk
éh
Hic = x  |Re-1ika

EKF_SLAM

EKF_SLAM (Xk-1, Pk-1, Uk, Zk, Nk-1)

Nk = Nk-1
1000 ...0
X=[o 100 . o]
0010 0
-it- Sin[Xk-1,6] + %k- SiN[Xk-1,e + Wk At]
Rkik-1 = Xie1 ko1 + Ix" 2 COS[Xk-1,0] = 2 COS[Xk-1,0 + Wk At]
Wk At
00 %‘;— Cos[Xk-1,e] - %ﬁ- COS[Xk-1,e + Wk AT]
Fk=1+J3"|0 O Z—: Sin[Xk-1,6] - Z—t SiN[Xk-1,e + Wk At] Jx
00 0

Qx-1 = JIx" Suk JIx
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Pijk-1 = Fk Pro1jk-1 Fk™ + Ix" Suk JIx
og 0 O

Rk = [ 0 Or 0 ]
0 0 o

for all observed features z, ' = (di', ri', sk¥)"do

Rieal,x Ric.x Cos[rk' + Rk.e]
XNt+1,y = Xk,y + di! Sin[rki +Xk,9]
Riest,s sk 0

forh=1toN¢+1do

Piik-1 = Fi Pe1k-1 FR + Qu-1

b = (5h,>< ) ) [Xh,x 'Xklk—l,x]

Oh.y Rn,y = Rjk-1,y
Oh = 6h" 6n

Van

h
2 = | atan2 (6n,y, 6h,x) - Xk|k-1,0

Xk|k—1,s

1 0 0O 0O 0 O0O0O0 . 0

0100 0O 0 O0O0O0 . 0
3 _ 0010 0O 0 O0O0O 0 . 0
*xh=1o0 000 01000 -0

0 00O oOo0100..0

0 00O oOoo0010 ..0

1 [Vdnh éhx -Van Sh,y O -Vdnh 6h,x V0n 6n,y O
Hkh=ah— Sh,y Sh,x -1 -8h,y -6h,x 0 | Ix.h

0 0 0 0 0 1

h h
2 = H" R k-1

h ; ; h
Ve = zk' - H" Ko = 2t - 2

Sh = Hk" Pjker (HK™) ™+ Rk
= (9T (S gy
endfor
TN+l = @

J (1) =argmin[r]
h
Nik = MaxX[Nkjk-1, § (1)]
Ki = Picjiea (Hid )™ (S5 iy) ~*
9 J 1) 2702 d®
Rtk = Rijke1 + Kie! ij ™
Pujk = (1 - K" Hid ) Pyjies
endfor

Xkik = Ri|k
Pkik = Pkjk

Derivations

-Z—t Sin[e] + Z—: Sin[e + &k At]

X

y] +| % Cos[e] - & Cos[e + ik At]
Dk Dk
ok At

(vk)= (Vk)+(e(allvk|+a2|wk|)2] ) (vk

o o) +N (0. M)

2
€ (az | Vk | +aa | wk |)

X
Xk = [Y'J =T (Uk, Xk-1) +N (0, M) =
0"

V| H V) H
-ﬁ Sin[e] + ﬁ Sin[e + wx At]

