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Kalman Filter
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Innovation or measurementresidual

A& GA S AA SAZY 23F 1 9, = zk - He Rkt
Innovation (or residual) covariance

& A 9 AA| ZAZEY 0 2F FEAF 1 Sy = Hi Piji-1 HE + R
Optimal Kalman gain

A 2 A (Kalman gain) - Ky = Pyk_1 HE St

Updated (aposteriori) state estimate

AEA FH BA 0 R = Rigeer + Ki 9

Updated (aposteriori) estimate covariance

AGH FETBA Pk = (1 - K Hi) Piier

m B3 Invariants

Edlo] F&staL, Koo 9 Pojo w0l A 2HstAl 271 B gkl e wkdd

E[Xk—xk”(] = E[Xk-Xk|k_1] =0
E[9x]1 =0

o714 E[Q€ ¢9) 7lelghol i, 384k =g 2= A atats) F4) ¥

Pk|k = COV[Xk - Xk|k]
Pkik-1 = COV[Xk - Xk|k—1]
Sk = Cov[9i]

Derivations

. 9H FRA IS =

Pkik-1 = COV[Xk - Xk|k—1]

= Cov|[ (Fk Xk-1 + Bi Uk + Wi) - (Fic Ri-1 k-1 + Bi Uk) |
= Cov[Fk (Xk-1 - Rkcajke1) + W]

= Fy COV[Xk_l - Xk-1|k-1] Fr + Cov [wk]

= Fk Pic1jke1 FE + Quer

Var[AX +a] = AVar[X] AT

n oS A9 AA S 22 T EA =

Sk = Cov[¥y]

= Cov[ (zk - Hk Xk|k_1) ]

= Cov[Hk Xk + Vi - Hik Rijk-1]

= Cov[Hk (Xk - Rkjk-1) + Vk]

= Hi Cov [ Xk - Rik-1] HE + Cov[vk]
= Hi Pijk-1 HE + Rk
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m T8 =2 JEA(posterior estimate covariance) matrix =

Pk|k = COV[Xk - Xk|k]

= Cov [ Xk - (Rijk-1 + Kk k) ]
= COV[Xk - (Xk|k-1 + Kg (Zk - Hk Xk|k—l) ) ]

= COV[Xk - (Xk|k-1 + Kg (Hk Xk + Vk - Hk Xk|k—l) ) ]
= COV[ (Xk - Xk|k-1) - Kk Hk (Xk - Xk|k-1) - Kk Vk]

= Cov[ (1 - KiHi) (Xi - Rijk-1) - K V]
= COV[ (1 - Kg Hk) (Xk - Xk|k-1) ] + Cov [Kk vk]

(1 - Kk Hi) Pijier (1 - K Hi) T+ Ky Rie KE

Xk - Rk |k

el Aol 7l thgk A 2skehe A RET

ol A

I EFolas v EY A FEA (v EY 2 v E(calculus)) 7t 0d W) 43} ¥

rlo

o

E[ (X - Ruie) ]

Pk = (1 = Kic Hk) Pii-r (1 = Ki Hi) T+ Kic Ric Kk
= Pijk-1 - Kk Hi Pijk-1 = Pjk-1 HE K-lk— + Ky Hi Py k-1 HI K-kr + Kk Rk KE

W2 R EY 2P, o] Edol2 (o)

(1 - Ki Hk) Cov[Xk - Rik-1] (1 - Kk He) T+ Kk Cov [vic] K

ot

= Pik-1 = Ki H Piji-1 = Picjke1 Hi K + Kie (Hic Picji-1 Hi + Ric) K&

= Py k-1 - Kk Hk Pik-1 - Pijko1 HE K§ + Ki S KE

= tr (Pkk-1) - 2 tr (Kg Hk Pkjk-1) + tr (Kg Sk KE)

o tr (Pk|k)

tr (Pek) = tr (Pijk-1 - Kk Hi Pjk-1 = Pii-1 HE K + Kic Sk KE)