X
y] + %E-Cos[e] - %;—COS[6+kat] +N (0, My)
e

wk AT

T (Uk, Xk-1) = 0 (Uk, Xko1) + Fre (Xke1 = Xk-1)
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ox" ox" ax”
OXk-1,x OXk-1,y OXk-1,6
Fu - oF (uk - Xk-1) _ ay” ay” ay”
k = 0Xk_1 - OXk-1,x OXk-1,y OXk-1,6
oe" 06" oe"
OXk-1,x OXk-1,y 0Xk-1,6
10 Z—t (-COS[Xk-1,6] + COS[Xk-1,6 + wk AL])
Fk=]0 1 %E- (-SiN[Xk-1,6] + SEIN[Xk-1,6 + Wk AL])
00 1
2
M (az | Vi | +a2 | wk |) 0
k =
2
0 (a3 | Vk | +aa | wk |)
oxr  oxT Sin[e]+Sin[6+wk At] Vi (Sin[e]-Sin[e+wy At]) Vi COS [0+wy At] At
AVk Owk - WK w2 + w2
of (Uk, Xk-1) ay"  oy" ]
Vk = = = = = Cos[e]-Cos[6+wx At] _ Vk (Cos[e]-Cos[e+wk AL]) . Vi Sin[6+wi At] At
3 U Vi Bwi P w2 w?
96" 50"
Ovk Owk 0 AT
i 2 2
(] N (Mix=X)2+ (Mj,y - )
r_ i = M =
Zx = r-k_ =h (X, §J, m) = atan2 (mj.y -y, Mj,x-X) -6 +N (0, Q)
1
Sk Mj.s
ady ! ady | ad, ! S s
) K Ky Ko _omix=Xkox o MiLy-Xk,y 0
= X X X = i,y 2k,y i .x =Kk, x -1
an k.ix k.iy k.ie q a
Sk dSK 9Sk
Xk, x OXk,y Xk,e 0 0 0
o2 O 0
&= 0 o2 0
0 0 o052

EKF myslam

Kinematic Model (AAZ& 9] o] &)
Predict_Process (7M}E2 & 93] o] %)

1z ¥

Observe (AAZET H|EZE £X)
(AAZYE 7|F 02 7187} 20 o3¢l H|E% 2R & 7|F 024 A4, 2=, IDreturn)

ERPHE F Ny
SAEHZ T

Update_Associati

=24 closest Landmar

Z¥ Landmark H

on (39 Landmarkst A4
kE37} AAE Landmark $ 8] i

Find _Nearest Landmark

(ZA3 9 v Z0] 714 91X 9 A Landmark$}t A 87} 747-¢ Landmark A4 closest LandmarkE return)

Chi - Square Test (53 ¥ closest Landmark &< queue A %)
Queue 9| AZAH = FA-L 7S Landmark & 713
Update_Association (7% Landmark? g4

7hsd ol

© 9 Landmark &7}

Add_Landmark (5H8 ¥Z A, 4%, ID)
Update_Association (A€ v &% 94

AAER, 7HEER 94 27

AAZ R AESE v A2A FA
Covariance (7323, 713 HE) ¥4

Landmark E¥A]

Algorithm

dt=1/Hz

dF C(_)s[rs] 0
d—-:Ju:dt* Sin[re] O

u 0 1

dE 1 0 -dtxu;Sin[e]
— =Fg = (0 1 dt=xu;Cos[e] ]
dx 00 1

= Kinematic_Model (2 A 2 &

u Xk=Fka_l+BkUk+Wk

1 0 -dt=*ugist*Sin

912 o %)

[Kel

Fk=10 1 dt=ugist*Cos[ke]

00 1
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Xry
Xr = [Xry ]

Xre

CoS[Xre] + Xrg Sin[Xrg] O
Bk = dt« | SIN[Xrg] - Xrg COS[Xre] 0]
0 1
Udist
U= ( Urad )

Random = (Rd; Rdz Rdz)

Cos[Xrg] O
Ju=dt*[Sin[Xr9] O]
0 1

( Wdist )
W =
Wrad

Wi = Random % Ju » w

Xy = Fr Xp_1 + By ug + Wy

[1 0 -dt*Uugist * SIN[Xrg] Wd't)
1S

0 1 dtxugist*CoS[Xre] w
rad

Xry CosS[Xre] + Xrg Sin[Xreg] O Cos[Xrg] O
* { ] +dt [ J (
00 1

Xry SiN[Xre] - Xre Cos[Xre] O | * ( ltdis") +dt+ (Rd; Rdy Rds) # [Sin[Xre] 0
Xro rad 0 1

0] 1

Ugist COS[To]
Xr = Xr + dt % | Ugist SIN[re]
Urad

+dt | Rd2 Wyise SIN[re]