8 (tr (Pyjk-1) - 2 tr (Ki Hi Pijk-1) + Er (Ki Sk Kf))

m

otr (AC)

otr (ABAT)

o Kk B 9 Kk

0 tr (Pxjk-1) - 20 tr (Kg Hk Pkjk-1) + 8 tr (Ki Sk Kf)

8 Kk
0 tr (Pyk-1) 0 tr (K Hk Pikjk-1)

o tr (Kk Sk KI)

9 Kg 9 Kk
2 0 tr (Kx Hk Pkjk-1) . o tr (Kg Sk KE)
0 Ky o Ky
-2 (Hk Pijk-1) T+ 2 K Sk

=CT
0A

=2 AB
oA

8 Kk
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0 tr (Pxk)

= -2 (He Prik-1) T+ 2K S = 0
5 Ke (Hk Pkjk-1) " + k Sk

Kk Sk = (Hk Pkjk-1) " = Pijk-1 HE
Kk = Pk|k-1 HE Sf(l

70k o] So] $lo) 4] o] o] Wl HH o] g3} B2 W) FH ol FEALS
= Axa] el 24 A

OB
My r
ot
]
N
X0
1

Sk K & Z% A 2] 9] 4& BT F38hA
Ki Sk KE = Pijk-1 HE K&

Piik = Pkk-1 - Kk Hk Pik-1 = Pijk-1 HE KE + Ky Sk KE
= Pik-1 = Kk Hk Piji-1 = Picjk-1 Hi KE + Piji-1 HE KR
= Pkjk-1 - Kk Hk Px k-1

(1 - K He) Pijk-1

o] B A%k o] A Ae] G AAo] AL AR A A ] o] So) A $& Wolrh.ef
FARA BAZ oplshe Ao tie GFo] HATe erhd, Aol ofd Aw o]So] we|w
AL ETH o] Bheah IS A 94E 5 Qeh Sl A o] ol Wl T3 ol el FEAF T4 ALg ok Fe}

EKF - Extended Kalman Filter

Xk = F (Xko1, Uko1) + Wit
Zx = h (Xk) + vk

T, hvlE 7hs et g

m Predict

&8 B - Rjker = F (Rieajker, Uk)

A5d F4 FEA 1 Pkt = Frer Preajier Fiog + Qeer
= Update

4 L2 FA YA - 9 =z - h (Rejk-1)

Al ‘—5;"10: ‘7_|:';g FEAL: Sk = Hk Pk|k—l H-kr + Rk

= Zak A (Kalman gain) : Ky = Pk-1 HL Sit

Aol E" Al 37 & Rk = Rijke1 + K 9k
Qo] EFFA T2 - Pk = (1 - Kk Hi) Pijke1
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« Ae) @09} B fEY AL A 3H| gk w1} o)

of
Fi-1 = x| Retjkersuk
éh
Hic = g; Ric-11Kk-1

EKF SLAM

EKF_SLAM (Xk-15 Pk-1, Uk, Zk, Nk-1)
Nk = Nk-1
1 000 0
JX=[O 100 - o]
0010 0

_%;- Sin[Xk-1,6] + - SiN[Xk_1,e + Wk AT]

Wk

Ricjk-1 = Xie1 k-1 + IxT ‘{:—t Cos[Xk-1,e] - Z—: CoS[Xk-1,0 + Wk At]

wk At

0 o0 "—: Cos[Xk-1,e] - Z—t COS[Xk-1,0 + Wk At]
Fk=1+J3"|0 O V—: Sin[Xk-1.e] - Z—E Sin[Xk.1,e + Wk AT] | Jx
0o 0

Qk-1 = JIx" Suk JIx

Prik-1 = Fk Pk-1jk-1 Fi™ + Ix" Sug Jx
og 0 O

Rk = [ 0O o O ]
0 0 os

for all observed features z, ' = (di', ri', sk¥)"do

Rie+1,x Ri.x COS[Fki + Xk,e]
XNt+1,y = Xk,y +di! Sin[rki +Xk,9]
Rgat,s sk 0

forh=1toN¢+1do

Piik-1 = Fi Pk1k-1 F + Qu-1

b = (5h,>< ) ) (Xh,x - Xklk—l,x)

Sh.y Rn,y = Rijk-1,y

Oh = 6n" 6n
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Var
h
2 = | atan2 (8n,y, 6h,x) - Rk|k-1,0
Xk|k—1,s
1 000 0 0O0O0OOS..DO0
0100 0 0O0O0OOS..O0
3 _ 0010 0O 0O0O0OQ 0. 0
*xh=1o0 000 01000 .0
00O00O0 00100 . 0
0 00O 00010 . 0
1 '\/q_héh,x ‘méh.y 0 -W Sh,x méh,y 0
Hkh=q_h Sh,y 8h,x -1 -Sh.,y =6nx 0| Jdxn
0 0 0 0 0 1

h
2k = H" Ri ks

h ; h ; h
Ik = zk" - H" Riper =z - 2«

Sh = Hk" Pkjko1 (H™) ™+ Rk
7= ()T (Sn) T 9"
endfor
TN+l = @

J@y)= al’ghmin[ﬂh]

Nk |k

= Max[Nijk-1, J (1) ]

K" = Piji-r (Hid )7 (S5 iy) 8

i (i) i j (i)
9kJ = ZkI _ sz

Rirk = Rije + K ij ®
Prik = (1 = K" Hid ) Pyjpeq
endfor
Xk = Rk |k
Pkik = Pkjk
Derivations
Uk = % = ~
<" % -@—kSm[e] +E8|n[e+kat]
[V'J = yJ +| X Cos[e] - X Cos[e + ik At]
6" ) @K K
oK At
Uk Vk € (ay | Vi | +a2 | wk |)? Vk
(‘]=(w)+[ 2]=(w)+N(O’Mk)
Wk k € (ag | Vk | +aa | wk |) k
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Xk=|Y"|=F (Uk, Xk-1) +N (O, My) =

e

X

y
e

T (Uk, Xk-1) = 0 (Uk, Xee1) + Fr (Xk-1 = Xk-1)

V|

-%E- sin[e] + ﬁ Sin[e + wx At]

V| V|
+ ﬁ Cos[e] - ﬁ Cos[6 + wk At]

wk AT

+N (0, My)

ax” ox" ax"
OXk-1,x OXk-1,y OXk-1,6
of (Uk - Xk—l) ay " ay " ay”
k = — T | oX- Xk Xk
0 XK1 k-1,x k-1,y K-1,0
96" 96" 90"
OXk-1,x OXk-1,y OXk-1,6
1 0 & (-CoS[Xk-1,6] + COS[Xk-1,6 + Wi AL])
Fk=(0 1 ‘;—‘; (-SiN[Xk.1,6] + SIN[Xk_1,0 + Wk AL])
00 1
2 0
M (a1 | Vi | +az | wk |)
k =
2
0 (az | Vi | +aa | wk |)
oxT ext Sin[e]+Sin[6+wy At] Vi (Sin[e]-Sin[e+wk At]) Vi Cos[0+wk At] At
aVk  Ouwk - ™ o2 + o2
oFf (uk, Xk-1) ay"  oy" ]
Vk = = _ = = Cos[e]-Cos[6+wk At] Y (Cos[e]-Cos[6+wk AL]) + Vi Sin[e+wk At] At
AUk Vi duk Wi w2 w2
06" 06"
VK Buwk 0 At
i 2 2
) dk_ '\/(mj,x'x) + (Mj,y -Y)
i_ il - i -
Zx = I'-k_ =h (X, 3> M) = | gtan2 (Mj,y =Y, Mjx=-X) -6 +N (0, Q)
i
Sk Mj,s
adki adki adki R o
- 9Xik,x XK,y oXk,e - D Xex My Xy 0
. oh (Xk, 3 m) ari i i Va Va
i g ork ork _ _
He' = ol B X 3 = mj,y-Xk,y M, x =Xk, x
O Xk . .y ; q q
ISk ISk ISk
oXik,x  OXk,y  Xk,e 0 0 0
0?2 O 0
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EKF myslam