Rd; Waist COS[Fe] ]
Rd3 Wrad

= Predict_Process (712 % 9% o]%&)
Rijk-1 = Fi Ri1 k1 + B Uk

Pkik-1 = Fi Pro1jie1 FE + Qeen

m Riko1 = Fr Xko1jke1 + Bk Uk
XKy
[Xky J
XKe
L1y
(1))

L2y
()

1 0 -dt=ugist*Sin[Ke]
Fk = 0 1 dt* Udist*cos[ke] J
0O 1

Cos[Xre] + Xrg Sin[Xre] O

Bk = dt* | SIN[Xrg] - Xrg COS[Xre] O]
0 1
Udist

Uk = ( Urad )

1 0 -dt=ugist*Sin[ke] Xk CosS[Xreg] + Xrg Sin[Xrg] O Uis
Rijko1 = [o 1 dt*uUgise *Cos[ke]l || Xky | +dt* [Sin[Xre] - Xro Cos[Xre] O *( ud'st)

00 1 XKe 0 1 rad

XKy XKy Udist Cos[Ke]
[Xky] = Xky] +dt*[udist3in[ke] ]
Xke ng Urad

m Pyik-1 = Fi Peeajker PR+ Qeer

Pi,1 P12 P13
[PZ,l P22 P23 ]
P3,1 P32 P33
Py = :
P3+2 (N-1)+1,3+2 (N-1)+1  P3+2 (N-1)+1,3+2 (N-1)+2
( P3+2 (N-1)+2,3+2 (N-1)+1  P3+2 (N-1)+2,3+2 (N-1) +2 )
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0.1 O 0 o o O O O o o
0 0.1 0 o o O O O o o
II
0 0 15 T O o O o m] 0o o
o o 106 ¢ o O O o o
Py = O o o o 108 o o O O
O o o o o 10° o ] oo
O O o O O o 108 O O O
O o o 0o o O O . mE
O o o O O o o O 108 ¢
O O O O O o o O o 108
1 0 -dt=ugist*Sin[Ke]
Fi=]0 1 dt=ugist*Cos[kel]
00 1
Pk o o oo oo ooao
Pl;,n=| o Py 0 0o oo oo oo
o o Pe oo ooo oo
o o o Py O O o o O O
O o o o P|_1y O o O O O
O o o o o P, o o O O
P2,3n,=|0 O O O ] o Pp o0 O o
O o o o O ] o - O ]
O oo o ] o o 0O P, O
O o o o O ] o o o Py
AUX Fk *P1 AUXlgxg AUXZan,g
= ( p2 ) - (AUX3,1,3X3 AUX4,1,3xn,3 )

( Auxl x F,T Aux2 ]
Ta =

Aux3 x F,T Aux4

Qk-1 = JuxSu*Ju”

Cos[ks] O
Ju=dt*[Sin[k9] O]
0 1
SU= 1w < (Wdist2 0 )
0 Wrad?

T JuxSu*xJu”™ Zeross.,.3
87\ zeros, s.s  Zeros, s s

Pk =Ta+Tg

Pk = F * P * Fm + Ju % Su = Ju”

= Observe (A A 223 H|ZE 54)

SMyist )

Sm = ( Smrad

2 - (Zdist ) - V(b - Xr) 2+ (by -Xry) % |, mandom « (Smdist)
Zrad ArcTan[by - Xry, by - Xry] - re SMrad

24 = (Zdist) i} [ \/ (b - Xrx)? + (by - Xry)?2 +Rd; * Smgist ]

Zrad ArcTan[by - Xrx, by - Xry] - re + Rdz * SMyaq

Zn = big

m Find_Nearest_Landmark

dist = \/ (XKx + Zdist * COS[Zrad + XKe] - LNy) % + (XKy + Zdist * SIN[Zrag + XKe] - LNy) ?
closest = dist < min_dist

m chi-square test

q=9"*Stx9y
gl =q+ Log[Det[S]]
Min[gl]



100826_KalmanFilter.nb

= Add_Landmark (53 ¥ H|Z A#, 45,8 Z9)