Kinematic Model (AAZ& 9] o] &)
Predict_Process (7M}E2 & 93] o] %)
1z g
Observe (AA 243 B EE =A)
(AARYE 71ZFo02 A7t 200818 H|EZt 28 & 7o =24 A, 4%, ID return)
ESAE HE T AR
A4 v E F A% Landmark |
Update_Association (3|3 Landmark® $4h)
&7 4 closest LandmarkE 3 A€ Landmark ¢} H] 1L
Find _Nearest Landmark
(532 v o] 7Hd Aol A Landmark$}
A&7} 7ML Landmark 24 closest Landmarks return)
Chi - Square Test (54 % closest Landmark £& queue A %)
Queue ol AFH 7% &2 #S Landmark 2 743
Update_Association (7F3 ¥ Landmarkst 4
7F5A 0] glo9 Landmark 37}
Add_Landmark (533 ¥& A9, 4=, ID)
Update_Association (3% HZ% A4
AAZE, 7PIER $1X] 77
AAZED AZH v EN IZA BA
Covariance (7H323%, 7H3 v E) B4

Landmark A
Algorithm

dt=1/Hz

dF Cc_)s[rs] 0

—— =Ju=dt* | Sin[rg] O

du 0 1

_— 0 1 dt=xu;Cos[e]
dx 00 1

dE [1 0 —dt*ulsin[e]J
Fx =

= Kinematic_Model (2AIZ% $1A] °]%F)
B Xk = Fka_1+Bkuk+Wk

0 1 dt=ugist*Cos[kel]

1 0 -dt=*ugist*Sin[ke]
- [
00 1

Xry
Xy = [Xry ]

Xre
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Cos[Xre] + Xrg Sin[Xre] O
Bk =dt* | SIN[Xrg] - Xrg COS[Xrg] O]
0 1
Udist
Ui = ( Urad )

Random = (Rd; Rdz Rdz)

Cos[Xreg] O
Ju:dt*[Sin[er] 0]
0 1

_ ( Wdist )
Wrad

Wk = Random % Ju = w

Xr = Fk Xr-l + Bk Uk + Wk
1 0 -dt=ugist*SIn[Xre] Xry
= [O 1 dt=*ugist * COS[Xrg] ]*{Xry]+
0o 1 Xre
Cos[Xrg] + Xrg SIN[Xrg] O
dt {Sin[Xre] - Xrg Cos[Xrg] OJ (
0 1

Wdist )

Cos[Xrg] O
] ( Wrad

udiSt)+dt*(Rd1 Rd, Rds ) % |Sin[Xre] O
Urad 0 1

Udist COS[ro]

Xr=xr+dt*[udi5t8in[rs] +dt* | Rdo Wgist Sin[rg]

Rd; Wgist COS[re] ]
Rd3 Wrad

Urad

» Predict_Process (7M3EE 93] o] %)
Ricjk-1 = Fic Ri-1)k-1 + Bic Uk

Pik-1 = Fi Pro1jie1 FE + Qeen

m Riko1 = Fr Xko1jke1 + Bk Uk

Xkx
{ Xk, ]

XKe

L1y
()

L24
(z)

LNy
(Lny )
-dt * Ugist * Sin[Ke] J

10
Fe=]0 1 dt=ugist*Cos[kel]
00 1

Ric =

Bk =dt« | SIN[Xrg] - Xre COS[Xre] O

Cos[Xre] + Xrg Sin[Xre] O
0 1]
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10

( Udist )
Uk =
Urad

1 0 -dt=*ugist*Sin[kg]

Xk CosS[Xrg] + Xrg SINn[Xrg]
R k-1 = [O 1 dt=*ugist *Cos[ke] | * Xky] +dt* [Sin[Xre] - Xre Cos[Xrg]
0O 1 Xkeo 0
Xkx XKy Udist Cos[Ke]
[Xky] = Xky] +dt*[udist5in[k9] ]
XKe XKe Urad

m Pyiko1 = Fi Pie1jke1 FE+ Quer

P2,1 P22 P23

[Pl,l P1,2 P1,3]
P3,1 P32 P33

Pk =
P3+2 (N-1)+1,3+2 (N-1) +1  P3+2 (N-1) +1,3+2 (N-1)+2 )
P3+2 (N-1)+2,3+2 (N-1)+1  P3+2 (N-1)+2,3+2 (N-1) +2
0.1 O 0 0o o O O O m
0 0.1 0 0o o O O O m
II
0 0 15« T80 o o o O O 0o o
O O 106 ¢ o o O O
Py = o o o o 108 0O o o oo
O o o 0o o 106 o m m
O o o O O o 108 O o O
O o o o o O . o o
O o o o o O m] 106 o
o o o o o 0o o o o 108
1 0 -dt=ugist*Sin[ke]
Fk=10 1 dt=ugist*Cos[ke]
00 1
Pk o o oo oo oo ao
Pl;,n=| o Py 0 0o oo oo oo
0O o Pe ooooo oo
o o o Py, O O o O O O
O o o o P|_1y O o O O O
O o o o o P, 0o o O O
P2,3xn=|0 O O m] [u] m] P|_2y u] O O
O o o o O ] o - O ]
O o o o O O o o Pin, O
O o o o O O o o O P._ny
AUX ( Fk = P1 ) Auxls,s AUX23,_3 )
= P2 T VAUX3, 343 Aux4,_ 3403

( Auxl x F,T Aux2 ]
AT L Aux3*F™ Auxd

Qk-1 = Ju*Su*Ju”

0
0
1

Udist
Urad

)
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Cos[ke] O
Ju=dt*[Sin[ks] 0]
0 1

Su= 12 = (Wdist2 0 )
0 Wrag?

T ( JuxSu*xJu”™ ZerosSs.,.3 )
B =
Zeros,.s,3 Zerosn_zxn-3

Pc=Ta+Ts

Pk=Fk*Pk*FkT+JU*SU*JUT

m Observe (AAZE3 v 25 £7)

Sm = ( SMyist )

SMrad

i 2 2 .
Zk = ( Zdist ) = '\/ (bx - Xry)© + (by - Xry) + Random « Ssmdlst )
Zrad ArcTan[by - Xry, by - Xry] - re Mrad

Zdist) i} [ \/ (bx - Xryx)? + (by - Xry)2 +Rd1 * Smgist ]

Zk =
( Zrad ArcTan[by - Xrx, by - Xry] - re + Rdz * SMyag

Zn = big

m Find_Nearest_Landmark

dist = \/ (XKx + Zgist * COS[Zrad + XKe] - LNx) % + (XKy + Zdist * SIN[Zrad + XKe] - LNy)?
closest = dist < min_dist

m chi-square test

q=9"*ST*9,
ql =9+ Log[Det[S]]
Min[gl]

m Add_Landmark (A 8| Z A, 45,0 Z9)

Xkx
XKy
ng

L1y
(1))
L2x
(2)
XKy + Zgist * COS[Zrag + XKe]
( Xky + Zdist * SIN[Zraq + XKg] )

Xic =
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0.1 O
0 0.1
0 0
oo
o o
Pk = 0o o
oo
00
00
o o
oo

= Update_Association (3]% H]