Xk =

L2y
(2
XKy + Zgist * COS[Zraq + XKg 1]
( Xky + Zdist * SIN[Zrad + XKg ]

0.1 O 0 o
0 0.1 0 o
I

0 O 15*1—80— O
o o 108

O o o O

O o o O

O o o O
00O 0
00O 0

O o o O

O o o O

» Update_Association (3] 3 ¥ &5+

9k = Zk - Hi Rijk-1

Sk = Hk Pijk-1 HE + Rk

Kk = Pk|k—l HE Sf(l

Ricjk = Rijke1 + Ki 9y

Pkik =

(1 - Kg Hk) Pijk-1

m 9, = Zk - Hi Xkjke1

=

Zdist

Zrad )

D- (dx) i} (ka-Lnx)

dy

XKy - Lny

d =D"D = dx? + dy?

Hi =

Ri =

dx dy —dx
& X 0000 &
-dy dx dy
< o 09000
XKy
{XKy]
st
L1y
(1))
L2,
(L))

-
(iny)

)

|
Q.
é|~<

-dx

0 0
0 0

oo oo

OO OO OO0OOo

O o

OO OO

o o

OO OO
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dx
Hka:ﬁd—:oooo
=¥ & 0000

= | Vvd

(Xkx-Lny) 2+ (Xky-Lny) 2

— V dx2+dy?

| |
joX [=N Q
& 3l

X (Xky - LNny) + % (Xky - Lny) J

D (Xky + L) + L (-XKky + Lny)

(Xky-Lny) (-XKx+Lny) + (XKx-Lny) (-XKy+Lny)

d

Vdx? + dy? ]

= _2 (Xkx-Lny) (Xky-Lny)
dx2+dy?

_[ d )
dx d
o &xdy

H rad

(Hdist) =[ Vd

Zdi
9 = Zk - Hk Rijk-1 = ( Zr':;) - (
Zgist - Haist
9 = ( Zrad - Hrad )

u Sk = Hk Pk|k-1 H1k— + Rk

R = I Sm? = (Sm‘““z 0 )

0] Smrad2

S = Hk * Py * H™ + R
[ x &% 0 0000

vd o «d

-dy dx
X & 10000

0.1 O 0
0O 0.1 0
I

oo oo oo
oo oo oo
OO0 oo oo

Sii S
(57 o)

o o
O o
0o 4
—_——

ArcTan[dy, dx] - Xke]

Vd

_2 dx dy

oo oo oo

)

00
00

0O
0O

oo oo

oo oo

Xkx
XKy
Xke

LNy
Lny

OO OO OO0OO0o

OO OO OO0OOo

06

[

[

oo O o

O o

oo O o

[}
X

oooooél&é‘

I
(o}
X

o o2l d]

I
© O OoO0o

Q.
% ol

OOQI

SMgist?
0

Smrad2
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m Ky = Pjko1 HE Sit

Kk = P % H "% S

dx

0.1 O 0 O O 0o o 00 O o va
0 0.1 0 0o o 0o o 00 oo Ay
0 0 151 o o o o 00 o VOE
o o 106 o o o 0O oo 0

o o o o 108 0o o 00 o o 0

= o o o O o 108 o 00 O O 0
o o o o o o 106 00 o o 0

-d

000 00 00 10° 0)o0ol||7

0 0O 00 00 0 108 00 -dy

O o O o o 0o o 00 va

0

O o O o o 0o o 00 0

Ki,1 K12
K2,1 K22

® Pk = (I - Kg He) Pijk-1
Pk = (1 = K Hk) Pk = Pi = Kk Hi Pk = Pk = K # S % KT
= (NxN) - (Nx2) * (2x2) * (2xN)
m Riik = Riejke1 + Kk 9k