9k = Zk - Hi Riqjk-1

o o

oo oo oo

Sk = Hk Pijk-1 H-Ik— + Rk

Kk = Pk|k-1 H-|£ S|'(1

Ricjk = Rijke1 + Ki 9y

Piik = (1 - Kk Hk) Pxjk-1

m 9, = Zk - Hi Rjk1

Zdist )

Zk = (
Zrad

D- (dx) i} (ka-Lnx)

dy
d = D7D = dx? + dy?
gx  dy g

He=| Vd Vd
& 0

Xky - Lny

0 0O
0 0O

oo oo oo

g

1
Q|Q<‘Q
< allx

| |
Q.Q.<‘CL
|X Q‘l<

0O
00

oo oo

OO OO OO0OOo

o o ]

O o OO

o O ]

O o O o
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XKy
[Xky
Xke
Hk Xk =
2 %0000 % & oof|
Nx
(Lny

dx
_ | Vd

d
(Xky = LNny) + TZ (Xky - Lny)
D (=Xky + L) + L (=XKky + Lny)

— V dx2+dy?
(Xky-Lny) (-XKx+Lny) + (XKx-Lnx) (-XKy+Lny)
d

(Xkx-Lny) 2+ (Xky-Lny) 2 J

Vdx? + dy? ]

= _2 (Xkx-Lny) (Xky-Lny)
dx2+dy?

_[ d )
dx d
o &y

( Haist ) _
Hrad ArcTan[dy, dx] - Xke

Zdist d
e () [ 5
- d
Zdist - Haist )
Zrad - Hrad

5o |

u Sk = Hk Pk|k-1 H1k— + Rk

SMgist? 0 )

Rk = I Sm? = (
5 0] Smrad2
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S = Hy % Px # Hc™ + R
x 4 9

_|ve e
-dy d
= T -1
0.1 0
0 0.1

O
O

oo oo oo
oo oo oo

dx -dy
Ya  da
dy dx
Ya  a
0 -1
0 0
0 0
0 0
0 0
-dx dy
va o d
-dy -dx
Ya  da
0 0
0 0
_ (51,1 S1,2 )
“\S21 Sop

0 00O
0 00O

O
—_—
m]

oo oo oo

( SMyist? 0
+

o0 oo OO0

0 SMrag?

0 0
0 0

oo oo

OO OO OO0OOo

O o ]

O O O O

O o ]

oo OO
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m Kg = Pk|k-1 H-IE SEJ‘

Kk = P % H "% S

0.1 O 0 o o O O
0 0.1 0 o o O O
0 0 15*1—30— 0o o O o
o o 106 ¢ o O
o o o o 108 0o o
= O o o o o 106 o
O O O O o o 106
0 0O 00 0o0
0 0O 00 00
O o o o o O O
O o o o o O O
dx  -dy
va d
dy o
NEj d
0 -1
0 0
0 0 S2,2 _ S1,2
0 0 -51,2 52,1+51,1 S2,2 -51,252,1+51,1 52,2
B S2,1 S1,1
0 0 -51,252,1+51,1 52,2 -51,252,1+51,1 52,2
-dx iy_
vd d
Sy dx
va d
0 0
0 0
Ki,1 Ki,2

® Pk = (I - Kg He) Pijk-1

Pk = (1 - Kk Hk) Pk = Pk = Kk Hk Pk = Pk = K *# S % KT
= (NxN) - (Nx2) * (2x2) * (2xN)

OO0 OO OOoOO0o

o o

OO OO

O O

o o oo
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m Rk = Rijke1 + Ki 9y

Xk = Xk + Kk * 9

Ki,1 Ki,2
[kx] Kz,1 K22

L1x : :
_ (Lly) + ; . (Zd—Hd)

L2y Zy - Hy
iy

Kx + 24 * COS[Zr + Ko ]
(kx+2d*Sin[Zr+k9] )