Xk = X + Ki * 9

Ki,1 Ki,2
[kx] K2,1 K22

L1 : :
(Lly) Z4 - Hg
= L2 o : (zr—Hr)
ry
Kx + Zqg * COoS[Zr + Kg]
(kx+2d*Sin[Z,—+k9] )

s
<

Q_I

|¢g occoco L ot

Q Qf
X

OOO-|

S2,2

-51,252,1+51,1 52,2

S2,1

S1,2

T 81.252,1+51,1 52,2

S1,1

T TS1,252,1+51,1 52,2

-S51,252,1+51,1 52,2

Covariance

ol

n FEA - AT EA
Cov[X, Y] =E[(X-E[X]) (Y-E[Y])]
Cov[X, Y] = E[XY] - E[X] E[Y]
Cov[X, Y] = E[(X-E[X]) (Y-E[Y])T]
Cov[X, Y] = E[XY'] -E[X] E[Y]T

Cov[X, 0] =0

Cov[X, X] = Var([X]

Cov[X, Y] =CovI[Y, X]

Cov[aX, bY] =abCov[X, Y]

Cov[X+a, Y+b] =Cov[X, Y]

Cov[aX + bY, cW+dV] =acCov[X, W] +ad CovI[X, V] +bcCov[Y, W] +bd CovI[Y, V]

CovXi, Xj1 =EL[(Xi -E[Xi]) (Xj -E[X1)] = E[Xi X;1 - E[X5] - E[Xj]
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Zij =Cov[Xi, X1 =E[(Xi -E[Xi]) (Xj -E[Xj1)] =EL G - i) (X5 -uj)]

EL (X1 -u1) (X1 -p1)]

Z . E[ (X2 -u2) (X1 -u1)]

EL (Xn = un) (Xn-un)]

D1 =EL(X-E[X]) (X-E[X1)T]
o? =Var[X] = E[(X-E[X])?] =

EL (X1 - 1) (X2 -p2)]
EL (X2 - u2) (X2 -p2)]

.

EL(Xn = un) (Xn-n)]

EL(X-u)?]

Var[X] = Cov[X] =E[(X-E[X]) (X-E[X])T]

CovIX, Y1 =E[(X-u) (Y-¥)T]
DL =EL(X-E[X]) (X-E[X])7]
D, =EDXT] -yt

Var[AX + a] = AVar[X] AT
Cov[X, Y] =CovI[Y, X]

» M= E[X]

Cov[X1 + X2, Y] =CoVv[X1, Y] + Cov[X2, Y]

Var[X + Y] = Var[X] + Cov[X, Y] +Cov[Y, X] +Var[Y]

Cov[AX, B"Y] =ACov[X, Y] B

X, X1, X2 - px1vector
Y : qx1vector
a:gx1vector

A, B: gxpmatrices

CTZ = Cov[C" X, X]
dTZc =Cov[d™ X, cT X]

Var[b™X] =b™Var[x] b

E[ (X1 -u1) (Xn-tn)]
E[ (X2 - u2) (Xn-tn)]

EL (Xn = #n) (Xn-1n)]

Matrix, Derivative, det, tr

a b d __ b
Inverse[(C d )] = [ -bevad -bevad ]
" Tbcrad -bc+ad
— Se2 0 ___ Su2
S1,1 S1,2 -51,252,1+51,1 52,2 -S1,252,1+451,1 52,2
Inverse| ] =
S2,1 S22 _ S2,1
-$1,252,1+51,1 S2,2 -$1,252,1+51,1 52,2
ab
Det[(c d)] =-bc+ad

e[ (2 3)]=a+d

Si1 S
Det[S] = Det[(si:i S;i )] -
chol [A] =R

RTR = A

-51,252,1+S51,152,2

= The product of the eigenvalues is equal to the determinant of A

N

det[A] = ﬂx?i

i=1

= The sum of the eigenvalues is equal to the trace of A

N
tr[A] = Zni Aj
i=1

m Vector calculus

The tangent vector toacurvex : R » R"

ax1
X ot
ot oxn

ot
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The gradient of ascalar function f: R" - R