Covariance

ol

A - ZadA

Cov[X, Y] =E[(X-E[X]) (Y-E[Y])]
Cov[X, Y] = E[XY] - E[X] E[Y]
Cov[X, Y] =E[(X-E[X]) (Y-E[Y])"]
Cov[X, Y] = E[XY'] -E[X] E[Y]T

Cov[X, 0] =0

Cov[X, X] = Var([X]

Cov[X, Y] =CovI[Y, X]

Cov[aX, bY] =abCov[X, Y]

Cov[X+a, Y+b] =Cov[X, Y]

Cov[aX + bY, cW+dV] =acCov[X, W] +ad CovI[X, V] +bcCov[Y, W] +bd CovI[Y, V]

CovXi, Xj1 =EL[(Xi -E[Xi]) (Xj -E[X1)]1 = E[Xi X;1 - E[X5] - E[Xj]

Zij =Cov[Xi, Xj1 =E[(Xi —E[Xi]) (X5 -E[Xj1)] =E[(Xi - ui) (Xj-uj)]

E[(Xy-u1) (Xo-p1)] E[(Xz-p1) (X2-wp2)] - E[(X1-w1) (Xn-un)]
Z_ E[(X2-p2) (X -p1)] E[(Xz-p2) (X2-wp2)] -« E[(X2-w2) (Xn-un)]

E[L(Xn-un) (Xn-wun)] E[(Xn-n) (Xn-pn)] -+ E[(Xn-un) (Xn-un)]

D1 =EL(X-E[X]) (X-E[X])7]
o® =Var([X] = E[(X-E[X])?] =E[(X-u)?]
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Var[X] = Cov[X] = E[ (X - E[X]) (X-E[X])"]
Cov[X, Y] =E[(X-p) (Y-v)T]

DL =EL(X-E[X]) (X-E[X1)"], u=E[X]

DL = EIXXT] -y

Var [AX +a] = AVar[X] AT

Cov[X, Y] =CovI[Y, X]

Cov[X1 + X2, Y] =CoVv[X1, Y] +Cov[X2, Y]

Var[X +Y] =Var[X] + Cov[X, Y] + Cov[Y, X] +Var[Y]
Cov[AX, B"Y] =ACov[X, Y] B

X, X1, X2 - px1vector
Y : qx1vector
a:gx1vector

A, B: gxpmatrices

CTZ = Cov[Cc" X, X]
dTZc = Cov[d™ X, cTX]

Var[b™X] =b™Var[x] b

Matrix, Derivative, det, tr

ab d _ b
Inverse[(C d )] = [ -be+ad -bevad ]
~ Tbcrad -bc+ad
S2,2 _ S1,2
Inverse[ ( S1,1 S1,2 ) ] -$1,252,1+51,1 2,2 -S1,252,1+51,1 52,2
S2.1 S22 B S2,1 S1,1
-51,252,1+51,1 52,2 -51,252,1+51,1 52,2

Det[(i 2)] =-bc+ad

ab

Tr[(C d)]=a+d
SHPRS
Det(S] =Det[( g o~ )] =-S128.1+51.182
chol [A] =R
RTR = A

m The product of the eigenvalues is equal to the determinant of A

Nx
det[A] = ﬂx’i‘i

i=1
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= The sum of the eigenvalues is equal to the trace of A

N
tr[A] = Zni Aj
i=1

m Vector calculus

The tangent vector toacurvex : R » R"
oxa

ax ot

ot

Xn
at

The gradient of ascalar function f: R" - R

of ( of of )

T\l 7T e

ax
The directional derivativeof fin thedirectionofv is then
v T °

= —V
V7T ax

The pushforward of differential of a function f : R" » R" is descrived by the Jacobian matrix

ofy . of
of o O
OX | om . om

X1 Xy

The pushforward along f of avector v inR"

of
df (v) = 3 \Y;
X

m Matrix calculus

The tangent vector ofacurveF:R - M (n, m)

oF1.1 OF1.m
aF ot ot
ot OFn,1 OFn,m
ot ot

The gradient of a scalar functionf:M (n, m) - R

af . af
of 6Xi|_,1 6Xi|.'m
oX af .. af
OXn,1 0Xn,m

of
v = tr[a Y]