OF (e .. oor
aX - X1 AXn

The directional derivativeof Fin thedirectionofyv is then

Wwf=—vVv
v X

The pushforward of differential of a function f : R" - R" is descrived by the Jacobian matrix

of o Om
OX | oty .. om
X1 Xm

The pushforward along f of avector v inR"

of

m Matrix calculus

The tangent vector ofacurveF :R - M (n, m)

oF1 1 OF1.m
aF ot ot
ot OFn 1 OFn.m
at at

The gradient of ascalar functionf:M (n, m) - R

of of

of OX'1,1 OX.l,m
oX of of
OXn,1 0Xn,m

of
v = tr[a—x Y]

F:M(n, m >M(p, q)

oF oF
0X1,1 0X1,
oF . "
oX aF oF
OXn,1 Xn,m

oF
dF (Y) = tr (_ Y)
aX

oF1 1 OF1.m
aF B'X B.X
oX OFn 1 OFn.m
X tTeX
oF . oF
0X1,1 oX1,
oF . U
oxX aF . aF
OXn,1 0Xn,m

Jacobian matrix

8 vec F (X)
DF (X) = —M8M8M —
o (vecX)T
m Chain rule
[ A oz oY
aX a8y aXx
m Product rule
3 (YZ) aY 8z
ax ax 7' ax

m Derivative of linear functions

éa’ x ox"a

oX oX
O AX axT A

ox ox

aT
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m Derivative of quadratic functions

axT Ax
=X" (AT+A) =xTAT+ XTA
ax
8 (AX+b)TC (Dx +e)
= (Dx+e)TCTA+ (Ax+b)TCD
oX

| x-alj (x-a)T

ax T I x-a|

m Derivative of matrix traces

otr (AC)
8A

otr (AXB) _ otr (BT XT AT) e
aX aX

atr (ABAT)
oA

atr (AXBXTC)

aXx

=CT

=2 AB

=BXTCA+BTXTATCT

m Derivative of matrix determinant

édet X

=adj X =detX - X!
aX

Jacobian matrix

F:R"R"
Sy, M
(241 OXn

J= . .
OYm . Oym
X1 ‘ AXn

o (yl’ A Ym)

Je (X1, +++, Xn) and
Fba ") AN S s e )

F(X) =F(p) +Jr (p) (X-pP) +0 (| X-p])

m exl
X1 = r Sin[e] Cos[¢]
X2 = r Sin[e] Sin[¢]
X3 = r Cos[O]
o oa o
ar % 3¢ Sin[e] Cos[¢]
Je (r, 0, ¢) = % %2 % = | Sin[e] Sin[¢]
X3 o3 oxa Cos[e]
ar EL) ¢
m ex2
X = r Cos[¢]
= = Cos[¢] r Sin[¢]
_ ar 1) _ -
Je (r, @) = [iy_ oy ] - (Sin[¢] r Cos[¢] )
ar 1)
jjdlxd]y:jjrdlrdl«b
A B
= ex3
F:R">R"
Y1 =F1 (X1, -5 Xp)
Ym = Fn (X1, +++, Xn)
o,
X1 BAXn
JE (X1, +++5 Xn) = : :
Yn i nm
OX1 * OXn
m cholesky factorization

R = chol (A) "
R*xR" = A

r Cos[e] Cos[¢]
r Cos[e] Sin[¢]
-rSin[e]

-rSin[e] Sin[¢]
r Sin[e] Cos[¢]
0
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R = chol (A)
R**R=A

Ex.

Ricjk-1 = Fi Rie1k-1 + Bic Ui + Wi

Xk
X = (Xk)
X 1 kARG A 9] 9K
%2 KA Y &=
ac: JAE AR s
e £ 3

dt?
Xk = Xk-1 + Xk-1 dt + ax T

XK = Xk-1 + ax dt

Xk = F Xkop + Wi

Wk = B ag
1 dt
F=(o 1)
dt?
B=[_2'
dt

Q=Cov[Bax] =E[(Ba) (Ba)"] =BE[a?]B" =B [02]B" =02BB" = [

Zk = Hik Xk + Vi
H=(1 0)
R=E[Vk k] = [02]

fao= (3)
Poo = (5 1)

http://ko.wikipedia.org/wiki/%EC%B9%BC%EB%A7%8C_%ED%95%84%ED %84 %B0

det

dtd