F:M (@, m->M(p, q)
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oF oF
aF 6)(1,1 6X1,m
oX oF oF
OXn,1 OXn,m
oF
dF (Y) = tr (_ Y)
oxX
oF1 1 OF1.m
aF X X
oX OFn 1 OFn.m
ax ax
oF oF
oF 0X1,1 OX1,m
ox oF oF
9Xn,1 Xn,m
Jacobian matrix
d vecF (X)
DF(X) = —m8M8MM—
o (vecX)T
m Chain rule
[ A 8z oY
aX ~ aY ax
= Product rule
8 (Y2) oY oz
= e— + —
oxX oX axX

m Derivative of linear functions

oa’
oX
O AX

oXx

X

ax"a

oX
axT A
oX

aT

m Derivative of quadratic functions

oxT

AX

X

O (AX+b)TC (Dx +e)

=X" (AT+A) =xTAT+ XTA

= (Dx+e)TCTA+ (AX+b)TCD

oXx

o |x-al]

(x-a)T

X

| x-a|
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m Derivative of matrix traces

- T

atr (AC)
EY

otr (AXB) _otr (BTXTA)
X X

atr (ABAT)
dA

atr (AXBXT C)

aX

=2AB

=BXTCA+BTXTATCT

m Derivative of matrix determinant

ddet X
axX

= adj X = detX - X!

Jacobian matrix

F:R">R"
X1 OXn
J= : :
Ym : Oym
X1 * AXn

o (yl’ A Ym)

JrE (X1, +++» Xpn) and
F (X1 n) B (Xas o )

F(X) =F(p) +Jr (P) (X-pP) +0 (|X-p])

m exl
X1 = r Sin[e] Cos[¢]
X2 = r Sin[e] Sin[¢]
X3 = r Cos[o]
S S
ar %0 3 Sin[e] Cos[¢] rCos[e] Cos[¢] -rSin[e] Sin[¢]
J(r,e,¢) =22 22 aa—’f; = | Sin[e] Sin[¢] rCos[e] Sin[¢] rSin[e] Cos[¢]
oxg  Ox3  oxa Cos[e] -rSinfe] 0
ar o6 99
m ex?2
X = r Cos[¢]
y = r Sin[¢]
= 5 Cos[¢] rSinf[¢]
_ ar 3¢ _ -
Je (. @) = [6_y oy ] - (Sin[¢] r Cos[¢] )
or o¢

dexdy:Jerlrdlda
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m ex3

FIRM SR
Y1 =F1 (X1, =+, Xn)

Ym = Fn (X1, «++5 Xn)

Sy, M

X1 BXn
JE (X1, +++5 Xp) =

SYm : SYm

OX1 * OXn

m cholesky factorization

R = chol (A) "
R*xR" = A

R = chol (A)
R**xR=A

Ex.

Rk k-1 = Fi Ri-1k-1 + Bk Uk + Wi

Xk
X = (Xk)
Xk KA AA 9§14
Xy KAHAN S S
a s Y2 AR AEE
SEEEEEE
2
Xk = Xko1 + Xk-1 dt + ag —2-

XK = Xk-1 + ax dt

Xk = ka-l + Wk

Wi = B ag
1 dt
F=(o 1)
dt?
B=[T
dt

Q=Cov[Bax] =E[(Ba) (Ba)"] =BE[a?]B" =B [02]B" =02BB' = {

Zk = Hk Xk + Vi
H=(1 0)
R=E[Vk V] = [0f]

dtt
4

dt3
2

dtd
2

dt?

|

o3
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oo = (o)
Pono = (o ¢

http://ko.wikipedia.org/wiki/%EC%B9%BC%EB%A7%8C_%ED%95%84%ED%84%B0



